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To the Reader

As you already know, if you have read Practical Algebra (a companion
volume in the Wiley Self-Teaching Guides series) or studied algebra elsewhere,
the study of algebra provides us with many useful techniques in problem
solving. Building on what we have learned in arithmetic, it goes far beyond
by exploring the real number system, introducing the use of letters to repre-
sent numbers, and teaching us how to formulate and solve equations and
inequalities. We also learn in algebra how to work with polynomials, how to
handle algebraic fractions, and how to multiply and divide terms containing
exponents and radicals. Finally, we find out how to combine many of these
operations in the solution of quadratic equations, problems involving ratio,
proportion, and variation, and word problems.

In your study of algebra you have had a brief introduction to graphic
methods in the solution of linear and quadratic equations as well as inequal-
ities. However, the major emphasis in algebra is upon numerical solutions of
problems. The major emphasis in this book will be upon the graphic repre-
sentation of problems and upon their solution by the combined analytic
methods of geometry and algebra.

The first four chapters will cover plane geometry and prepare
you for trigonometry. (If you have studied geometry before, these chapters
will act as a review.) The two chapters on trigonometry will introduce you
to numerical trigonometry and some of the methods of trigonometric
analysis. The next two chapters, which deal with analytics, will help you
learn some of the beautiful methods of solution that evolve through the
combined techniques of geometry and algebra. Finally, the chapter on limits
will lead you to the very front door of calculus, which marks the beginning
of advanced mathematics. In addition to representing the start of advanced
mathematics, calculus also represents the final goal for many students in
their study of mathematics since it gives them the final problem-solving tool
they will need for most aspects of science and engineering, For those who
wish to study calculus by themselves, the Self-Teaching Guide Quick Calculus,
by Daniel Kleppner and Norman Ramsey, provides an excellent introduction.

Obviously such subjects as plane geometry, trigonometry, and analytic
geometry cannot be treated fully in a single book that seeks to cover the
principal mathematical topics that lie between algebra and calculus.

iii




Hopefully, however, this Guide will familiarize you with the approaches and
procedures — mainly geometric — necessary for the study of calculus.

To gain maximum help from this book you should be aware that
although the subjects covered here follow a coordinated plan, and a consis-
tent effort has been made to show their interrelationship and mutual
dependence on one another, each of the major topics — synthetic geometry,
trigonometry, and analytic geometry — is essentially complete in itself and
therefore can be studied independently of the others to meet your individual
needs.

As always, your goal should be learning, not speed.

La Jolla, California Peter H. Selby
January, 1975

SELECTED REFERENCES

Hemmerling, E. M., Fundamentals of College Geometry, 2nd ed. (New York:
John Wiley & Sons, 1970).

Allendoerfer, C. B. and Oakley, C. O., Fundamentals of Freshman Mathe-
matics (New York: McGraw-Hill Book Company, 1959).

Drooyan, I., Hadel, W., and Carico, C. C., Trigonometry — An Analytic
Approach (New York: Macmillan Publishing Co., 1973).

Fisher, R. C. and Ziebur, A. D., Integrated Algebra and Trigonometry
(Englewood Cliffs, N. J.: Prentice-Hall, Inc., 1972).

Cooke, N. M. and Adams, H.F.R., Basic Mathematics For Electronics (New
York: McGraw-Hill Book Company, 1970).

Protter, M. H. and Morrey, C. B., College Calculus With Analytic Geometry
(Reading, Mass: Addison-Wesley Publishing Co., 1970).

iv




¥ 0T SHwry 6
1T°8 EL VI Suorjoag dto) 8
g IT VI er Anpuosp onhreuy L
6 65'8G°LG 14 7'e'g 1 sisA[euy dujewouoduy, 9
G1'6 9%°96'75°¢5 g 9'g A 11 A1pwouosi], [BOMOWNN G
e snoor] pue suodA[og
0T 68 ‘seary :AIjowioor) auell ¥
. B « | fuepug |
Le pue se[oIr) :AIjewroar) aue|q ¢
wsye[exeg pue
Ve Aousniduo) :A1jpuioar) aueld
) [ (4
‘ Jooid jo spoyls|y pue
¢l suonugaq :AI}oUIoar) auer T
' Id
La1xoq swepy mqary 0011B)) AaRO
pue pue pue pue ‘[lepey pue SurIeW WA L] joog siyJ, ul sjdey)
Ia)j01g 9300) Iayst g ‘uefooa(

I9JI0PUAY

AYLINOTD OILATVNY ANV ‘AYLANONODIYL ‘AULINOTD

OILHHINAS NO SHOOYLXHL AALIITIS 404 LYVHO HONTUAITY




Contents

Chapter 1

Chapter 2

Chapter 3

PLANE GEOMETRY: DEFINITIONS AND
METHODS OF PROOF 1

Points, Lines, and Surfaces, 2

Self-Test, 18

Methods of Proof, 21

Axioms, 26

Postulates, 30

Basic Angle Theorems, 32

Determining Hypothesis and Conclusion, 34
Proving a Theorem, 38

Self-Test, 44

PLANE GEOMETRY: CONGRUENCY AND
PARALLELISM 50

Congruent Triangles, 50

Isosceles and Equilateral Triangles, 57

Self-Test, 62

Parallel Lines, 65

Distances, 71

Sum of the Angles of a Triangle, 74

Sum of the Angles of a Polygon, 80

Two New Congruency Theorems, 83

Self-Test, 85

Parallelograms, Trapezoids, Medians, and Midpoints, 90

Some Special Parallelograms: Rectangle, Rhombus,
Square, 97

Self-Test, 105

PLANE GEOMETRY: CIRCLES AND SIMILARITY 108

Circles, 108

Tangents, 114

Measurement of Angles and Arcs in a Circle, 119
Self-Test, 126

Ratios and Proportion, 129

Similarity, 139

Self-Test, 149

vi




Chapter 4

Chapter 5

Chapter 6

Chapter 7

Chapter 8

PLANE GEOMETRY: AREAS, POLYGONS,
AND LOCUS 155

Areas, 155

Self-Test, 161

Regular Polygons and the Circle, 165
Self-Test, 171

Locus, 173

Self-Test, 177

Constructions, 181

Self-Test, 189

NUMERICAL TRIGONOMETRY 192

Trigonometric Functions of Acute Angles, 193
Solution of Right Triangles, 199
Co-Functions, 213

Functions of 30°, 45°, and 60° Angles, 215
Vectors, 218

Angular and Circular Measurement, 223
Self-Test, 226

TRIGONOMETRIC ANALYSIS 233

Trigonometric Functions of Standard-Position Angles, 234
Signs of the Trigonometric Functions, 238

Graphs of the Trigonometric Functions, 238

Periodicity and the Sine Wave, 242

Inverse Functions, 246

Relations Between the Trigonometric Functions, 248
Trigonometric Analysis, 250

Trigonometric Equations, 255

Solution of Oblique Triangles, 257

Self-Test, 267

ANALYTIC GEOMETRY 275

Basic Definitions and Theorems, 276
Equations and Loci, 289

The Straight Line, 303

Self-Test, 310

CONIC SECTIONS 315

The Circle, 316

The Parabola, 322

The Ellipse, 328

The Hyperbola, 333

Lines Associated with Second Degree Curves, 342
Applications of the Conics, 345

Polar Coordinates, 346

Self-Test, 351

vii




Chapter 9 LIMITS 357

An Intuitive Approach to Limits, 359
Sequences, Progressions, and Series, 365
The Problem of Tangents, 378
Conclusion, 388

Self-Test, 388

APPENDIX 392

Symbols and Abbreviations, 392

Some Important Formulas, 393

Table of Trigonometric Functions, 395
Polar Coordinate Paper, 418

INDEX 421

viii




CHAPTER ONE

Plane Geometry:
Definitions and Methods of Proof

Whether you are studying geometry afresh or are now simply reviewing the
subject, it will be worth your while to consider for a moment where this
branch of mathematics came from, what it is about, and what you may hope
to gain from its study.

Geometry had its origin long ago in the measurements by the Babylonians
and Egyptians of their lands, the design of irrigation systems, and the con-
struction of buildings and national monuments. The word geometry is
derived from the Greek words geos, meaning earth, and metron, meaning
measure. As long ago as 2000 B.C. the land surveyors of these people used
the principles of geometry to reestablish vanishing landmarks and bounda-
ries. In fact the ancient Egyptians, Chinese, Babylonians, Romans, and
Greeks all used geometry for surveying, navigation, astronomy, and other
practical occupations. The Greeks undertook to systematize the known
geometric facts by establishing logical reasons for them and relationships
among them. The work of such men as Thales (600 B.C.), Pythagoras (540
B.C.), Plato (390 B.C.), and Aristotle (350 B.C.) in organizing geometric
facts and principles culminated in the geometry text Elements, written about
325 B.C. by Euclid. This truly remarkable and seemingly timeless text has
been in use for more than 2,000 years.

Geometry is a science that deals with forms made by lines. A study of
geometry is an essential part of the training of engineers, scientists, archi-
tects, and draftsmen. The carpenter, machinist, tinsmith, stonecutter, artist,
and designer also apply the facts of geometry in their trades. In this book
you will learn a great many basic facts about such geometric figures as lines,
angles, triangles, circles, and various other two-dimensional shapes.

You also will learn a good deal about critical thinking and logical reason-
ing. You will be led away from the practice of blind acceptance of statements
and ideas and encouraged to think clearly and precisely before forming
conclusions. In fact, many consider the development of this type of thinking
the chief benefit to be derived from the study of geometry. The process of
reasoning is used to prove geometric statements. You will learn to analyze a
problem in terms of the data given and the laws and principles accepted as
true, and, by logical thinking, to arrive at a solution to the problem.
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But before a statement in geometry can be proved we need to agree on
certain definitions and properties of geometric figures. It is essential that
the terms we use in geometric proofs have exactly the same meaning to us all.
So in this chapter we will consider first such elements as defined and
undefined terms, basic assumptions, some familiar geometric figures, methods
of proof, and the axioms, postulates, and theorems fundamental to our
investigation of congruent triangles, parallel lines, distances, angle sums,
parallelograms, trapezoids, medians, and midpoints.

When you have finished this chapter you should be able to:

s recognize and use correctly the basic terminology associ-
ated with such geometric concepts as point, line, surface,
line segments, circles, arcs, angles, triangles, and pairs of
angles;

¢ understand and use the fundamental methods of geometric
proof based on deductive reasoning, axioms and postulates,
basic angle theorems, and procedures for determining
hypotheses and conclusions.

POINTS, LINES, AND SURFACES

1. Just as in the study of language we accept some words as undefined in
order to use them to define other words, so in geometry we accept
certain terms as undefined. With them we can then begin the process
of defining all other geometric terms. And although we cannot define
these basic terms in any precise way, we can give meanings to them by
means of descriptions. These descriptions should not, however, be
thought of as definitions—at least not formal definitions, although they
are sometimes referred to as connotative definitions. So despite the
fact that we cannot define certain basic terms we will be using in our

study of geometry, we can give meaning to them by
them.

describing

2. The first term we will discuss is the term point. No doubt you have
your own concept of what this terms means from your own reading,
from common usage, and from discussion with others. Now, however,
we are interested—as we will be with all the terms we will discuss—in its
meaning in the context of geometry.

In geometry a point has position only. It has no length, width, or
thickness. It is represented by a dot, but is not the dot itself, just as a
flag may represent a nationality but is not the nation itself. A point is
designated (named) by a capital letter placed next to the dot.
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JC
Thus, a point has position only. (True / False)
(Underline the correct answer.)

A curve has length but no width or thickness. It can be represented by
the path of a pencil on paper, chalk on a blackboard, or by a stretched
piece of string—or in many other ways. You will best understand that
there are many different curves if you think of each curve as being
generated by a moving point. Thus,

A straight line is a curve generated by a point
moving in the same direction.

A curved line is a curve generated by a point /—\

moving in a continuously changing direction.

A broken line is a combination of straight /\/
lines.

Our basic curve will be the straight line. It is designated by the capital
letters of any two of its points, or by a small letter. Thus,

s - a
A B /

A straight line may be drawn between two points but is unlimited
in extent; it extends in either direction indefinitely. Of course its repre-
sentation (picture) cannot go on indefinitely. Another very important
property of a straight line is that it is the shortest distance between two

points. Also, when two straight lines intersect they intersect in (meet
at) a point.

_

We think of a line as being generated by a .

When two lines meet at a point they are said to

moving point; intersect

A surface has length and width but no thickness; it is, therefore, two-
dimensional. A surface may be represented by a table top, a blackboard,
the side of a box, or the outside of a basketball. Again, these are
representations of a surface but are not surfaces in geometric terms.

A plane surface or, simply, a plane is a surface such that a straight
line connecting any two of its points lies entirely in it. A plane is a flat
surface and might be represented by the top of a desk, a sidewalk, or a
sheet of glass. Plane Geometry is the geometry that deals with plane
figures, that is, figures that can be drawn on a flat or plane surface.
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Hereafter in this book, unless otherwise indicated, a figure will mean a
plane figure.

All surfaces are plane surfaces. (True / False)

False. A sphere (ball) has a surface that is not plane (flat).

A straight line segment is the part of a straight line between two of its
points, called the endpoints of the segment. It is named by using the
capital letters of these endpoints or by a small letter.

b
1)

Thus CD or b may be used to name the straight line segment between

C and D. We usually write the endpoints, like CD, to refer to the straight
line segment itself and the small letter, like b, to refer to how long the
segment is.

Here is another straight line segment: P Q

To refer to the length of the segment we write and to refer to

the segment itself we write

a; PQ (or QP)

The term straight line segment is often shortened to line z
segment or segment, or even line, if the meaning is clear.

Thus, segment AZ (or simply AZ) means the straight line /
segment AZ unless otherwise indicated. Referring to a ¢
segment by its endpoints is quite useful. /

A

Draw a line segment XY and label it two ways. X and Y will be its

X Y ;endpoints. (You could use any small letter in

place of r to refer to the length of XY.)
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7. Now let’s talk about dividing a segment into parts. If a segment is
divided into parts, then:

(1) The whole segment equals the sum
of its parts. a b e

(2) The whole segment is greater than
any part.

Thus, in the illustration, if AB is divided into three parts, a, b, and ¢,
then AB = a + b + c. Also, AB is greater than a or b or ¢ (that is,
AB > a, b, orc).

If a segment is divided into two congruent parts:

(1) The two congruent parts have the
same length. (Congruent means ‘‘same
size and shape;” its symbol is = .) D

(2) The point of division is the midpoint
of the segment. M

(3) A line that crosses a segment at its E
midpoint is said to bisect the given
segment.

Notice that BM and MC are each crossed by a single stroke. This means
that they are congruent and we may write BM = MC. Another way to
write this congruence is MC BM.

8. Since XD is shown as congruent to DY,
we write XD = DY and say that D is
the midpoint of XY. D is also said to
be the point of intersection of XY and D
PQ, that is, the point at which two
lines cross each other or come together.
If D is the midpoint of XY then PQ
bisects XY.

A line that crosses a segment at its midpoint is said to
the given segment.

9. Now let’s see how much you know about naming line segments and
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points and finding lengths and points of line segments. In the figure
below.

(a) Name each of the line segments shown.

(b) Name the line segments that intersect at A.
(c) What other line segment can B
be drawn?
(d) Name the point of intersec-
tion of CD and AD.

A c
(e) Name the point of intersec- \/

tion of BC, AC, and CD. ____ 5

In the figure at the right,
(f) State the lengths of AB, AC, and AF.

(¢) Name two midpoints.

(h) Name two line segments that are

bisectors.

(a) AB (or BA), AC (or CA), BC (or CB), CD (or DC), and AD (or DA)
(b) AB, AC, and AD

(c) BD
(d) D
(e) C

(fy AB=3+ T7=10; AC=5+4+ 5+ 10=20; AF=5+ 5=10
(g) E is midpoint of AF, and F is midpoint of AC
(h) DE is bisector of AF, and BF is bisector of AC

10. Itis time now to talk about circles. A ¢ B
circle is a closed curve all points of which
are equidistant (the same distance) from
a given point called the center. The sym-
bol for a circle is @, and for circles ®. A

central
angle

i diameter
Hence ® O stands for the circle whose
center is O.
The circumference of a circle is the
distance around it. It contains 360° (360 =~
semicircle

degrees).
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11.

A radius is a line joining the center to a point on the circumference.
It follows then, from the definition of a circle, that all radii (plural of
radius) of a circle are congruent. (Remember, all points on a circle are
the same distance from the center.) Thus in the preceding figure OA,
OB, and OC are radii of ®0 and OA = OB = OC.

A chord is a line joining any two points on the circumference. Thus
AB and AC are chords of ®0.

A diameter is a chord through the center of the circle. A diameter
is twice the length of a radius and is longer than any chord not going
through the center. Thus in the figure AC is a diameter of ®O.

An arc is a part of the circumference of a circle. The symbol for arc
is 7\ . Thus AB refers to arc AB. An arc of 1° is 1/360th of a cir-
cumference. (Note that arc AB is different from chord AB.)

A semicircle is an arc equal to one-half of the circumference of a
circle. A semicircle contains 180°. A diameter divides a circle into two
semicircles. Thus, diameter AC cuts ® O into two semicircles.

A central angle is an angle formed by two radii. Hence the angle
between radii OB and OC is a central angle. A central angle of one
degree intercepts (cuts off) an arc of one degree. Therefore, in the
figure at the right, if the central angle be-
tween OF and OF is 1°, then EF is 1°,

Congruent circles are circles having
congruent radii. Thus if OE = O'G,
then circle O = circle O'.

In circle O at the right find:

E
F G
C
(a) The lengths of OC and AB. 7m
(b) The number of degrees in AD. A B
0]
12
100°
D

(c) The number of degrees in BC.

{Note: Since AB is a diameter, A/C—‘:B’ and AIITB are semicircles.)

(a) Radius OC = radius OD = 12. Diameter AB = 24
(b) Since semicircle ADB = 180°, AD = 180° - 100° = 80°
(c) Since semicircle ACB =180°, BC = 180° - 70° = 110°

Now let’s turn our attention to the subject of angles. An angle is the
figure formed by two straight lines meeting at a point. The parts of the
lines that are the sides of the angle are called rays and the point is its




8

GEOMETRY AND TRIGONOMETRY FOR CALCULUS

12,

vertex. The symbol for angle is L. The plural B
(angles) is £. Thus rays AB and AC are the sides

of the angle shown at the right. An angle may " c
be named in any of the following ways:

(1) By the vertex letter, if there is
only one angle having this vertex, /
as L B. B

(2) By asmall letter or number located

between the sides of the angle, near
the vertex, as Lc or /1 at the c 1
right.

(3) By means of three capital letters
with the vertex letter between two D H
others on the sides of the angle.
Thus, in the figure at the right LE
may be named L DEG or L GED.
Similarly £ G may be named L EGH
or LHGE.

Name the angles at the right in three
different ways.

e

(You could, of course, use any other letters or numbers you wished as
long as they correspond to the three methods.)

The size of an angle depends on the extent to which one side of the
angle must be rotated or turned about the vertex until the turned side
meets the other side. Thus
the protractor at the right
shows that L A is 60°. (A
protractor is a simple device,
similar to a ruler in concept
but designed to measure, or
help you lay out, angles
ranging in size from 0° to
180°. You will find it handy to have one. They can be obtained from
most bookstores or drafting supply stores.) If AC were rotated about
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13.

the vertex A until it met AB, the amount of turn would be 60°. In

using a protractor it is easiest to have the vertex of the angle at the cen-

ter and one side along the 0°~180° diameter.
The size of an angle does not depend

-
on the pictured lengths of the sides of the o™
angle. Thus, the size of LB at the right

would not be changed if the pictured sides

AB and BC were made longer or shorter. B SR

There are various kinds of angles; that
is, angles are given names according to certain characteristics of size.
Thus:

-

A

An acute angle is one that is less
than 90" Agle
B > C

A right angle is an angle of 90°. (Note A
that we use the little square to indicate st and
aright angle.) SRNARES

B C

An obtuse angle is an angle that is b Fumangle
greater than 90° and less than 180°. i
E

straight angle

A straight angle is an angle that equals
180°. (It is really just a straight line - /—\

-

that we interpret as an angle.) D E F

Name the angles below according to the classification we have estab-
lished above.

\Q__. D, L.
c) (d)

(B ———e . b ( -

(a) right angle; (b) obtuse angle; (c) straight angle; (d) acute angle

Below are a few more facts about angles with which you should be
familiar.

(1) Congruent angles are angles that have L L
the same number of degrees, that is,
the same size. Thus, rt. LA = rt. LB. A B
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(2)

(3)

(4)

A line that bisects an angle divides it
into two congruent parts. Thus, if AD
bisects L A, then L1 = /2. (Congruent
angles are shown by crossing their arcs
with the same number of strokes, hence
the arcs of /.1 and / 2 are crossed by a
single stroke.)

Perpendiculars are lines that meet at
right angles. The symbol for perpen-
dicular is 1, and for perpendiculars Is.

A perpendicular bisector of a given
segment is both perpendicular to the
segment and bisects it. Thus, if GH is
the | bisector of EF, then /1 and .2
are right angles and M is the midpoint
of EF.

D
]
A
c
1 | 2
A [11] B
D
1| 2
E %—Iﬂ_f_l F

The following exercises will give you an opportunity to use some of the
things you have been learning about angles in the preceding frames.

(a)

(b)

(c)

(d)
(e)

(f)

Name the obtuse angle in the
diagram.
Name one acute angle in the
diagram.

Find the value of (number of
degrees in) angle BOE.

Find the value of g ofart. L.

In a half hour what angular
rotation is made by a minute
hand of a clock?

In the diagram shown find the
values of angles ADB and CDE.

A

B

D
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(a) LABC
(b) LBAC or LBCA
(¢) a+ b+ c=35"+ 45° + 50° = 130°

d) £(90°) = 54°

(e) 3 of 360° or 180°

(f) LADB = 180° — LBDC = 180° - 90° = 90°
LCDE = 180° — L1 = 180° — 45° = 135°
(Note that £ 1 = 45° because angles . ADE and . BDE are marked
congruent, hence each is one-half of 90°.)

A polygon is a closed figure bounded by B -
straight line segments as sides. The

figure at the right is a polygon. Because

it happens to have five sides it is also D
known as a pentagon, that is, a five- A

sided polygon.

A triangle is a polygon having three E
sides. The symbol for a triangle is A, B
and for triangles is A .

There are any number of different
types of polygons, the most familiar of !
which probably are the four-sided figures
(termed quadrilaterals) such as the A C
square, the rectangle, the parallelogram,
and so on. However, we will discuss these later. For the present we will
concentrate our attention on the triangle.

A vertex of a triangle is a point at which two of the sides meet. (The
plural of vertex is vertices.) A triangle may be named by naming its
three vertices in any order or by using a Roman numeral placed inside it.
Thus the triangle above is named A ABC or AL. Its sides are AB, AC,
and BC; its vertices are A, B, and C; and its anglesare L A, L B, and L C.

Triangles are classified according to the congruence of their sides or
according to the kinds of angles they have.

A scalene triangle is a triangle that has no
congruent sides. Thus, in triangle ABC,

a # b # ¢. (The small letter used for
each side agrees with the capital letter of
the angle opposite it.)

An isosceles triangle is one that has at

B
/\
A 5 cC
least two congruent sides. Thus, in the '
triangle ABC, AC = ABorb = ¢. The /\\
c b
B (&)
a

congruent sides are called the legs or arms
of an isosceles triangle. The remaining
side is the base (a). The angles on either
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side of the base are the base angles, and C
the angle opposite the base (L BAC here)
is the vertex angle.

An equilateral triangle is one having b i
three congruent sides. Thus, in the
equilateral triangle ABC, a = b = ¢, that
is, BC = AC = AB. An equilateral
is also an isosceles triangle. (But notice &
that the isosceles triangle on the
preceding page is not equilateral.)

A right triangle is a triangle containing
aright angle. In triangle ABC, / C is the a
right angle. Side ¢, opposite the right
angle, is the hypotenuse. The perpendicular A
sides @ and b are the legs or arms of the
right triangle. E

-]

An obtuse triangle is one containing
an obtuse angle. In triangle DEF, LD is
the obtuse angle. F

An acute triangle is one having three
acute angles. In triangle KLM, L L, and
L M are acute angles.

K M

See if you can identify correctly the triangles shown below.

AN DN A A

(b) (e)

(c) .

(a) isosceles triangle; (b) obtuse triangle; (c) right triangle; (d) scalene
triangle (also an acute triangle); (e) equilateral triangle (also isosceles)

You should also be aware of some special lines in triangles that appear
quite commonly in geometric constructions and problems.




PLANE GEOMETRY: DEFINITIONS AND METHODS OF PROOF 13

An angle bisector of a triangle is B
a line (segment) that bisects an angle
and extends to the opposite side. The 9
segment BD, for example, is the angle 1
bisector of £ B, dividing . B into the
two congruent angles, £ 1 and £ 2. A c

A median of a triangle is a segment
from a vertex to the midpoint of the
opposite side. BM, the median to AC,
bisects AC, making AM = MC.

A perpendicular bisector of a side B P
of a triangle is a line that bisects and
is perpendicular to that side. PQ, the
perpendicular bisector of AC, bisects
AC and is perpendicular to it.

An altitude of a triangle is a segment
from a vertex perpendicular to the
opposite side. BD, the altitude to AC,
is perpendicular to AC and forms the
right angles 1 and 2. Each angle bisector,
median, and altitude of a triangle 1| 2
extends from a vertex to the opposite A c
side. (But notice that a perpendicular
bisector does not necessarily pass through
a vertex of the triangle.)

In an obtuse triangle the altitudes
drawn to the sides of the obtuse angle
fall outside the triangle. In obtuse
triangle ABC (shaded), altitudes BD
and CE fall outside the triangle. In
each case a side of the obtuse angle
must be extended.
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In the figure at the right, see if you can s
name the following:

(a) an obtuse triangle.

(b) two right triangles.

and ¢ B i
In the figure at the right name:
(c) two isosceles triangles. 2
6
e A= ¢
(d) the legs, base, and vertex angle of o = 5 "
each. T————
B (&4
and ~
In the figure at the right name:
(e) BDif/L3 = LA4. B J
(f) BMif AM = MC. k(2
- 34 =l
(g) JK if AM = MC. A D M ¢

(h) BDif/L1 = L2.

(a) Since L ADB is an obtuse angle, A ADB (or AII) is obtuse.

(b) Since LC is a right angle, AT and A ABC are right triangles. In AI,
AD is the hypotenuse and AC and CD are the legs. In A ABC, AB
is the hypotenuse and AC and BC are the legs.

(c) Since AD = AE, AADE is an isosceles triangle. And since
AB = AC, AABC is an isosceles triangle also.

(d) In AADE, AD and AE are the legs, DE is the base, and / A is the
vertex angle. In A ABC, AB and AC are the legs, BC is the base,
and L A is the vertex angle.

) Altitude

) median

g) perpendicular bisector

h) angle bisector
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16.

In geometry pairs of angles of various kinds bear a useful relationship to
one another. You will work with these relationships frequently, so it is

important that you become aware of them.

Adjacent angles are two angles that
have the same vertex and a common side
between them. Thus, as shown at the
right, the entire angle ¢ has been split into
two adjacent angles, a and b. These adja-
cent angles have the common vertex A
and a common side AD between them.

Vertical angles are two non-adjacent
angles formed by two intersecting lines.
Thus, 21 and £ 3 are vertical angles
formed by the intersecting lines AB and
CD. Similarly, /2 and . 4 also are a pair
of vertical angles formed by the same lines.

Complementary angles are two angles
whose sum equals 90°. They can be
either adjacent or non-adjacent. In the
first figure at the right angles 1 and 2
are adjacent complementary angles.
However, in the other figures they are
non-adjacent complementary angles.
In all cases, .1 + L2 = 90°. Either
angle is said to be the complement of
the other.

Supplementary angles are two
angles whose sum equals 180°. Again,
they may either be adjacent or non-
adjacent. In the first figure at the

B

v

1

\

right angles 3 and 4 are adjacent sup-
plementary angles, hence their exterior
sides lie in a straight line. However,

in the other figures they are non-
adjacent supplementary angles. In
each case, /.3 + L4 = 180°, and
either angle is said to be the supple-
ment of the other.

Name the pairs of angles shown below.

(o]
]

1
. ><

(a) (b) (c)

Y
(VAN
u A
>

(d)
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(a) complementary angles (also adjacent angles); (b) adjacent angles;
(c) vertical angles; (d) supplementary angles (also adjacent angles)
17. Now let’s consider some principles that relate to pairs of angles.

(1) If an angle of ¢ degrees is cut into
two adjacent angles of a degrees and
b degrees, thena + b = ¢. Thus, if
a=25" and b = 35°, then ¢ = 25° +
35° =60°.

(2) Vertical angles are congruent. If
AB and CD are straight lines, then
L1=/3,and L2= /4. Thusif
£1=40°,,.3=40";then/2=/4=
140°. (Remember, the total number
of degrees around any point is 360°.)

(3) If two complementary angles contain D
a degrees and b degrees, thena + b =
90°. Thus, if angles @ and b are
complementary and a = 40°, then a
b=50°. b .

(4) Adjacent angles are complementary
if their exterior sides are perpendicu-
lar to each other. Thus in the figures D'
at the right, angles 1 and 2 are com-
plementary since their exterior sides 1 1
AB and BC are perpendicular to each 2 2
other. (LABD and /. D'B'C are not B B B
adjacent.)

(5) If two supplementary angles contain
a degrees and b degrees, then
a + b =180°. Hence if angles a and
b are supplementary and a = 140°, a /b
then b = 40°. - B €

(6) Adjacent angles are supplementary D
if their exterior sides lie in the
same straight line. Thus /21 and 1 /5
L 2 are supplementary angles A c
since their exterior sides AB and D D

BC lie in the same straight line.
(LABD and . D'B'C are not
adjacent.) - 1 2 "
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(7)

If supplementary angles are congruent, each c
of them is a right angle. Thusif /1 and 22

are both congruent and supplementary, then

each of them is a right angle.

Apply the above principles relating to pairs of
angles to solve the following problems. (Use  , B
your knowledge of algebra where needed.) D

(a)

(b)

(c)

(d)

(b)

(c)

12

If two angles are complementary and the larger is 30° more than

the smaller, what are the angles?

Two angles are adjacent and form an angle of 135°. If the larger is
15° more than three times the smaller, what are the two angles?

If two angles are supplementary and the larger is three times the

smaller, what are the angles? _ _—

What is the size of two angles if they are vertical and complemen-

tary? - — S

Let x = smaller angle

x + 30 = larger angle
x + (x + 30) = 90, or
x = 30°,x + 30 = 60°.

Let x = smaller 135°
3x + 15 = larger

Thenx + (3x + 15) = 135, or

x = 30°, 3x + 15 = 105°. *

Let x = smaller

3 x = larger

Then x + 3x = 180, x = 45°,
3x = 135°.

3x x

Let x = each of the equal vertical angles
Then x + x = 90, or
2x = 90,x = 45°.

Before we proceed to the next section, on methods of proof, test your-
self on your understanding of the material covered so far.
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1. (a)

(b)

(c)

(d)

2. (a)

(b)

(c)

3. (a)

(b)

(c)

(d)

SELF-TEST

Name the line segments that intersect

atE.,

Name the line segments that intersect
atD. _

What other line segments can be

drawn? __

Name the point of intersection of
AC and BD.

(frame 7)

Find the length of AB if AD is 8 and
D is the midpoint of AB.

Find the length of AE if AC is 21
and E is the midpoint of AC.

Name two line segments that are
bisectors if F and G are the trisection
points of BC (that is, divide BC into

three equalparts).

S (frame 7)

Find OB if diameter AD = 36.

Find AE if E is the midpoint of semi-
P

circle AED. e oo

Find the number of degrees in CD.

Find the number of degrees in AC.

B

A
B

/
N

F

N

D

AN

6
A

E
A
D E
F G
70°
B 0
o
\,\OJ
E

o4
D
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(e) Find the number of degrees in

—
AEC.

(ffame 10)

Name the following angles in the

diagram:

(a) AnacuteangleatB. B C

(b) An acute angle at E. =

(¢) A right angle. e

(d) Three obtuseangles. 4 - D

(e) A straight angle. .
(frame 11)

(a) Find LADC if ¢ = 45° and
d=85".__

(b) Find L AEBife=60".

(c) Find EBDifa=15°.

(d) Find LABCifb=42°.
(frame 12)

(a) Name two pairs of perpendicular

B
lines. ___
: ; ° D
(b) Finda if b =42". b
- R = 1
(c) Find the values of L AEB and A B C
LCED;, . _ _
(frame 15)
C
(a) In Fig. 1, name three right triangles Z&
and the hypotenuse and legs of each. A 5 B

. 3 Fig. 1
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(b) In Fig. 2, name two obtuse

triangles. " A B
(c) Name two isosceles triangles in '

the same figure. Also, name the 7
legs, the base, and the vertex )
angle of each.

Fig. 2

(frame 14)

8. State the relationship between each pair of angles:
(a) Lland/l4 i e
(b) L3and/4 ___
(¢) Lland .2 D
(d) L4and L5 0 4
() L1and /3 1 5

(f) LAODandl5 _ ] = ¢
(frame 16)

Answers to Self-Test

(a) AE, DE; (b) ED, CD, BD, FD; (c) AD, BE, CE, EF; (d) F
(a) AB = 16; (b) AE = 10%; (c) AF bisects BG, AG bisects FC
(a) 18; (b) 90°; (c) 50°; (d) 130°; (e) 230°
(a) LCBE; (b) LAEB; (c) LABE; (d) LABC, L BCD, [ BED; (e) L AED
(a) 130°; (b) 120°; (c) 75°; (d) 132°
(a) Since L ABC is a right angle, BC 1 AB; since . BEC is a right angle,
BE | AC.
(b)a = 90° - b =90° - 42° = 48°,
(c) LAEB = 180° — L BEC = 180° — 90° = 90°.
LCED =180° - L1 = 180° - 45° = 135°,
7. (a) AABC, hypotenuse AB, legs AC and BC.
A ACD, hypotenuse AC, legs AD and CD.
ABCD, hypotenuse BC, legs BD and CD.
(b) ADAB and A ABC
(c) AAEB, legs AE and BE, base AB, vertex angle L AEB.
A CED, legs DE and CE, base CD, vertex angle . CED.
8. (a) congruent vertical angles
(b) complementary adjacent angles

N ey bo b
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(c) adjacent angles

(d) supplementary adjacent angles
(e) complementary angles

(f) equal vertical angles

METHODS OF PROOF

Having learned something about such fundamental geometric elements as
points, lines, and surfaces, we now are going to consider the method of logi-
cal reasoning by which we prove geometric facts. By logical reasoning we
mean clear, orderly, rigorous thinking.

Basically there are two methods of reasoning: inductive reasoning and
deductive reasoning. Inductive reasoning consists of observing a specific
common property in a limited number of cases and then concluding that this
property is general for all cases. Thus it proceeds from the specific to the
general. Unfortunately, a theory based on inductive reasoning may hold for
several thousand cases and then fail on the very next one. Having observed
several thousand one-headed cows we might conclude that all cows were one-
headed—until we visited the sideshow at the county fair and saw a two-headed
calf on exhibit.

A more convincing and powerful method of drawing conclusions is called
deductive reasoning. In reasoning deductively we proceed from the general
to the specific. Starting with a limited number of generally accepted basic
assumptions and following a series of logical steps we can prove other facts.
Although the method of deductive logic pervades all fields of human knowl-
edge, it probably is found in its sharpest and clearest form in mathematics.

It is the principal method of geometry.

18. Deductive reasoning enables us to obtain true (or acceptably true) con-
clusions provided the statements from which they are deduced or derived
are true (or accepted as true). It consists of the following three steps.

1. Making a general statement referring to a whole set or class of things,
such as the class of dogs: All dogs have four feet.

2. Making a particular statement about one or some members of the
set or class referred to in the general statement: All collies are dogs.

3. Making a deduction that follows logically when the general state-
ment is applied to the particular statement: All collies are four-
footed.

Deductive reasoning is known (in the field of logic) as syllogistic
reasoning since the three types of statements above constitute a syl-
logism. In a syllogism the general statement is called the major premise,
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19.

the particular statement is the minor premise, and the deduction is the
conclusion. Thus, in the above syllogism:

1;
2.
3.

to represent each set or class helps illus-
trate the relationships involved in
deductive or syllogistic reasoning.

The major premise is: All dogs have four feet.

quadrupeds

The minor premise is: All collies are dogs.
dogs

The conclusion is: All collies are four-
footed (quadrupeds).

Using a circle (as shown at the right)

Using the above example as a guide, write the statement needed to com-
plete each of the syllogisms below.

(General Statement) | (Particular Statement) | (Deduced Statement)

Major Premise Minor Premise Conclusion

(a) All horses are This is a horse.

(b) A king is a man.

animals.

B . John is a man.

(¢c) — | Asquareisa A square has congru-

rectangle. ent diagonals.

(d) Vertical angles La and L b are vertical
are congruent. angles.

(e) Complementary _ Lcand /Ld are com-
angles add up to plementary angles.
90°.

(a) Thisis an animal.

(b) John is a king.

(c) A rectangle has congruent diagonals.

(d) Laand /b are congruent.

Lec and Ld add up to 90°.

Frequently the major premise appears as a conditional statement. Con-
sider, for example, the statement,

“If I receive a passing grade on my exam, then I shall pass for the
term.”




PLANE GEOMETRY: DEFINITIONS AND METHODS OF PROOF 23

20.

This is a conditional statement because the word if implies a condition.
The part of the statement following the word if is known as the
antecedent, while the clause following the word then is called the
consequent. If we assert (accept) the truth both of the conditional
statement itself,

“If I receive a passing grade on my exam, then I shall pass for the
term,”

and the antecedent,
“I receive a passing grade on my exam,”’

then it will follow that the consequent also will be true,
“I shall pass for the term.”

Let’s apply this to a geometric situation.

Example:
Accepting the conditional statement:

If an angle is a right angle, then its measure is 90°.
And asserting the truth of the antecedent:

L ABC is a right angle.
Affirms the truth of the consequent:

The measure of L ABC is 90°.

In this example the conditional statement is another form of the defini-
tion of a right angle (see frame 12). This if-then relationship is the most
common connective in logical reasoning. All mathematical proofs use
conditional statements of this kind. The if clause, called the hypothesis
or premise or given, is a set of one or more statements that will form
the basis for a conclusion. The then clause which follows necessarily
from the premise is called (as we learned in frame 18) the conclusion,

or consequent.

Write the logical consequent of the two statements below.

1. If it is snowing, then it is cold outside.
2. It is snowing.

3. It is cold outside.

Odd as it may seem to you, it really doesn’t matter what the contents
of the first two statements (premises) are. So long as the first implies
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21.

the second, and the first statement is true, then the conclusion must be
true. This is known as the Fundamental Rule of Inference.

A reasonable question to ask at this point is, “If we assert the truth
of the consequent in a conditional statement, will this in turn affirm the
truth of the antecedent?” Let’s see.

Example: Consider this syllogism.

1. Ifitis raining, then it is cloudy.
2. Itisraining.
3. Therefore it is cloudy.

We recognize this as a correct syllogism because the second statement
asserts the truth of the antecedent in the first statement. However,
suppose it appeared like this:

1. If it is raining, then it is cloudy.
2. Itis cloudy.
3. Therefore it is raining.

Is this reasoning correct? (Yes / No)

No, it is not. The second statement, instead of affirming the truth of
the antecedent (‘.. . it is raining”), asserts the truth of the consequent
(*. . .1t is cloudy”). The reasoning, therefore, is false, or incorrect.

Another rather common error in reasoning is that of denying the ante-
cedent and assuming that this in turn has the effect of denying the
consequent.

Example: Here is a correctly drawn syllogism.

1. If a person is a king, then that person is a man.
2. Joe Smith is a king.
3. Therefore, Joe Smith isa man.

Suppose, however, that instead of asserting the truth of the antecedent
we deny the antecedent:

Joe Smith is not a king.
This denial does not imply the truth of a denial of the consequent:

Joe Smith is not a man.

As you can see from the diagram at the men
right, although Joe Smith is not an

element in the set of kings, he is an

element in the set of men. Hence

reasoning following this pattern is incorrect.
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22.

Indicate in each of the following problems whether the reasoning is cor-
rect or incorrect. (The symbol .. represents the word therefore.)

(a) If you are a good citizen, then you will vote.
You are a good citizen.
5 You will vote.

(b) If you are a mother, you are a woman.
You are a mother.
.. You are a woman. -

(¢) If you eat too much, you will get fat.
You are fat.
> You eat too much.

(d) If you marry, then your troubles will begin.
You don’t marry
.. Your troubles don’t begin. -

() If La and £ b add up to 90°, they are complementary.
Angles a and b add up to 90°.
.. They are complementary.

(a) correct; (b) correct; (c) incorrect (You may get fat because you
eat too much, but not necessarily. There may be another reason. The
error here is assertion of the consequent instead of the antecedent.);
(d) incorrect (The error here is assuming that denial of the antecedent
implies denial of the consequent.); (e) correct

Having considered some of the basic rules of logic and methods of valid
reasoning—together with some of the common errors in reasoning—it is
time we considered the building blocks of geometric reasoning known
as axioms and postulates.

The entire structure of proof in geometry must rest upon or begin
with some unproved general statements, called assumptions. These are
statements which we must assume or accept willingly as true in order to
be able to deduce other statements. Assumptions are either axioms or
postulates.

An axiom is an assumption applicable to mathematics in general.
Thus, the concept that ““a quantity may be substituted for its equal
in an expression or equation” applies to both algebra and geometry.

A postulate is an assumption that applies to a particular branch of
mathematics, such as geometry. Thus, the concept that “two straight
lines can intersect in one and only one point” applies specifically to
geometric figures.
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It is essential that you learn the following axioms and postulates
thoroughly! You will use them almost constantly when we get into
proofs of theorems, so get to work on them now.

AXIOMS

23. Axiom 1: Things equal (or congruent) to the same or equal (or con-
gruent) things are equal (or congruent) to each other.

Thus the value of a dime is equal to the value of two nickels, since each
value is 10¢. Or, given: a = 5, b = 5, ¢ = 5, we can conclude that
a=b=g

Apply Axiom 1 to arrive at a conclusion with respect to the following

data.

(a) Given: ¢ = 15, ¢ =d _ =
(b) Given: f=Fk, g=k ___

(¢) Given: L1 = 20°, L2 = 20°

2

(d) Given: L1 = /.2, /3= /L1

(a) Sinced and 15 each equal ¢, thend = 15.

(b) Since f and g each equal k, then f = g.

(c) Since L1 and £ 2 each equal 20°, then /1 = / 2.

(d) Since L2 and £ 3 are each congruent to L1, then L2 = [ 3.

24, Axiom 2: A quantity may be substituted for its equal in any expres-
sion or equation. (Substitution axiom.)

Thusifx = 7Tand y = x + 2, then by substituting 7 forx, y =7+ 2 = 9.
This amounts to evaluating an expression by substituting the value of
one unknown to find the value of the other unknown, as you learned

in your study of algebra.

What conclusion follows when Axiom 2 is applied below?
(a) Evaluate 3a + 3b whena =2 and b = 4. _ . -

(b) Find y if 2x + 3y = 60and x = 15. - SE—

(c) Given: L1 + LB + L2 = 180°
L1 =LA L2=/.C a

A C
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25.

26.

(a) Substituting 2 for ¢ and 4 for b we get 3(2) + 3(4) = 18.

(b) Substituting 15 for x we get 2(15) + 3y = 60, 3y = 60 — 30,
3y = 30,y = 10.

(¢) Substituting/ A for=1and/.Cfor.2wegetlA + LB + LC =
180°.

Axiom 38: The whole equals the sum of its parts.

Thus the total value of a quarter, a dime, and a nickel is 40¢.

Apply this axiom to the following sets of data. Write your conclusions
beside the figures.

(a) 92 4 3

(b)

BED = 30° + 40° = 70°

AED = 70° + 30° + 40° = 140°
(c) AC = 90° + 30° = 120°
= 30° + 50° = 80°
= 90° + 30° + 50° = 170°

Axiom 4:  Any quantity equals (is equivalent to) itself. (Identity)
Thusa =a, y =y, LC=LC, AB = AB, and so on.
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27. Axiom 5: If equals are added to equals, the sums are equal. (Addi-
tion Axiom)

Thus we have the examples below.

7 nickels = 35¢ a=a
Add: 2 nickels = 10¢ Add: __ b=b
9 nickels = 45¢ a+ b=a+ b

28. Axiom 6: If equals are subtracted from equals, the differences are
equal. (Subtraction Axiom)

T nickels = 35¢ a=a
Subtract: 2 nickels = 10¢ Subtract: b =b
5 nickels = 25¢ a-b=a-b%

Now let’s look at some examples showing the application of Axioms 4,
5, and 6.

Example 1: Given: a =c¢
Find: Relationship of CE to DF.

a b c
C D E F
1 a=c 1. Given
2. b=b 2. Identity
3. a+b=c+ b 3. Addition Axiom
4. CE = DF 4. Substitution

Example 2: Given: L BAC = [ DAE
Find: Relationship of b to c.

D
A c
E
1. LBAC = LDAE 1. Given
2. a+b=a+c 2. The whole equals the sum of its parts.
3.  a=a 3. Identity
4 b=c¢ 4. Subtraction Axiom

Apply Axioms 4, 5, and 6 to solve the following problems.




PLANE GEOMETRY: DEFINITIONS AND METHODS OF PROOF 29

29,

30.

(a) Given: d =a

d
Find: Relationship of ABC to BCD . BRI
A B c D
B
(b) Given: LAEC = LBED i /[ /€
Find: Relationship ofa toc b
a
[+
D
E
(a) 1. d=a 1. Given
2. e=e 2. Identity
3. d+e=a+e 3. Addition Axiom
4. ABC = BCD 4. Substitution

(Note: It may be well to mention here that the steps in a proof
need not always appear in the same order. Often substitutions can
be done early or later in a given problem. So don’t be concerned
if your answer doesn’t always look like that given.)

(b) 1. LAEC = [LBED 1. Given
2. a+ b=b+e¢ 2. The whole equals the sum of its parts
3. b=20 3. Identity
4. a=c 4. Subtraction Axiom

Axiom 7:  If equals are multiplied by equals, the products are equal.
Also, doubles of equals are equal. (Multiplication Axiom)

Thus if the price of a book is $5, the price of two books is $10.

Axiom 8:  If equals are divided by equals, the quotients are equal.
Also, halves of equals are equal. (Division Axiom)

Thus if the price of 10 bricks is $4.00, then the price of one brick is:

10 - 8400 or 40¢.

Below are examples of the application of Axioms 7 and 8.

Example 1: Given: AB and AC are trisected, and a = b.
Find: Relationship between sides AB and AC.

A
1. a=5b 1. Given W
2. 3a =3b 2. Multiplication D E
Axiom - 5 V &

3. AB= AC 3. Substitution f y
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Example 2: Given: LA = /C, L1 =';LA, L2 = ;—/_C.
Find: Relationship of 21 to £ 2. B

LA =LC 1. Given

1;
2. $LA = +LC 2. Halves of equals

are equal
3. L1=1/2 3.

= Substitution A c

31. Axiom 9: Like powers of equals are equal.

Thus, if x = 6, then x? = 6%, or x* = 36.

Axiom 10: Like roots of equals are equal.
Thus, if y> = 8,theny = &/8 = 2.

POSTULATES

32. Postulate 1: One and only one straight line
(segment) can be drawn between 4
any two points.

Thus, AB is the only straight line that can be drawn between A and B.

33. Postulate 2: Two straight lines can inter- A D
sect in one and only one
point. P
C B

Only P is the point of intersection of AB
and CD.

34. Postulate 3: A straight line (segment) is the
shortest distance between two
points.

Straight line AB is shorter than either the
curved or broken lines between A and B.

35. Postulate 4: One and only one circle can be drawn
with any given point as a center and
a given line segment as a radius. B

Thus, only circle A can be drawn with A as a center
and AB as a radius.
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36.

37.

38.

39.

40.

Postulate 5: Any geometric figure
can be moved without I
change in size or shape.
Hence Al can be moved to a new ”
position without a change in its size I

or shape.

Postulate 6: A straight line segment has Al 5"
one and only one midpoint. 4* Y =

Thus, only M is the midpoint of AB.

Postulate 7: An angle has one and only
one bisector.

Only AD is the bisector of £ A. a 20° B

o

Postulate 8: Through any point on a line,
One and only one perpen-
dicular can be drawn to the
line.

Therefore only PC L AB at point P on AB. A v B

Postulate 9: Through any point outside a
line, one and only one perpen-
dicular can be drawn to the
given line.

Hence only PC can be drawn LAB from point
P outside AB.

Use the above postulates to help you decide whether each of the follow-
ing statements is true or false. Write your answer and the postulate that
supports it.

(a) Two straight line segments can be drawn
between points A and B. .

(b) Both circles have O as a center and the same radius.
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(c) M and M both are midpoints of the MM
straight line segment AB. o B
_ ks — A
(d) CD and CE both bisect A.
D
N / '
C B
(e) Pis the only point of intersection = *
of CD and EF. P
= E D
B
(f) ¢+ a=n0 /\
C a
A = 0]
C
(g) CD and CE are 1 AB, A
4 DE b
(h) IfCD 1 AB, then CE is not | AB. DE
A V B
C
(a) False, Postulate 1; (b) False, Postulate 4; (c) False, Postulate 6;
(d) False, Postulate 7; (e) True, Postulate 2; (f) False, Postulate 3;
(g) False, Postulate 9; (h) True, Postulate 8
BASIC ANGLE THEOREMS
41. A theorem is a statement to be proved. We are going to examine several

basic theorems, each of which requires the use of definitions, axioms, or
postulates for its proof. We will be using the term principle (sometimes
abbreviated as Pr.) to mean any of the important geometric statements,
such as theorems, axioms, postulates, and definitions. Later on we will
prove some of the principles but the main idea now is to become familiar
with their content.
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Pr. 1: All right angles are congruent.
Thus, LA = L B. (See frame 47 for a proof.)
A B

Pr. 2: All straight angles are con-
gruent. /\ /\
c D

Hence LC = L D.

Pr. 3: Complements of the same or of con-
gruent angles are congruent.

This is a combination of two principles:

(1) Complements of the same angle are x
congruent. Thus, La = L b since each b
is a complement of /L x.

(2) Complements of congruent angles are
congruent. Thus, Lc = Ld since they
are complements of the congruent
angles L x and LY.

Pr. 4: Supplements of the same or of congruent angles are congruent.
Again, this is a combination of two principles:

(1) Supplements of the same angle are con-
gruent. Thus, La = Lb since each is the
supplement of £ x.

(2) Supplements of congruent angles
are congruent. Therefore
Le = [ d since they are supple-
ments of the congruent angles
Lx and Ly.

Pr. 5: Vertical angles are congruent.

Hence La = Lb. This follows from Pr. 4 a b
since L a and L b are supplements of the
same angle, namely, £ c.

Now let’s see if you can apply the basic theorems contained in Principles
1 to 5 above. The following problems, like many of those we will use,
combine the points we have just discussed and give you a chance to test
your understanding of these points. Do your best to work them out
without referring to the answer, but if you still need help don’t hesitate
to turn to the solution as a guide. We will start you out with an example.
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State the basic angle theorem needed to prove L1 = / 2 in each case.
Example: Given: AB and AC are straight B
lines.
Prove: L1 = /2

Solution: Since AB and AC are st. (straight)

lines, £ 1 and / 2 are st. /s. Therefore, c

L1 = [ 2, since all straight angles are congruent.

Now it’s your turn. ¢

2
(a) Given: BA | AD, and BC L CD. B
Prove: L1 = L2
1
A D
B
(b) Given: AB | BC, and /1 comp. . 3.
Prove: L1 = L2
4 D e

(a) Since BA L ADand BC L CD,/1and /2 arert./s. Hence/1 = /2
because all right angles are congruent.

(b) Since AB | BC, LBisart. L, making L 2 complementary to £ 3.
And since L1 is complementary to £ 3, then L1 = L 2. Complements
of the same angle are congruent.

DETERMINING HYPOTHESIS AND CONCLUSION
42. In frame 19, in connection with our study of the methods of proof, we

considered conditional statements of the if-then form. For example,
“If a horse is tired, he walks.” Notice that we omitted the word then,
which is perfectly proper to do since it is implied. The if clause we
termed the hypothesis, and the then clause (the part following the
comma) the conclusion.

Another form of the same idea is the subject-predicate form. Thus,
we could make the above conditional statement as follows: “‘A tired
horse walks.” The subject (A tired horse) is the hypothesis, and the
predicate (walks) is the conclusion. The reason for going into all this is
that the subject-predicate appears most commonly in geometric proofs.
Let’s look at another example of these two forms of conditional state-
ment, one above the other for purposes of comparison.
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43.

Hypothesis Conclusion
Forms (what is given) (What is to be proved)

Subject-Predicate Form Subject Predicate
A heated metal A heated metal expands
expands.

If-Then Form If Clause Then Clause
If a metal is heated, If a metal is heated then it expands
then it expands.

Identify the hypothesis and conclusion of each of the following
statements.

(a) If it’s Tuesday, this is Belgium.

(b) If it’s the American flag, its colors are red, white, and blue.

(c) Jdet planes are the fastest.

(d) Stars twinkle.

Hypothesis Conclusion
(a) If it’s Tuesday this is Belgium
(b) If it’s the American flag its colors are red, white, and blue
(c) Jet planes are the fastest
(d) Stars twinkle

Now let’s apply this general approach to some statements pertaining to
geometric relationships so that you’ll begin to associate this method of
reasoning with the kinds of terms and situations we will be working
with throughout the remainder of this chapter. First we will work with
the subject-predicate form.

Determine the hypothesis and conclusion in each of the following
statements.
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Hypothesis Conclusion
(Subject) (Predicate)
(a) An equilateral triangle is
equiangular,
(b) A triangle is not a
quadrilateral.
(¢) Perpendiculars form
right angles. —
(d) Complements of the
same angle are congruent.
(a) An equilateral triangle is equiangular
(b) A triangle is not a quadrilateral
(c) Perpendiculars form right angles
(d) Complements of the same angle are congruent

44. Let’s turn our attention now to conditional statements of the if-then
form.

Determine the hypothesis and conclusion of each of the following

statements.
Hypothesis Conclusion
(if-clause) (then-clause)
(a) If aline bisects an angle,
then it divides the angle
into two congruent parts. e
(b) If two angles are right
angles, they are congruent. —
(c) 1If aline divides an angle
into two congruent parts,
it is an angle bisector. _ e
(d) A triangle has an obtuse
angle if it is an obtuse
triangle.
(a) If aline bisects an angle then it divides the angle into two

congruent parts
(b) If two angles are right angles (then) they are congruent
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45.

(c) If aline divides an angle (then) it is an angle bisector
into two congruent parts
(d) If it is an obtuse triangle (then) a triangle has an obtuse
angle

Another term you will need to be familiar with is converse. The con-
verse of a statement is formed by interchanging the hypothesis and
conclusion. To form the converse of an if-then statement, therefore,
we simply interchange the if-clause and the then-clause. In the case of
the subject-predicate form, interchange subject and predicate.

Thus, the converse of ‘“Rectangles are quadrilaterals (i.e. four-sided
figures)”’ is “‘Quadrilaterals are rectangles.” Similarly, the converse of
“If a metal is heated, then it expands” is “If a metal expands, then it is
heated.” (Note that although the original statement is true in each of
the foregoing examples, its converse is not necessarily true.) This leads
us to the following two principles:

(1) The converse of a true statement is not necessarily true. Thus, the
statement “Triangles are polygons” is true. Its converse, however,
need not be true.

(2) The converse of a definition is always true. Thus, the converse of
the definition “A triangle is a polygon of three sides’” is “A poly-
gon of three sides is a triangle.” Both the definition and its
converse are true.

In the following examples state whether the given statement is true,
then form its converse and state whether this is necessarily so.

(a) A square is a rectangle.

(b) A right angle is smaller than an obtuse angle.

(c) An equilateral triangle is a triangle that has all equal sides.

(a) Statement is true. Its converse, “A rectangle is a square,” is not
necessarily true since the sides of a rectangle do not all have to be
of the same length.

(b) Statement is true. Its converse, ‘‘An obtuse angle is smaller than a
right angle,” is not true since by definition an obtuse angle is one
that is greater than 90° (but less than 180°).
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46.

417.

(c) Statement is true. Its converse, ““A triangle that has all equal sides
is an equilateral triangle™ also is true since the original statement is
a definition.

PROVING A THEOREM

Let’s summarize a few of the things we have learned about theorems.
We know, for example, that a theorem is a statement to be proved.
Obviously, therefore, it cannot be accepted as true until it has been
proved. We also know that all theorems in geometry consist of two
parts: a part that states what is given or known, called the given or
hypothesis, and a part that is to be proved, termed the conclusion or
proof. We have learned too that theorems can be written either as an
if-then sentence, or as a simple declarative sentence, known also as
subject-predicate form.

In frame 41 we worked with some elementary types of proof. Now
we are going to consider a somewhat more formal (and more common)
method of proof.

The formal proof of a theorem consists of five parts: (1) a state-
ment of the theorem; (2) a general figure illustrating the theorem;

(3) a statement of what is given; (4) a statement of what is to be proved;
and (5) a logical series of statements supported by accepted definitions,
axioms, postulates, and previously proved theorems. Although it is not
considered part of the formal proof, it often is helpful to include a brief
analysis or plan describing your approach to proving the theorem.

Write down, on a separate piece of paper, the five parts of a formal
proof of a theorem and compare them with the answer shown below.

(1) A statement of the theorem.

(2) A general figure illustrating the theorem.

(3) A statement of what is given.

(4) A statement of what is to be proved.

(5) A logical series of statements supported by accepted definitions,
axioms, postulates, and previously proved theorems.

Actually there is no requirement that proofs be presented in formal
form as we are going to do. They could be given just as conclusively in
paragraph form. However, in paragraph form both you and others
would have greater difficulty in following the line of reasoning. Long
experience has shown that putting statements of proof in one column
and the reasons justifying them in an adjacent column makes it easier




PLANE GEOMETRY: DEFINITIONS AND METHODS OF PROOF 39

both for you and others to follow your line of reasoning. Below is an
example of a formal proof.

THEOREM: All right angles are

congruent.
Given: L A and LB are rt. 5.
Prove: LA =/LB B
Plan: Since each angle equals 90°, 4
the angles are congruent,
using Ax. 1: Things congruent to the same thing are
congruent to each other.
PROOF: Statements Reasons
1. LA and LB are rt. /5. 1. Given
2. / A and LB each have 90°. | 2. Art. . has 90°.
3. LA = LB. 3. Things congruent to the same thing
are congruent to each other.
_ ({-\xiom 1)

Here are a few guidelines relating to formal proofs which you will

find useful. Some of them are illustrated above.

(1)

(2)

(3)

(4)

(5)

(6)

(7)

Notice that the conclusion you are working toward is stated
directly below the Given and is identified by Prove. Your objec-
tive is to try to reach this conclusion by making a series of State-
ments, each of which must be justified either by the fact that it is
part of the Given or by the definitions or postulates that have been
agreed upon.

Whenever the same reason appears more than once in a proof it is
not necessary to restate it; just say ‘“Same as 2"’ (or whatever
statement it first appeared in).

Markings on the diagram should include helpful symbols such as
square corners for right angles, cross marks for congruence,
question marks for parts to be proved equal or congruent, and so
forth (see frame 13).

The plan is advisable but is not an essential part of the proof. If
included it should state the major methods of proof to be used.

The Given and Prove must refer to the figures and letters of the
diagram.

The last statement is the one to be proved. Statements must refer
to the figures and letters of the diagram.

A reason must be given for each statement. Acceptable reasons
are: given facts, definitions, axioms, postulates, assumed theorems,
and theorems previously proved.
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When searching for reasons to confirm your statements remember to
check the axioms and postulates we discussed in frames 23 through 40.
These plus the definitions (frames 2 through 16) and the principles
(frame 17) we have covered will be your main sources of support for
your statements, at this point.

Incidentally, in case you still are in doubt as to why we need formal
proofs to support what appear to be obvious conclusions, keep in mind
what we said earlier, that one of the chief contributions of geometry
was its development of deductive reasoning. And deductive reasoning
involves a chain of reasoning from certain general, accepted definitions
and assumptions to specific conclusions. It is the basic method of
mathematics and one of the main things geometry teaches. Being
“formal” in our proofs simply amounts to being clear and consistent.
Also, what appears obvious from an intuitive viewpoint in a simple case
may be quite difficult to prove with any exactitude in a less obvious case.

Now it is time for you to try your hand at a proof. Below is a partially
completed theorem for you to work with. A plan is included to assist
you in following the approach taken. Your job is to fill in the missing
reasons.

THEOREM: If two angles are complements
of the same angle, they are

a b
congruent. A B
Given: LA and L B are complementary
to LX.
Prove: LA = LB
Plan: Using the subtraction axiom
(Axiom 6) the same angle may x =

be subtracted from the angles
complementary to it. The remainders are congruent angles.

PROOF: Statements - Reasons
1. L A and LB are complemen- L
tary to L X.
2. a + x = 90° 2.
b+ x = 90°
3. Hencea + x = b + x 3.
4. x = x 4.
5. a = 5.
6. .LA=LB 6. —




PLANE GEOMETRY: DEFINITIONS AND METHODS OF PROOF 41

Reasons: 1. Given

2. Complementary angles are angles whose sum is a right

angle. (By definition.)

3. Things equal to the same or equal things are equal to each
other. (Axiom 1.)
Any number is equal to itself. (Axiom 4.)
If equals are subtracted from equals, the differences are
equal. (Axiom 6.)
6. Definition of congruence.

o

48. A corollary is a theorem that is closely related to another theorem, an
assumption, or a definition. Thus, we can state as a corollary to the
above theorem: If two angles are complements of congruent angles,
they are congruent. We could prove the corollary in the same way.

Now go back and study the theorem in frame 47 carefully. Using it
as a guide, write the complete proof of the following theorem.

THEOREM: If two angles are supplements of the same angle, they are

congruent.
Given:
Prove: (diagram)
Plan:
PROOF: Statements Reasons B
1. 1
2. 2
3 3
4 4.
5 5.
6 6.
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Given: LA and LB are supplementary to £ X.
Prove: LA = (B
a b gl
A B X
Plan:  Using the subtraction axiom, the same angle may be sub-
tracted from each of the pair of supplementary angles. The
remainders are the required angles,
PROOF: Statements Reasons
1. LA and . B are supplemen- 1. Given.
tary to L X.
2. a + x = 180° and 2. Supplementary angles are angles
b + x = 180° whose sum equals 180°. (By
definition.)
3. Hencea + x = b + «x 3. Things equal to the same or
equal things are equal to each
other. (Axiom 1.)
4. x = x 4. Any number is equal to itself.
(Axiom 4.)
5. a =1b 5. If equals are subtracted from
equals, the differences are equal.
(Axiom 6.)
6. .. LA =/.B 6. Definition of congruence.
49. A corollary to the above theorem would be: If two angles are supple-

ments of congruent angles, they are congruent.

Here is another theorem for you to prove, just for practice. On a sheet
of paper, write your list of statements and reasons.

THEOREM: If two straight lines intersect, the vertical angles are

congruent.

Given: The straight lines ¢ and b ¢ ‘
intersecting in the point P 1 ><T2
and forming pairs of vertical a
angles 1 and 2, 3 and 4. b

Prove: L1 =/2and 3 = L4

Hint: If L1 and L 2 are supplements of the same angle then, by the
theorem you just proved above, they are congruent.

The above hint is also your plan, or analysis.
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PROOF: Statements Reasons

1. @ and b are straight lines 1. Given
intersecting at P and form-
ing vertical /s 1 and 2,

3 and 4.
2. L1 and L 3 are supplemen- 2. If the exterior sides of two adja-
tary. cent angles lie in a straight line,
then the angles are supplemen-
tary (frame 16).
3. L2 and L 3 are supple- 3. Same as 2.
mentary.
4. /1 = /2 4. If two angles are supplements of
the same angle, they are congru-
ent. (Pr. 4)

In the next chapter we’re going to go on to the subject of congruent tri-
angles. But before we do let’s review briefly what we have covered so far so
you won’t get lost.

What We Have Covered So Far

(1) Definitions of Basic Geometric Terms—point, line, surface, line segments,
bisectors; properties of circles, angles, polygons, triangles; pairs of angles
and certain principles relating to angle pairs.

(2) Methods of Proof—logical reasoning, inductive reasoning, deductive
reasoning, assumptions, general statements, particular statements; the
syllogism, major and minor premises, conclusion; conditional statements;
the Fundamental Rule of Inference.

(3) Geometric Reasoning—10 major axioms; 9 postulates; assumptions.

(4) Basic Angle Theorems—explanation of a theorem; 5 basic principles or
theorems applied.

(5) Determining Hypothesis and Conclusion—subject-predicate and if-then
forms of conditional statement; applying logical reasoning to geometric
relationships; forming the converse of a statement.

(6) Proving a Theorem—two-column form of proof; practice in proving
some basic theorems.

Having agreed upon some basic definitions, established a method of proof,
stated a number of necessary axioms, postulates, and principles, and had a

little practice proving theorems, we are now ready for a test of your under-
standing of the material covered in this chapter. Take the Self-Test which

tollows.
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SELF-TEST

1. Write the statement needed to complete each of the syllogisms below.

Major Premise
(General Statement)

Minor Premise
(Particular Statement)

(a) Straight angles are
congruent

(b) Even numbers are
divisible by 2.

(c)

Conclusion
(Deduced Statement)

L A and . B are straight
angles.

Numbers ending in an
even number are
divisible by 2.

3.

Triangles are polygons. | Triangles have as many
angles as sides.
(frame 18)
Write the logical consequent of the two statements below.
1. If the sun is shining, then we will go on a picnic.
2. The sun is shining.
(frame 19)

Indicate whether or not you feel the following reasoning is correct.

1. If it is night, then it is dark outside.

2. It is dark outside.

3. Therefore it is night.

(Correct, Incorrect)
(frame 20)

Indicate if the following reasonsing is correct or incorrect.

1. If a person is a child, he likes candy.
2. Suzie Smith is not a child.
3. Suzie Smith does not like candy.

(Correct, Incorrect)
(frame 21)

In each of the following state the conclusion that follows when Axiom 1
is applied to the given data.
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(c) b=d,d=gg=e

(d) L1 =50°,8=50°,4=50° %

(e) L1

I
[‘-.
39
s
(S
I
P~
o
”‘-.
o
14
~
4

[l

(f) L1=[(4,0.2=/4,.3= L4,

IR

(frame 23)_

What conclusion follows when Axiom 2 is applied below?

(a) Evaluatea®? + 3a whena = 10. T —
(b) Does b? — 8 = 17 when b = 57 e
(¢) Findyifx+ y=20andy = 3x. __
(d) Findx ifx? + 3y=d4bgndy=9%,..._ . . .. ...
(¢) Findyifx +y + z2=180°,x =y, andz = 80°.

State the conclusion that follows when
Axiom 3 is applied to the given data.

(frame 25)
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8. Apply Axioms 4, 5, and 6 below.

(a) Given: b = e; find relationship of
BA to DF.

(b) Given: b = ¢, a = d, find relation-
ship of AB to AC.

(frame 28)

9. In the figure at the right, AD and BC are trisected. Answer the questions
below by referring to the appropriate axiom.

(a) If AD = BC, why is AE = BF?
, _ . )
(b) If EG = FH, why is AG = BH? [ \
E F
(c) If GD = HC, why is AD = BC? G// \\”
o B D C
(d) If ED = FC, why is EG = FH?

(frame 30)

10. State the basic angle theorem needed to provide an answer to each of
the following.

(a) Whyissl1 = L2?

(b) Whyis LDBC = L ECB?

(c) IfL3=1L4, whyislb = L6?

(frame 41)
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11.

12,

13.

Identify the hypothesis and conclusion of each of the following state-
ments.

Hypothesis Conclusion

(a) If you like hot sauce, you
will like Mexican food.

(b) If the figure is a pentagon,
it has five sides.

(c) Angles equal to the same
angle are equal to each
other. _—

(d) Fat people are happy. o

(e) A three-sided figure is a
triangle. e e,

(frames 42 and 43)

Indicate whether each of the following statements is true, then form its
converse and state whether this is necessarily true.

(a) California is a state of the United States.

(b) A quadrilateral is a polygon.

(¢) A house is a home.

(d) A man is a two-legged creature.
(frame 45)
Give the formal proof of the following theorem: Straight angles are

congruent. (Hint: Note that each straight angle is equal to 180°, hence
Axiom 1 applies.) (frame 47)
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10.

11.

Answers to Self-Test

(a) LA and LB are congruent.
(b) Numbers ending in an even number are even numbers.
(c) Polygons have as many angles as sides.

We will go on a picnic.

Incorrect. Step 2 asserts the truth of the consequent instead of affirm-
ing the truth of the antecedent, hence step 3 represents a conclusion
that is not necessarily true. Therefore, the reasoning is incorrect.

Incorrect. Denial of the antecedent does not imply the truth of a denial
of the consequent. Although Suzie Smith is not a child she can still like
candy.

(a) a=c=f

(b) f=a

(c) b=e

(d) £1=/.83=1/.4
(e) L1 = L4

(f) L1 =.,2=1/3
(a) 130

(b) Yes

() y=15

(d) x =+6

(e) y = 50°

AC = 12, AE = 11, AF = 15,DF = 9,
(a) BA = DF

(b) AB = AC

(a) If equals are divided by equals, the quotients are equal. (Axiom 8.)
(b) Doubles of equals are equal. (Axiom 7.)
(c) If equals are multiplied by equals, the products are equal.
(Axiom 7.)
(d) Halves of equals are equal. (Axiom 8.)

(a) Vertical angles are congruent.
(b) All straight angles are congruent.
(c) Supplements of contruent angles are congruent.

Hypothesis Conclusion
(a) If you like hot sauce you will like Mexican food.
(b) If the figure is a pentagon it has five sides.
(c) Angles congruent to the same  are congruent to each other.
angle
(d) Fat people are happy.

(e) A three-sided figure is a triangle.
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12. (a) True. Its converse, ‘A state of the United States,” is not neces-

sarily true; it might be any of the 50 states.

(b) True. Its converse, “A polygon is a quadrilateral,” is not neces-
sarily true; a polygon can have any number of sides.

(c) True. Its converse, ‘“‘A home is a house,” is not necessarily true
since a home to some people might be a boat or a cave.

(d) True. Its converse, “A two-legged creature is a man,” is not neces-
sarily true; it might be an ape.

13. Given: LA is a straight angle.
L B is a straight angle.
Prove: LA = LB

-
-

PROOF: Statements Reasons

1. LA is a straight angle. 1. Given

2. LA =180°. 2. Definition of a straight angle.

3. LB is a straight angle. 3. Given

4. LB =180°. 4. Same as 2

b, LA=/B 5. Things equal (or congruent) to
the same thing are equal (or
congruent) to each other.
(Axiom 1.)




CHAPTER TWO

Plane Geometry:
Congruency and Parallelism

In this chapter we will consider the geometric methods used to prove con-
gruency in triangles. We shall also investigate the unique properties of
parallel lines and of the geometric figures that contain parallel lines. When
you have finished this chapter you will be able to:

¢ prove the congruency of triangles by five basic methods,
and use the properties of isosceles and equilateral triangles
to assist your proof;

e apply the basic properties of parallel lines and the relation-
ship between the angles formed by a transversal in solving
geometric problems and proving theorems;

¢ apply the relationships and special properties of the angles
of a triangle and of a polygon to solve for unknown parts;

e recognize and use the properties of parallelograms, trape-
zoids, medians, and midpoints to solve geometric problems.

CONGRUENT TRIANGLES

1. Congruent figures are figures that have the same size and shape. In
other words, they are exact duplicates of each other. Such figures can
be made to coincide so that their corresponding parts will fit together.
Thus, two circles having the same length radius are congruent circles.

Congruent triangles are triangles that have the same size and shape.
Thus, if two triangles are congruent, their corresponding sides and angles
are congruent. And, once again, the symbol for congruency is =, which
means “‘is congruent to.” The congruent

triangles ABC and A'B'C’ at the right %
and on the following page have congruent

corresponding sides (AB = A'B’', BC = B'C/,

and AC = A'C') and congruent corresponding B "

angles (LA = LA',/B=(B,and LC = LC'). g

50
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We designate this congruency as
AABC = AA'B'C' and read this as
“Triangle ABC is congruent to triangle
A-prime, B-prime, C-prime.”’

Note in the congruent triangles how o
corresponding congruent parts can be c
located: corresponding sides lie opposite congruent angles and corre-
sponding angles lie opposite congruent sides.

Fill in the missing numbers
(side lengths) in the two ) 5
congruent triangles at the .
right.
4

Having decided what congruent triangles are, we’re now going to con-
sider four basic principles relating to congruent triangles, the last three
of which actually are methods of proving that triangles are congruent.

Pr. 1: 1If two triangles are congruent, ¢
their corresponding parts are b a
congruent. (Or, corresponding
parts of congruent triangles are i B
congruent.) c
Thus, if AABC = ADEF, then LA = LD, =
LB=/E (C=/F,a=d, b =e and 4 d
e=f
E
v 7

Pr. 2: Two triangles are congruent if
two sides and the included angle ¢
of one triangle are congruent to
the corresponding parts of the
other triangle. (the side-angle-side
or SAS postulate) @ B
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Thus,ifb =e, LA = /LD, and ¢ = f, then
ANABC = [ DEF.

Pr. 3: Two triangles are congruent if
two angles and the included b
side of one triangle are congru-
ent to the corresponding parts
of the other triangle. (the A
angle-side-angle or ASA postu-

F
/<\
e
D —H
f
C
a
c
late) .
Thus,if LA = LD, ¢ = f, and e d
[B = [E, then AABC = [/ DEF.
D f E
f
C
b a
+ B
c
F
e
/\
- E
T

E

B

Pr. 4: Two triangles are congruent if
three sides of one triangle are
congruent to three sides of
another. (the side-side-side or
SSS postulate) A

Thus,if a =d, b = e, and ¢ = f, then
AABC = ADEF.

D

From the following groups of three triangles select the two that are con-
gruent in each case and state the congruency principle involved.

(a)

4
3 3 3 4
I 111
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(b) 10
70° 30
11 10
I , I S
70° 30° 70 30
10

(c)

(a) Triangles I and III, SAS.
(b) Triangles I and II, ASA.
(¢) Triangles II and III, SSS.

If your answers are incorrect be sure you understand why before you go
on. These congruency principles are basic to the rest of the chapter.

In the problems above you merely had to select the congruent triangles

and then state the congruency principle (that is, ASA, SAS, or SSS).
The problems below require you to prove, as simply as possible,

that AI = AII in each case.

Example: Given: L1 = /4
L2 == L3
Prove: AI = AIl

Solution: AC is a common side to both 5-7¢
triangles, and since the two sets of adja-
cent angles are congruent, then
AT = AII, ASA.
2
A D
(a) Given: BE = EC 2 ¢

AE = ED
Prove: Al = ATl
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(b) Given: Isosceles A ABC

B
Isosceles A ADC
(see Chapter 1, frame 14 for
definition of isosceles)

Prove: Al = AII
D
B
54

(a) L1 and L2 are vertical angles, hence con-
gruent. And since the two pairs of
adjacent /s are congruent, then AT = ATI,
SAS.

(b) BD isa common side of both triangles I

A
B
and II. And since & ABC and ADC both
are isosceles, then AB = BC and AD =
DC, hence A1 = AII, SSS.
D
C

4. Now let’s exercise the idea of congruency of triangles in a slightly differ-
ent way, but still using the congruency principles from frame 2.
For each of the diagrams below state the additional congruencies
needed to prove AI = AII by the congruency principle indicated.

(a) By SSS. o
(b) BySAS.

(c) By ASA. .
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(d) By ASA.
(e) By SAS.

(a) AD = BC. Since side BD is a common side and AB = CD, if
AD = BC then AT = AII by SSS.

(b) L1 = L4. Since side BD is commonand AB = CD, if L1 = /.4
then AT = AII by SAS.

(c) BC = CE. Since /s B and E are right 5 and the vertical angles are
congruent, if BC = CE then A1 = AIIl by ASA.

(d) L2 = /3. Since Band D areright s and BC = CD, if L2 = /3
then AT = AII by ASA.

(e) AB = DE. Again, since BC = CD and B and D are right f, if
AB = DE then AI = ATl by SAS.

Every valid geometric proof should be independent of the figure used
to illustrate the problem. Figures are used merely as a matter of con-
venience. Strictly speaking, before a congruency such as that shown in
problem (c), frame 4, could be proved, it should be stated that: (1) A,
B, C, D, and FE are five points lying in the same plane; (2) C is between
B and E; and (3) C is between A and D. However, to include informa-
tion such as this which can be inferred from the figure would make the
proof tedious and repetitious. In this book, therefore, it will be permis-
sible to use the figure to imply such things as betweenness, collinearity
of points (i.e., points lying in the same line), the location of a point in
the interior or exterior of an angle or in a certain half-plane (i.e., points
lying on the same side of a line), and the general relative position of
points, lines, and planes.

However, the student must be careful not to infer congruence of
segments and angles, perpendicular and parallel lines, and bisectors of
segments and angles just because ‘“‘they appear that way’’ in the figure.
Such things must be included in the hypotheses or in the developed
proofs. With this caution in mind, let’s proceed to an example of a
proof in which we use the concept of congruency to prove congruence
between two sides of two different triangles.

Example: Given: BF L DE D E
BF 1 AC 8/
L3=(4 Li%
Prove: AF = FC
Plan: Prove Al = Al I I
5 _|6
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PROOF: Statements Reasons

1. BF 1 AC 1. Given

2.L.5=1L6 2. Is form rt. /5. Rt. /5 are =.

3. BF = BF 3. Identity

4. BF | DE 4. Given

5. L1 is the complement of £ 3. 5. Adjacent /s are complementary if
L 2 is the complement of £ 4. exterior sides are | to each other.

6..3 = /4 6. Given

T.£1 = (2 7. Complements of = angles are =,

8. A1 = Al 8. ASA

9. AF = FC 9. Corresponding parts of Aare =.

Use this same general approach (that is, establishing congruency) to
prove the following.

Given: AD bisects . BAC; AD | BC

Prove: D is the midpoint of BC.

Plan: Prove D is the midpoint by showing
that BD = DC. Since these line
segments will be congruent if
AABD = AACD, the problem really
is one of showing that these triangles D
are congruent.

EBOOF: Statements __ Reasons

1. AD bisects L BAC. . Given
.LBAD = [CAD . Def. of bisector of an angle
.AD | BC . Given

.LADB and L ADC are rt, /s.

2

3

4 . Def. of perpendicular lines
5.LADB = L ADC

6

7

8

9

. Right angles are congruent

. Identity

. ASA

. Corresp. parts of = triangles
. Def. of midpoint of a line segment

.AD = AD

.ANABD = AACD

.BD = DC

. D is the midpoint of BC.

Koo JREN Ber B ) BTSN VL RN Wl

6. Now let’s try proving a congruency problem stated in words.

Prove: If the opposite sides of a quadrilateral (four-sided figure) are
congruent and a diagonal is drawn, congruent angles are
formed between the diagonal and the congruent sides.
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The hypothesis is the portion of the above statement before the comma;
the conclusion is the portion after the comma. From the statement we
can derive the following information.

Given: Quadrilateral ABCD
AB = CD, BC = AD
AC is a diagonal

Prove: /1 =/4,L2=/3

Plan: Prove Al = A1l

PROOF: Statements _Reasons o
1. AB = CD, BC = AD 1. Given

2. AC = AC 2. Identity

3. ALl = AIl 3. SSS

4.L1=/.4,/2=/3 4. Corresp. parts of congruent

triangles are congruent

Prove the following statement: If the diagonals of a quadrilateral bisect
each other, then its opposite sides are congruent.

Given: Quadrilateral ABCD B c
AC bisects BD
BD bisects AC 2

Prove: AB = CD
BC = AD

Plan: Show that AAEB = ADEC and
ABEC = AAED, hence the A D
corresponding sides are congruent,

.

PROOF: Statements Reasons

1. AE = ECand BE = ED 1. Def. of a bisector
2./1=/3and/2= /4 2. Vertical angles are congruent
3. AAEB = ADEC and 3. SAS

ABEC = AAED
4. AB = CD and BC = AD

14

4. Corresp. parts of = A

ISOSCELES AND EQUILATERAL TRIANGLES

In frame 14 of Chapter 1 we defined isosceles and equilateral triangles
and we have used some of their properties in several of the examples
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and problems discussed thus far. However, there are a number of basic
principles relating to such triangles which we will state now.

Pr. 1: If two sides of a triangle are congruent,
the angles opposite these sides are con-
gruent. (Base angles of an isosceles
triangle are congruent.)

Thus, in AABC, if AB = BC, then/ A = [ C. A

B
. B
Pr. 2: If two angles of a triangle are
congruent, the sides opposite them
are congruent.
Thus, in AABC, if / A = / C, then AB = BC.
C
B
B

Pr. 3:  An equilateral triangle is equiangular.

Thus, in AABC, if AB = BC = CA, then
LA =/[/B=/[C (Pr.3isacorollary of
Pr; 1.)

Pr. 4:  An equiangular triangle is equilateral.
Thus, in AABC, if LA = LB = [/ C, then

AB = BC = CA. (This is the converse of
Pr. 3 and a corollary of Pr. 2.)

A c

Now, how do we apply these principles? Let’s start with Principles 1
and 3: In a triangle, congruent angles are opposite congruent sides.

Example: In the triangle at the right, state B

which congruent angles are opposite the 12
congruent sides.

Solution: Since AC = BC (they each have
a length of 12), then/ A = /B. A 12

Y

In the following three problems state which congruent angles are oppo-
site the congruent sides.

(a) -
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(b)

B
/\
3\ 4
+ 4 D
- e
A
10 10
B 7 C
15 ¢ 15
(c)
D 25 E

(a) Since AB = AC, then L1 = / 2; and since BD = CD, then
L3 = L4,

(b) Since AB= AC = BC, then/ A = (1 = [/ 3;and since BC = CD,
then /2 = [/ D.

(c) Since AB = BC = AC, then LA = [ ACB = L ABC; and since
AE = AD = DE, then/ A = (D = LE.

Principles 2 and 4 we can apply as shown in the example below. We
can summarize these two Principles as follows: In a triangle, congruent
sides are opposite congruent angles.

E
Example: In the triangle at the right, state which
congruent sides are opposite congruent angles. B/, o5
Solution: Since La = 55°,and La = LD, then {a\
BC = CD.
D (9]

State which congruent sides are opposite congruent angles in each of
the problems below.

A
D
(a) B '8
B
N
A ‘ , C

(b) V
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10.

(a) SincelA = (1,AD = BD;andsince .2 = L C, BD = CD.
(b) Since /1= /.3,AB = BC;andsince L2 = /4 = /D,
CD = AD = AC.
(c) Since/A =/1=/4,AB = BD = AD;andsince .2 = [(,
BD = CD.

[l 1e

So far we have ‘“applied” our four Principles regarding isosceles and
equilateral triangles only in the sense of having recognized the congruent
angles opposite congruent sides (or the reverse). Now we need to use
what we have learned to prove congruency.

Example: Prove Al = AII and state
the congruency principle involved.
Given: AB = BC
AD = EC
F is the midpoint of AC.
Prove: AT = AII
Solution: Since AB = BC, then
[ A= [C. Therefore Al = AII, SAS.

Now it’s your turn.
Given: AB = AC D/ \F
BC trisected at E and G
DE 1 BC, and FG L BC
Prove: ATl = AIl

Your reasoning: ___ e

Since AB = AC, /. B = [/ C. Therefore, Al = AII, ASA.

Before leaving the subject of isosceles triangles we should see how the
principles relating to them are used in a formal proof.
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Example:
Given: AB = BC

AC is trisected at D and E

Prove: L1 = /2
Plan: Prove AI = AII to obtain
BD = BE.
PROOF: Statements

B

A

Reasons

1. AC is trisected at D and E.
2 AD = EC

.AB = BC
LA L€
AT = AL
.BD = BE

I

IR

o UL 0o

7.L1

112

L2

b =

. Given
. To trisect is to divide into three

congruent parts.

. Given

.InaA, & opposite = sides are =.
SAS

. Corresponding parts of congruent

A are =,

. Same as 4.

Since logical proof is the essence of geometry, and because there is no
other way to gain skill in proving geometric theorems but by doing it,
see if you can work out the proof for the following theorem.

THEOREM: The bisector of the vertex angle of an isosceles triangle is

a median to the base.

Isosceles AABC (AB = BC) B

Given:
BD bisects LB
Prove:

BD is a median to AC.

(Refer to frame 15 of Chapter 1
if you have forgotten what a I 1

median is.)
Plan:
AD = DC

PROOF:

Prove AI = AII to obtain
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PROOF: Statements Reasons

1. AB = BC 1. Given

2. BD bisects LB 2. Given

3. L1=12 3. To bisect is to divide into two
congruent parts.

4. BD = BD 4. Identity

5. Al = Al 5. SAS

6. AD = DC 6. Corresponding parts of congruent
A are =,

7. BD is a median to AC 7. A line from a vertex of a A to the
midpoint of the opposite side is a

median.

Stop now and take the Self-Test which follows, before you go on to the
next section, on parallel lines.

SELF-TEST

1. From the following group of four triangles, identify those that are con-
gruent and state the congruency principle involved.

4

6

2. Prove (as simply as possible) AT = AII in the following problem and
state the congruency principle involved.

Given: BE 1| AD B C
CF 1 AD
BE = CF
AD is trisected
Prove: ATl = AIl

Proof: 1 2
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State the additional parts needed to prove B

AT = ATl by the SSS congruency principle.

Use the two-column format and the congruency method to prove the

following.
Given: L1 = /2 BF = DE B 2F - c
BF bisects LB 5
DE bisects LD
LBand /D arert & 6
Prove: AB = CD 3 N1 D
A F
Plan: _ _
PROOF:

. Prove: If the legs of one right triangle are congruent respectively to
the legs of another, their hypotenuses are congruent. (Hint:
First show congruence.)

. In the figure at the right, show which 15 G
congruent angles are opposite (A
congruent sides of the triangles. E
15
15
H
. In the figure at the right, show B
which congruent sides are opposite
congruent angles of the triangles. c
1
4
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8. Given: AD = CE B
L1 =/2
Prove: AABD = ACBE
(Not a formal proof; just
show your reasoning.)

9. Show the formal proof of the following. A

Given: AB = AC
F is midpoint of BC
L1 =/2

Prove: FD = FE

Plan: Prove ABDF = ACEF to
obtain FD = FE.

Answers to Self-Test

1. Al = AIl = AIII, SAS.
Since BE and CF | AD, &1 and 2 are right 4, hence congruent. And
since AD is trisected, AE = FD, also BE = CF (given), therefore,

Al = AII, SAS.
3. AD = DC
4. Plan: Prove AABF = ACDE, hence AB = CD.
PROOF: Statements o Reasons )
1./3=1/4 1. Supplements of = & are =.
2.BF = DE 2. Given
3..B=/[D 3. Rt. 4 are =.
4..5=1.6 4. Bisected angles are = .
5. AABF = ACDE 5. ASA
6. AB = CD 6. Corresponding sides of = A .
5. Given: AB = DE B E
AC = DF

LA and LD are rt. &
Prove: BC = EF
Plan: Prove AABC = ADEF, hence
BC = EF "
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2

PROOF: Statements Reasons

1. AB = DE and AC = DF 1. Given

2.LA= LD 2. Rt. angles are congruent

3. AABC = ADEF 3. SAS

4. BC = EF 4. Corresponding parts of congruent
triangles

Lb=1/d LE=LG

AB = BD = AD, BC = CD

Since L1 = (2, then AB = BC (sides opposite congruent angles). Also,
[ 3 = [ 4, since they are supplements of congruent angles. Finally, since
AD = CE (given), AABD = ACBE, SAS.

PROOF: Statements Reasons
1..B=/C 1. Angles opposite = sides are =.
2.BF = FC 2. Definition of a midpoint.
3.L.1=/2 3. Given

4, ABDF = ACEF 4. ASA

5.FD = FE 5. Corresponding parts of = A.

Don’t be too concerned if your proofs are not quite as concise as those

shown above. This sort of thing takes a lot of practice.

11.

PARALLEL LINES

Parallel lines are straight lines that lie in the same plane and do not
intersect however far they are extended. This concept derives from
Euclid’s conviction that there is only one line parallel to a given line
through a given point. However, because he was unable to prove this,
he included it as a postulate. That is, he assumed it. Since his day
many mathematicians have tried to prove or disprove this postulate by
means of other postulates and axioms, but all have failed. As a result,
mathematicians have considered what kind of geometry would result if
this property were assumed not true. Thus, several types of non-
Euclidean geometry have been developed over a period of a century and a
half. All of these have found usefulness in special applications and,
granted the assumptions on which they are based, are perfectly valid.
However, since the space available in this Self-Teaching Guide does
not permit us to go into any detail regarding these geometries, we will
stick to the subject of Euclidean plane geometry for the purposes of our
discussion and of this book. If you are interested in learning more
about non-Euclidean geometries you will have no trouble finding more
information in any standard textbook on geometry or in the separate
texts describing the geometries of Lobachevsky, Bolyai, and Riemann.
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Now back to Euclid and parallel lines. A B
The symbol for parallel is ||. Thus
AB || CD is read “AB is parallel to CD.” ¢ D

A transversal is a line that cuts E
across two or more lines. Thus EF is
a transversal of AB and CD. A B/ B

. 1/2

Interior angles are the angles
between the two lines (1, 2, 3, and 4), o 4/
while exterior angles are those on the 7 6
outside (5, 6, 7, and 8).

Corresponding angles of two lines F
cut by a transversal are angles on the same side of the transversal line
and on the same side of the lines. Thus, there are four pairs of corre-
sponding angles: 3 and 7,4 and 8, 2 and 6, and 1 and 5.

Alternate interior angles are non-adjacent angles between the two
lines and on opposite sides of the transversal. Thus, 1 and 3, 2 and 4
are alternate interior angles.

Alternate exterior angles are non-adjacent angles outside the two
lines and on opposite sides of the transversal. Thus 5 and 7, 6 and 8
are alternate exterior angles.

Interior angles on the same side of the transversal are 2 and 3,1
and 4.

All of this may seem like a great deal of attention to give to identi-
fying pairs of angles formed by two lines cut by a transversal. But the
fact is that there are a great many principles and properties relating to
this situation. It is important, therefore, that we be able to identify
the relationships between the various angles as an aid to proving theo-
rems about parallel lines.

See if you can identify the angles shown h /g
b

at the right. /

(a) Interior angles

d/c
(b) Exteriorangles f/ f

(c) Alternate interior angles

(d) Alternate exterior angles

(e) Corresponding angles

(f) Interior angles on the same side of the transversal

) a b, c, andd
(b) e f,g and h
) aandec, bandd
(d) eandg, fand h
(e) handd,aande gandc, b and f
(f) bande, aandd
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12. Now we’re going to consider some of the principles of parallel lines.

Pr. 1:  Through a given point not on a given .
line, one and only one line can be b
drawn parallel to a given line.

You will recognize this as the Parallel Line ‘

Postulate we mentioned briefly in frame 11. Thus, either a or b may be
parallel to ¢, but not both.

Pr. 2:  Two lines are parallel if a pair of Vi .
corresponding angles are congruent. 2

Thus,a || bif L2 = L6. b

/6

Pr. 3: Two lines are parallel if a pair of / .
alternate interior angles are 1
congruent. 3

b

Thus,a || bif 21 = 3. /

Pr. 4:  Two lines are parallel if a pair of / .
interior angles on the same side of 2
a transversal are supplementary. 3

b

Thus, a || b if £ 2 and £ 3 are supplementary. /

Pr. 5:  Lines are parallel if they are perpendic- a b
ular to the same line. (Perpendiculars
to the same line are ||.)

Thus, a || & if a and b are le. ¢

Pr. 6:  Lines are parallel if they are .
parallel to the same line. (Parallels
to the same line are parallel.) b

Thus, a || b if @ and b each are || c. ¢

Pr. 7:  If two lines are parallel, each pair /
of corresponding angles are 3 d
congruent. (Corresponding angles
of parallel lines are congruent.) b

6

Thus, ifa || b, then £ 2 = L6. /

Pr. 8: If two lines are parallel, each pair of /
alternate interior angles are congruent. 1 a
(Alternate interior angles of parallel
lines are congruent.) 3

b
Thus, ifa || b, then 21 = / 3. /
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Pr. 9:  If two lines are parallel, each pair /
of interior angles on the same %
side of the transversal are 2
supplementary. 3
b
Thus, if a || b, then 22 and . 3 are /
supplementary.
Pr. 10: If lines are parallel, a line perpen- a b

dicular to one of them is
perpendicular to the other also.

Thus,ifa || bandc L a, thene L b.

Pr. 11: If lines are parallel, a line
parallel to one of them is b
parallel to the others also.

Thus, ifa || band ¢ || a, thene || b.

Pr. 12: 1If the sides of two angles are a

respectively parallel to each other,

the angles are either congruent 1 &

or supplementary. b
Thus,ifa || cand b || d, then .1 = £ 2 and 3 /o
L1 and L 3 are supplementary. d

Use the principles and properties given above to find the missing angular
values in the following problems. These represent a numerical applica-
tion of the principles of parallel lines. (The arrows indicate given pairs
of parallel lines.)

Example: Find the values of x and y. E
x = 130° (Pr. 8) \
y =180 - 130 = 50° (Pr. 9) A oL > B
C 1\30 =)
F
Problems:
(a) Find the values of x and y. E

X = -

y:
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13.

(b) Find the values of x and y.

x =
y=s
(c) Find the values of x and y. D
A 80°
x = e
07 xTy
y= - m B E

(a) x =65° (Pr. 7). Andsince/B = LA,[B = 65°. Hencey = 65°
(Pr. 8).

(b) x =30° (Pr.8). ¥y

(c) x=80° (Pr.8). y

180 — (30 + 70) (Pr.9), hencey = 80°.
70° (Pr. 7).

Perhaps you noticed that Principles 7 through 11 are simply the con-
verses of Principles 2 through 6 as stated and illustrated in the preceding
frame. Now let’s try applying these parallel line principles and their

converses.
E G

Example: Given: L1 = /2
State the parallel line principle needed as

A B
the reason for each of the remaining 2 3
statements.
1
C f D
/ 5 7

1. L1 =/.2 1. Given
2. AB | CD 2. Pr:3
3. L3=/4 3. Pr.7

F H

Follow this same procedure in the problems below, stating the principle
needed as the reason for each of the remaining statements. (Angle and
line references refer to the diagram above.)

(a) 1. L2=1/3 1. Given
2. EF | GH 2
3. L4sup. LD 3

(b)y 1. L5sup.L4 1. Given
2. EF || GH 2
3. L3=1L6 3

(a) Pr.2,Pr.9; (b) Pr.4,Pr. 8
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14.

It’s time now to consider how we use what we have learned so far to
establish the formal proof in a parallel line problem.

Example: Given: AB = AC 2
AE || BC
Prove: AE bisects LDAC ALt E
Plan: Show that /1 and /2 2
are congruent to the
congruent angles B and C
B c
PROOF: Statements Reasons
1. AE | BC 1. Given
2..1=/[B 2. Corresponding & of || lines are =.
3.L.2=/(C 3. Alternate interior angles of ||
lines are =,
4. AB = AC 4. Given
2.l Bi== LT 5.InaA, & opposite = sides are
congruent.
6./1=/2 6. Things = to = things are = to
each other.
7. AE bisects LDAC 7. To divide into congruent parts is
to bisect.

Now together we're going to prove that if the diagonals of a quadri-
lateral bisect each other, the opposite sides are parallel.

Given: Quad. ABCD

AC and BD bisect each
other

AB || CD, and AD | BC
Prove /1 = /4 by
showing AT = AIL
Prove L2 = L3 by
showing AIIl = AIV

Prove:
Plan:

PROOF: 7_§J'atements

B c

Reasons

1. AC and BD bisect each other
2. BE = ED, AE = EC
3.L5=/6,LT=1/8

4. AT = AIL ATIL = ALV
5.L1=1/4,/2=1/3

6. AB || CD, BC || AD

=L -
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Your job is to fill in the missing Reasons.

Reasons: 1. Given

2. To bisect is to divide into two congruent parts.

3. Vertical & are congruent.

4. SAS

5. Corresponding parts of congruent 4 are congruent.

6. Lines cut by a transversal are || if alternate interior angles

are congruent (Pr. 3).

DISTANCES

15. It is important now that we talk a little about geometric distances and
distance principles. Each of the following situations involves the dis-
tance between two geometric figures. In each case the distance is
measured along a straight line segment that is the shortest line between

the figures.

A. For the distance between two points,
such as L and M, use the line L M
segment LM.

B. For the distance between a point and p

a line, such as P and AB, use the line
segment PQ, the perpendicular from
the point to the line.

=
/ B
$ Q
C. For the distance between two parallels, P B
such as AB and CD, use a line segment &
like PQ, a perpendicular between the
two parallels. c Q—' D
D. For the distance between a point and a P
circle, such as P and circle O, use PQ, Q

the line segment of OP between the
point and the circle.

E. For the distance between two concentric
circles, such as the two circles whose P

center is O, use P@, the line segment of 6

the large radius between the two circles.
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Following are some of the important distance principles.

Pr. 1: 1If a point is on the perpendicular c
bisector of a line segment, then it p
is equidistant from the ends of the
segment it bisects.

Thus, if P is on CD, the 1 bisector of AB,

then PA = PB.

Pr. 2: If a point is equidistant from the H
ends of a line segment, then it is A B
on the perpendicular bisector of
the line segment. D

Thus, if PA = PB, then P is on CD, the | bisector of AB.

Pr. 3: 1If a point is on the bisector of an
angle, then it is equidistant from
the sides of the angle. 2

Thus, if P is on AB, the bisector of /. A, then P

PQ = PR where PQ and PR are the distances

of P from the sides of the angle.

Pr. 4: 1If a point is equidistant from the A R

sides of an angle, then it is on the
bisector of the angle.

Thus, if PQ = PR where PQ and PR are the distances of P from the
sides of L A, then P is on AB, the bisector of £ A.

Pr. 5: Two points each equidistant from the c
ends of a line segment determine the P
perpendicular bisector of the line
segment. (The line joining the vertices
of two isosceles triangles having a
common base is the perpendicular A
bisector of the base.)

Thus, if PA = PB and QA = @B, then P and
@ determine CD, the | bisector of AB,

D
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Pr. 6: The perpendicular bisectors of the
sides of a triangle meet in a point
that is equidistant from the vertices
of the triangle.

Thus, if P is the intersection of the 1 bisectors
of the sides of A ABC, then PA = PB = PC.
Also, P is the center of the circumscribed
circle and is the circumcenter (center of a
circumscribed circle) of A ABC.

Pr. 7: The bisectors of the angles of a
triangle meet in a point that is
equidistant from the sides of the
triangle.

Thus, if @ is the intersection of the
bisectors of the angles of A ABC, then
@R = @S = QT where these are the distances from @ to the sides of
AABC. Also, @ is the center of the inscribed circle and is the incenter
(center of an inscribed circle) of A ABC.

In order for these distance concepts and
principles to become meaningful you will 4
need, of course, to apply them. Consider

the following example.

Example: Find the distance and indicate

the kind of distance involved: D

1. from Pto A. (PA = 7, distance between two points.)

9. from P to CD. (PG = 4, distance from a point to a line.)
3. from A to BC. (AE = 10, distance from a point to a line.)
4. from AB to CD. (FG = 6, distance between two || lines.)

Continue to apply what we have
covered in this frame by finding the
distances called for below and indi-
cating the kind of distance.

(a) from P to the inner circle O

(b) from P to the outer circle O

(c) between the concentric circles
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16.

17.

(a) PQ =12 - 3 = 9, distance from a point to a circle.
(b) PR =12 - 5 =17, distance from a point to a circle.
(c) QR=5- 3= 2, dlstance between two concentric circles.

Now let’s practice locating a point in such
a way as to satisfy some given condition(s).

Example: Locate P, a point on AB and
equidistant from A and C. A
Solution: Using Pr. 1, we erect a

B
perpendicular bisector of AC. The point X\
Q|

at which this line intersects AB, at P, is the

point we are seeking. Since PQ is a bisector

of AC it is, of course, equidistant from A
A and C.

c

Follow the same general approach, using the appropriate principles, to
locate a point that will satisfy the conditions given in each of the prob-
lems below. Draw the point on the figure and write down the principle
you used to locate them.

(a) Locate @, a point on AB and B
equidistant from BC and AC.
(b) Locate R, the center of the
circumscribed circle of A ABC. i &

(c) Locate S, the center of the inscribed circle of AABC.

(a) Using Pr. 3. (b) Using Pr. 6. (c) Usmg Pr. .
B B

SUM OF THE ANGLES OF A TRIANGLE

The sum of the values of the angles of any triangle equals 180° (or, if
you will, form a straight angle).

This is one of the most widely used theorems of plane geometry,
and its proof is made possible by the parallel postulate we discussed in
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frame 11. Thus, in the figure at the
right, if we draw a line through one
vertex of the triangle (at B in this
case) parallel to the side opposite the
vertex, you can see that the straight
angle B equals the sum of the angles of the triangle. Thatis, .1 + L2+
[ 3 = 180°. This is true because both & 1 and 2 are alternate interior
angles of the parallel lines AC and MN and therefore are congruent. .3
is, of course, the remaining angle of the triangle and the completing
angle at B.

We will be discussing several angle sum principles that derive from
or relate to this theorem, but first let’s take a moment to consider
another concept that we are going to need. This is the interior and
exterior angles of a polygon.

In frame 14, Chapter 1, we learned
that a polygon is a closed figure bounded
by straight line segments as sides.

An exterior angle of a polygon is
formed whenever one of its sides is
extended through a vertex. If each of
the sides of a polygon is extended (as a
shown at the right), there will be an A \a.
exterior angle formed at each vertex.

Each of these exterior angles is the supplement of its adjacent interior
angle. In the case of the pentagon (five-sided polygon) ABCDE, there
will be five exterior angles, one at each vertex. Notice that each exterior
angle is the supplement of an adjacent interior angle. For example,
La+ La' = 180°.

B
Now back to our angle sum principles.
Pr. 1:  The sum of the angles of a triangle
equals a straight angle or 180°. c
Thus, in AABC, LA + LB + LC = 180°. /?\
¢

2
A' c
€

A

Pr. 2: If two angles of one triangle are A
congruent respectively to two angles
of another triangle, the remaining
angles are congruent.

Thus, in AABC and AA'B'C',if LA = LA’
and /B = /(B ,then/C = /C".

Pr. 3:  The sum of the values of the
angles of a quadrilateral B
equals 360°.

Thus, in the quadrilateral ABCD,

LA+ (B+ LC+ LD=2360°. A D
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Pr. 4:  The value of each exterior angle
of a triangle equals the sum of
its two non-adjacent (opposite)
interior angles.

7m

Thus, in AABC, /¢ =/ A + LB.

Pr. 5:  The sum of the exterior angles
of a triangle equals 360°.

Thus, in AABC, La' + Lb' + Lc¢' = 360°.

S
. =
o)
Q
4'5_

-
a

Pr. 6:  Each angle of an equilateral
triangle equals 60°.

Thus, if A ABC is equilateral, then LA = 60°,
LB =60, and . C = 60°.

kY
[ DJ
O

Pr. 7: The acute angles of a right triangle A
are complementary.

Thus, in the rt. AABC, if £ C = 90°, then
LA+ LB =90°

(o]
| r‘
o]

Pr. 8:  Each acute angle of an isosceles right
triangle equals 45°.

Thus, in isos. rt. AABC, if . C = 90°, then
LA = 45° and /B = 45°,

V

Pr. 9: A triangle can have no more than
one right angle.

Thus, in rt. AABC, if /. C = 90°, then L A and
/. B cannot be rt. 4.

Pr. 10: A triangle can have no more A
than one obtuse angle.

Thus, in obtuse A ABC, if £ C is obtuse,
then £ A and . B cannot be obtuse
angles.
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Pr. 11: Two angles are congruent or 53
supplementary if their sides are
respectively perpendicular to 51 ele
each other. .
Thus, if s, 1 s; ands, 1 s4, then A .

La = [band/Laand Lb are supplementary.

These principles may all seem a bit abstract to you at this point. But
don’t worry; we’ll find plenty of use for them later. Now it’s time to
apply some of these principles.

Example 1: Find x and y. C
Solution: x + 35° + 70° = 180° (Pr. 1) .
x = 175° x
y + 110° + 25° = 180° (Pr. 1)
y = 45°
Check: The sum of the angles of quadri- A D
lateral ABCD should equal 360°.

70° + 120° + 110° + 60° = 360°
360° = 360°

I

Example 2: Find x and y.
Solution: x isext.. of AL
x = 30° + 40° (Pr. 4)
x =170°
y is an ext. L of AABC
y = LB + 40° (Pr. 4)
y = 85° + 40° =125°
(or, since y is an exterior £ of AII,
y = 55° + 70° = 125°).

Find x and ¥ in the following.

(a)
x:
y:
(b) D
A120
x=_
y = B g % B
C y
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(a) InAABC, x + 65° = 90° (Pr. 7)

x = 25°
InAL x + y = 90° (Pr. 7)
25° + y = 90°
y = 65°

(b) Since DC L EB, x = 90°
x+ y + 120° = 360° (Pr. 5)
90° + y + 120° = 360°
y = 150°

i

18. So you may become a little more familiar with their special properties
we're going to apply some of our angle sum principles to isosceles and
equilateral triangles.

Example: Find x and y. 4
Solution: By Pr. 8, x = 45°.

Since L ABC = 60° (Pr. 6)

and LCBD = 45° (Pr. 8)

y = 60° + 45° = 105°,

B C
D

Problem: Find x and y. £

BD bisects /.B St

CD bisects /. C
D
y
* I
B (4

Since AB = AC, x = /L ACB
2x + 80° = 180° (Pr. 1)

x = 50°
I l l oy o
nAl, 9% + 5x +y = 180" (Pr. 1)
x+ vy =180°
50° + y = 180°
y = 130°

19. Some of the solutions to the preceding problems involving the applica-
tion of angle sum principles required the use of a little basic algebra.
Does solving for x and y and working with simple linear equations seem
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familiar to you? It certainly should from your study of algebra. Try to
use what you have learned about algebra wherever you get a chance. It
will simplify your work and sharpen your skills. With this thought in
mind let’s try using algebra to prove an angle sum problem. Don’t be
alarmed, it’s not going to be anything very difficult.

Prove: If one angle of a triangle equals the A
sum of the other two, then the triangle
is a right triangle. a
Given: AABC

I C=LA+ LB
Prove: A ABC is a right triangle
Plan: Prove/C = 90°
Algebraic Proof: a+b b
Let @ = number of degreesin L A '
b = number of degrees in /B
Then a + b = number of degrees in L C
a+ b+ (a+ b)=180° (Pr.1)
2a + 2b = 180°
a+ b=090°
Since £ C = 90°, A ABC is a right triangle.

Not that hard, was it? Ready to try one?

Prove: If the opposite angles of a quadri- B C
lateral are equal, then its opposite B
sides are parallel. b
Given: Quadrilateral ABCD b
lA=/C LB=/LD &
Prove: AB || CD and BC || AD = D

Plan: Prove int. 4 on same side of
transversal are supplementary.
Algebraic Proof:

Let @ = number of degreesin LA and L C
b = number of degreesin /B and /. D
2a + 2b = 360° (Pr. 3)
a+ b=180°
Since L A and / B are supplementary, BC || AD
Since . A and £ D are supplementary, AB || CD
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SUM OF THE ANGLES OF A POLYGON

20. Once again (see frame 14, Chapter 1, frame 17, B

21.

Chapter 2), a polygon is a closed figure in a
plane bounded by straight line segments as
sides. ’ ¢

An n-gon is a polygon of n sides, Thus a
polygon of 20 sides is a 20-gon.

A regular polygon is an equilateral and
equiangular polygon. Thus, a regular pentagon
(you learned in frame 17) is a polygon having
5 equal angles and 5 equal sides. A square is a regular polygon of 4 sides.

Since it frequently is convenient to identify polygons according to
the number of sides, below is a chart that may be helpful to you in
learning their names.

E D

Sides Polygon Sides Polygon
3 Triangle 8 Octagon
4 Quadrilateral 9 Nonagon
5 Pentagon 10 Decagon
6 Hexagon 12 Dodecagon
7 Heptagon n n-gon

Without looking back see how many of the following polygons you can
name correctly.

2 sides -~ 12sides
7 sides . 3 sides -
9 sides 14 sides e
4 sides e e

2 sides: no such thing 12 sides: Dodecagon

7 sides: Heptagon 3 sides: Triangle

9 sides: Nonagon 14 sides: 14-gon

4 sides: Quadrilateral

There are some very interesting things to learn
about polygons. For example, by drawing
diagonals from any vertex to each of the other
vertices, a polygon of 7 sides is divisible into 5
triangles. Each of these triangles contains one
side of the polygon except the first and last
triangles, which contain two such sides.
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In general, this process will divide a polygon of n sides into (n — 2)
triangles. That is, the number of such triangles is always two less than
the number of sides of the polygon.

The sum of the interior angles of the polygon equals the sum of the
interior angles of the triangles. Hence: Sum of interior angles of a
polygon of n sides = (n — 2)180°.

Another important fact concerns the
exterior angles of a polygon. In the
figure at the right notice the one-to-one
correspondence between each vertex of
the polygon and each pair of angles
marked. Anglesa, b, ¢, d, and e are
interior angles whereas their supple-
ments — angles a’, b', ¢, d',and e’ —
are exterior angles.

The sum of the angles at the five vertices is, of course, 5 times 180°
or 900°. On the other hand, the sum of the interior angles is, as we
have just learned, (n — 2)180° or 3(180)° = 540°. Thus the sum of
the exterior angles is 900° — 540° = 360°.

Hence we can conclude that: The sum of the exterior angles of a
polygon of n sides = 360°.

What we have learned above about the interior and exterior angles
of a polygon is summed up in the following polygon angle principles.

Pr. 1: 1If 8 is the sum of the interior angles of a polygon of n sides,
then S (measured in st. 4) = n — 2, or S (in degrees) =
(n — 2)180°.
(Note: by st. (straight) angles we mean angles of 180°.)

Thus, the sum of the interior angles of a polygon of 10 sides (decagon)
equals: (n — 2)180° = 8(180°) = 1440°.

Pr. 2: The sum of the exterior angles of any polygon equals 360°.

Thus, the sum of the exterior angles of a polygon of 23 sides equals
360°.

Pr. 3: If aregular polygon of n sides has an c
interior angle i and an exterior angle e
(in degrees), theni = 180 (A =2) D

n 2 B
e=3?10,andi+e=180°.

Thus, for a regular polygon of 20 sides,
l.:180?%0— 2) - 162° _ 360 = 187,

»€ =730
and i + e = 162° + 18° = 180°.
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22.

Now for a little practice in using these principles.

(a)

(b)

(c)

Find the sum of the interior angles of a polygon of 9 sides and
express your answer in straight angles and in degrees.

Find the number of sides of a polygon if the sum of the interior
angles is 3600°.

Is it possible to have a polygon the sum of whose interior angles is
1890°?

S (in straight angles) =n - 2=9 - 2 = T st. .

S (in degrees) = (n — 2)180° = 7(180°) = 1260°.

S (in degrees) = (n — 2)180°. Then 3600° = (n — 2)180°, from
which n = 22°.

Since 1890° = (n — 2)180°, then n = 123. A polygon cannot
have 12% sides, hence the answer is No.

In the problems that follow you are to apply the angle principles to a
regular polygon. Don’t forget (frame 20) that the angles and sides of a
regular polygon are all equal.

(a)

(b)

Find the exterior angle (the word ‘““‘angle’ here is singular because
there is just one value for the exterior angles, that is, they are all
the same size) of a regular polygon having 9 sides. (Hint: Apply
Pr. 2.)

Find each interior angle (don’t let the ““each” fool you; they’re all
the same size) of a regular polygon having 9 sides. (Hint: Use
Pr.1.)
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23.

(c)

(d)

(a)
(b)

(c)

(d)

Find the number of sides of a regular polygon if each exterior angle
is 5°. (Hint: Substitute 5 for e in your exterior angle formula and
solve for n.)

Find the number of sides of a regular polygon if each interior angle
is 165°. (Hint: Substitute 165° for i in your i + e formula from
Pr. 3 to find the value of e, then substitute this value for e in the
exterior angles formula to solve for the number of sides.)

Sincen =9, e = =g = 40°,
n=g,i=(n= 2180 _ (9= 280° 400

Since

Or, since i + e = 180°, i = 180° — e = 180° — 40° = 140°.

360° . o _ 360°
= ,givesus 5 = -

Substitutinge = 5° in e =

5n = 360, or n = 72 sides.

Substituting i = 165° in i + e = 180°, we get e = 15°.

360°
n

, from which

Using e = 15° in the formula e = gives us n = 24 sides.

TWO NEW CONGRUENCY THEOREMS

So far we have studied three methods of proving triangles congruent.
These are (from frame 2), side-angle-side (SAS), angle-side-angle (ASA),
and side-side-side (SSS). Now we are going to discuss two additional
ways in which to prove that triangles are congruent.

Pr. 1: 1If two angles and a side opposite one B

BC =

of them of one triangle are congruent
to the corresponding parts of another,
the triangles are congruent. (side- A c

angle-angle or SAA theorem) B

Thus, if LA = LA',LB= (B, and
B'C',then AABC = AA'B'C'. .
R
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A
Pr. 2: If the hypotenuse (H) and a leg (L)
of one right triangle are congruent
to the corresponding parts of
another right triangle, the triangles 4’ c . B
are congruent.
Thus, if hyp. AB = hyp. A'B', and leg BC = L\‘\
leg B'C', then rt. AABC = rt. AA'B'C’. “ B

C
Use these new theorems to prove AI = AII in each of the following two
problems. This will not require formal proof. Just show the equal parts
in the diagrams containing the two triangles and state the reason for the
congruency.

(a) Given: BD | BC, BD 1 AD, and

. C
AB = CD
Prove: Al = AIl .
1

D

B
E

1 II
F C
C

A
(b) Given: AB = BC
FD | AB
FE | BC
F is the midpoint of AC
Prove: Al = AIl D
- A
(a) Since triangles I and II are right B
triangles, contain a common side,
and their hypotenuses are con- o

gruent, AI = AII, by HL.

/

D

(b) Since FE and FD are perpendicular
respectively to sides BC and AB, triangles
I and II are right triangles. And since
AB = BC, their opposite angles, A and C,
are congruent. Also, since F is a midpoint,
then AF = CF. Therefore, Al = AII,
by SAA.
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24. Now we’re going to collaborate by developing a formal proof for con-
gruency using one of the theorems you’ve just learned. You’ll have to
discover as you go along which one it is. Your part will be to fill in the
missing reasons in the following proof.

Given: Quadrilateral ABCD
DF 1 AC, BE 1 AC
AE = FC, BC = AD

Prove: BE = FD

Plan: Prove AI = AIl

B

PROOF: Statements Reasons

.BC = AD
.DF L AC, BE 1 AC
Al = L2
.AE = FC
.EF = EF
.AF = EC

g0 S jgw gr iR oel R

‘QOT-JOEUY%COMHI

Reasons: 1. Given
2. Given
3. Perpendiculars form rt. 4, and all rt. & are congruent.
4. Given

5. Identity

6. If equals are added to equals, the sums are equal.

7. HL

8

. Corresponding parts of congruent A are congruent.

SELF-TEST

1. Find the values of x and y in the figure at
the right.
(frame 12)
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2. State the parallel line principle needed as E G
the reason for each of the remaining "
statements. 4 &N M
1. EF L AB, GH | AB, . #

EFL1CD 1. Given
c 11 11
2. EF | GH P 5 4
3. CD 1 GH 3. H F H
(frame 13)
3. Prove the following. & e

Given: Quadrilateral ABCD
AB = CD, BC = AD
Prove: AB || CD, BC || AD

(frame 14) A D
4. Given: AC = BC A B
/B=/[E
Prove: AB | DE c
(frame 14)
D E

5. Find the following distances.
(a) FromAtoB.
(b) FromEtoAC _
(c) FromAtoBC.

(d) FromEDtoBC,
(frame 15)

6. Find the following distances. S
(a) From P to the outer circle, . 6

(b) From P to the inner circle. __ Q R

(c) Between the concentric circles.

(d) From P to O.




PLANE GEOMETRY: CONGRUENCY AND PARALLELISM 87

10.

11.

(a) Locate P, a point on AD, equidistant
from B and C. £

(b) Locate @, a point on AD, equidistant
from AB and BC.
(frame 16)

Find x and y. Given: CD bisects LC.
x=___

i e
(frame 17)

Find x and y. Given: AD bisects L A.

X e

(frame 18)

Prove: In quadrilateral ABCD, if
LA =(Dand /B = [LC, then
BC || AD.

(frame 19)

Show that a triangle is equilateral

if its angles are represented by

x + 15, 3x — 75, and 2x — 30.
(frame 19)
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12.

13.

14.

15.

(a) Find the sum of the interior angles (in straight angles) of a polygon
of 9 sides.

(b) 32 sides. (frame 21)

(a) Find each exterior angle of a regular polygon having 18 sides.

(b) 20 sides.

(c) 40 sides. (frame 22)

Prove triangles I and II are congruent. On the
diagram show the congruent parts of both
triangles and state the reason for congruency.

Given: Isosceles triangle ABC (AB = BC)
BD is altitude to AC
Prove: Al = AIl (Use informal reasoning.) A c
(frame 23) 8

Given: /B = /D ¢
BC || AD

Prove: BC = AD (By formal proof.)

(frame 24)

A D
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b

2

Answers to Self-Test

180° — 110° = 70° (Pr.9)
10° (Pr.12)
2. Pr.5; 3.Pr.10

PROOF: Statements Reasons

1. AB = CD, BC = AD 1. Given

2. BD = BD 2. Identity

3. Al = AII 3. SSS

4. LADB = / DBC 4. Corresponding parts of = A.
5.BC || AD 5. Lines cut by a transversal are || if

the alternate interior £ are =.

6. . ABD = [ BDC 6. Same as 4.
7.AB || CD 7. Same as b.
B
PROOF: Statements - ) Reasons
1. AC = BC 1. Given
2./A=/B 2. Angles opposite the = sides.
3./.B=LE 3. Given
4. LA =/LE 4. Things = to the same thing are

= to each other.

5. AB || DE 5. Lines cut by a transversal are ||
if the alt. interior 4 are =.

(a) 25; (b) 9; (c) 20; (d) 8

(a) 8; (b) 10; (c) 2; (d) 14

€
B
Q P
A D

x = 30°, y = 100°
x =56°, y = 68° B &
Given: Quadrilateral ABCD Bj \Q

A= D B L€
Prove: BC || AD
Plan: Prove int. 4 on same side of trans- i F/"-

versal (of || lines) are supplementary. A4 D

Proof: Leta =number of degreesin /A and L D.
b = number of degrees in /B and LC.
2a + 2b = 360° (Pr. 3)
a+ b=180°
Since L A and . B are supplementary, BC || AD.
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11.

12.

13.

14.

15.

20.

(x + 15) + (3x — 75) +
Hence 6x = 270

or x = 45, therefore each angle = 60°.
(a) S=n-2,0r9-2="Tst. &

(2x — 30) =180 (Pr.1)

(b) 382-2=230st. 4.

360 =360 _ 5n0
(a) ¢ ===, or e =qg 20

360
(b) 50 =18°
@ 3P-9
Since BD is an altitude to AC, it is perpendicular B
to AC (by definition), hence triangles I and II
are rt. 4. And because A ABC is isosceles,
AB = BC and LA = [ C. Therefore
AL = All HL. i | @
A D (3

PROOF: Statements Reasons
1./B=/(D 1. Given
2.BC || AD 2. Given
3.L1=/[2 3. Alternate interior angles.
4. AC = AC 4. Identity
5. AT = AIlI 5. SAA
6. BC = AD 6. Corresponding parts.

PARALLELOGRAMS, TRAPEZOIDS, MEDIANS,
AND MIDPOINTS

Beginning with frame 11 we considered some of the properties of
parallel lines and the relationships between the angles produced when
two parallel lines were cut by a transversal. We also discussed quadri-
laterals (four-sided figures) and polygons in general. Now we are going
to give some attention to particular kinds of quadrilaterals.
The first figure we will consider is the B c

trapezoid. A trapezoid is a quadrilateral
having two — and only two — parallel sides.

N
The median of a trapezoid is the line - ‘\
segment joining the midpoints of its legs.
Thus, in trapezoid ABCD, the bases are AD and BC, and the legs are AB

The bases of a trapezoid are its parallel M
sides. The legs are its non-parallel sides. /

and CD. If M and N are midpoints, then MN is the median of the
trapezoid.

D
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26.

An isosceles trapezoid is a trapezoid B C
whose legs are congruent. Thus, in the
isosceles trapezoid ABCD, AB = CD. The
base angles of a trapezoid are the angles at
the ends of its longer base. Thus, LA and
LD are the base angles of the isosceles A - D
trapezoid ABCD.

The following principles apply to trapezoids.

Y
Q

Pr. 1: The base angles of an isosceles B
trapezoid are congruent.

Thus, in trapezoid ABCD, if AB = CD,
then LA = /D (and LB = LC).

Pr. 2: 1If the base angles of a trapezoid
are congruent, the trapezoid is
isosceles.

Thus, in trapezoid ABCD, if LA = /D, then AB

I1?

CD.

Answer (or complete) the following questions and statements about
trapezoids.

(a) How many parallel sides does a trapezoid have?

(b) The bases of a trapezoid are its _

(c) The legs of a trapezoid are its ___sides.

(d) The median of a trapezoid is a line joining which two points?

(e) How does an isosceles trapezoid differ from other trapezoids?

(f) What is unique about the base angles of an isosceles trapezoid?

(a) 2; (b) parallel sides; (c) non-parallel; (d) the midpoints of its
legs; (e) its legs are congruent; (f) they are congruent

Now that you know a little something about trapezoids, you will want
to apply your knowledge. A good way to exercise what you know is by
using it algebraically to find the missing values of certain angles in a
trapezoid.
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217.

Example: ABCD is a trapezoid. B > c
Find x and . - B y

Solution: Since AD || BC, (2x — 5) +

(x + 5) = 180°, 3x = 180°, or x = 60°.

o _ o _ o + 5 70°
y + 70° = 180°, or y = 110°. =

Y
=}

Follow this procedure in solving the following.

(a) ABCD is an isosceles trapezoid.
Find x and y.

(b) ABCD is an isosceles trapezoid.
[B:/A=38:2
Find x and y.

(a) SincelA = /D, 5x = 3x + 20

2x = 20

x =10
Since BC || AD, ¥ + (3x + 20) = 180
y + 50 = 180

y =130
(b) Let the number of degrees in /B and L A be 3x and 2x respectively.
Since BC || AD, 3x + 2x = 180, or x = 36.
Since/D =/[A,y =2x, ory = T2.

A parallelogram is a quadrilateral whose B C
opposite sides are parallel. The symbol
for parallelogram is L/ Thus,in

[ JABCD, AB || CD and AD | BC.

If the opposite sides of a quadri-
lateral are parallel, then it is a
parallelogram. (This is simply the converse of the above definition.)
Thus, if AB || CD and AD || BC, then ABCD isa [_/. Now let’s con-
sider some of the properties of parallelograms.

A D

Pr. 1:  The opposite sides of a parallelo-
gram are parallel. (Definition)
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Pr. 2: A diagonal of a parallelogram 8 c
divides it into two congruent
triangles.

Thus, if BD is a diagonal of L7ABCD,
then AT = AIL

A

Pr. 3: The opposite sides of a parallelogram B c
are congruent.

Thus, in L7 ABCD, AB = CD and AD = BC.

Pr. 4:  The opposite angles of a parallelo-
gram are congruent.

Thus, in .7 ABCD, LA = [Cand LB = LD.

Pr. 5:  Any two adjacent angles of a
parallelogram are supplementary. A D

Thus, in L7ABCD, [ A is the supplement of
LB or LD, /B is the supplement of & A and
C, and so on.

Pr. 6: The diagonals of a parallelogram B Y
bisect each other.

Thus, in/ 7 ABCD, AE = EC and
BE = ED.

E

A e D

Take a few minutes to review what you have read above and then answer
the following questions.

(a) Isthe figure at the right a parallelo- —
gram? __ Why?

(b) What does a diagonal of a parallelo-

gram divide itinto?

(c) What relationship do the opposite sides of a parallelogram bear to
one another (other than the fact they are parallel, of course)?

(d) What relationship exists between the opposite angles of a

parallelogram? _
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(e) What is the relationship between
angles C and D in the figure at

the right? _—

C
(f) What is the relationship between

— i
B —
A [ -
line segments BE and DE in the e
E
figure at theright?
D C

B

(a) Yes. Because the opposite sides are parallel. (b) Two congruent
triangles. (c¢) They are congruent. (d) They are congruent.
(e) They are supplementary. (f) They are congruent.

28. The foregoing principles provide us with a number of ways of proving a
quadrilateral is a parallelogram. Here are some of them.

Pr. 7: A quadrilateral is a parallelogram B C
if its opposite sides are parallel.

Thus, if AB || CD and AD || BC, then
ABCD isa [ ].
Pr. 8: A quadrilateral is a parallelogram

if its opposite sides are congruent.

Thus, if AB = CD and AD = BC, then

ABCDisa [ ].

Pr. 9: A quadrilateral is a parallelogram A D
if two sides are congruent and
parallel.

Thus, if BC = AD and BC || AD, then ABCD isa [ ].

Pr. 10: A quadrilateral is a parallelogram if its opposite angles are
congruent.

Thus, if LA = /Cand LB = /D, then ABCD isa [ J.

B
Pr. 11: A quadrilateral is a parallelogram if
its diagonals bisect each other. B
Thus, if AE = EC and BE = ED, then
ABCDisa [_].
D

A

c
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29.

Study Principles 7 through 11 and then see if you can write down,
briefly, the five characteristics that will prove that a quadrilateral is a
parallelogram.

(a) = == === = - = = — : : =
By - e =
(¢) — =B == -

(d) — =

(a) opposite sides are parallel

(b) opposite sides are congruent

(c) two sides are congruent and parallel
(d) opposite angles are congruent

(e) diagonals bisect each other

Now we’re going to apply the properties of parallelograms.

2y - 2
Example: Find x and y in the parallelo- B ; - C
gram ABCD. Perimeter = 40. /

Solution: Since, by Pr. 3, BC = AD = 3x, 2x

and CD = 2x, then 2(2x + 3x) = 40 (the

perimeter, or distance around the figure).

Therefore, 10x = 40, and x = 4. Also by 3x

Pr.3,2y — 2 =3x,hence 2y — 2= 3(4),2y = 14,and y = 7.

The following two problems will require the application of some of the

other parallelogram principles.
B c

(a) Find x and y in the figure at the right. v

(b) Find x and vy in the figure at the right.

(a) ByPr.6,x + 2y = 15 and x= 3y. Hence, substituting 3y for x in
the first equation, 3y + 2y = 15, or y = 3. Therefore, x = 3y = 9.
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30.

31.

(b) ByPr.4,3x - 20=x + 40, 2x = 60, and x = 30. By Pr. 5,
vy + (x + 40) = 180,0ory + (30 + 40) = 180, and y = 110.

Apply Pr. 7 to determine which quadrilaterals in the following problems
are parallelograms. State the parallelograms in each.

(a) B E c (c)

(b) C F B

(a) ABCD, AECF; (b) ABFD, BCDE; (c) ABDC, CDFE, ABFE

Apply Pr. 9,10, and 11 to help you state why ABCD is a parallelogram
in each of the following examples.

() I ¢
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32.

(a) Since supplements of congruent angles are congruent, opposite
angles A, B, C, and D are congruent. Thus, by Pr. 10, ABCD is
ar

(b) Since perpendiculars to the same line are parallel, AB || CD. Hence
by Pr. 9, ABCD isa [ _].

(¢) Using the addition axiom, DG = GB. Hence by Pr. 11, ABCD

isa [ /.

SOME SPECIAL PARALLELOGRAMS:
RECTANGLE, RHOMBUS, SQUARE

Since we have talked about quite a few figures bounded by straight
lines, this seems an appropriate place to try to organize them a bit in
the form of a diagram showing their relationships to one another.
The diagram below should help summarize some of the things we
have covered thus far and also give you an indication of where the
next three figures we’re going to discuss fit into the larger scheme of
things.

polygon

f

quadrilateral

/

-
parallelogram trapezoid
// /\ l
rectangle rhombus isosceles trapezoid
AN /
\\ /
square

What do the terms polygon, quadrilateral, and parallelogram tell you
already about the characteristics we are going to find in rectangles,

rhombuses, and squares? & } U

They are bounded by straight lines and are four-sided figures, the
opposite sides of which are parallel.

Now let’s define these new terms (not new to you, perhaps, but new
to our discussion).
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A rectangle is an equiangular parallelogram. A rhombus is an
equilateral parallelogram. A square is an equilateral and equiangular
parallelogram, hence it is both a rectangle and a rhombus.

Here are the properties of the special parallelograms.

Pr. 1 A rectangle, rhombus, or square B c
has all the properties of a
parallelogram.
Pr. 2: Each angle of a rectangle is a A b
Rectangle

right angle.

L 32 The diagonals of a rectangle are
congruent.

Thus, in rectangle ABCD, AC = BD.

Pr. 4: All the sides of a rhombus are B
congruent.

11
Pr. 5:  The diagonals of a rhombus

are perpendicular bisectors of XX
each other. %
Thus, in rhombus ABCD, AC and BD -
are | bisectors of each other.
A
Pr. 6:  The diagonals of a rhombus Rhombus

bisect the vertex angles.

Thus, in rhombus ABCD, AC bisects L A and L C, and BD bisects L B
and L D.

Pr. 7:  The diagonals of a rhombus form four congruent triangles.
Thus, in rhombus ABCD, Al = All = AIIl = AIV.
Pr. 8: A square has all the properties of both the rhombus and the
rectangle.
By definition, a square is both a rectangle and a rhombus.
Since by now you may be having trouble keeping track of the
characteristics or properties of the diagonals in the various figures,

following is a chart that should help sort them out for you. A check-
mark indicates a diagonal property of the figure.
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34.

Parallel-

Diagonal Properties ogram | Rectangle | Rhombus | Square
Diagonals bisect each other. / v / /
Diagonals are congruent. v J
Diagonals are perpendicular. v [ v
Diagonals bisect vertex P y
angles.

Diagonals form 2 pairs of / / / / |
congruent triangles. |
Diagonals form 4 congruent P ‘ F i
triangles. ’ |

Draw diagrams of the following figures and mark the congruent sides
and angles. Assume opposite sides parallel.

(a) Arhombus (b) Arectangle (c) Asquare (d) A parallelogram

(d)

+ )! 4 /L« "
8 3/@

The basic or minimum definition of a rectangle is: A rectangle is a
parallelogram having one right angle. Since the consecutive angles of a
parallelogram are supplementary, if one angle is a right angle then the
remaining angles must be right angles.

The converse of this definition of a rectangle provides a useful
method of proving that a parallelogram is a rectangle.

Pr. 8

If a parallelogram has one right B C
angle, then it is a rectangle.

Thus, if ABCD isa /[ _Jand A = 90°,
then ABCD is a rectangle. =
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35.

Pr. 10: If a parallelogram has congruent diagonals, then it is a rectangle.

Thus, if ABCD isa [ ] and AC = BD, then ABCD is a rectangle.

(a) Add the minimum markings to the
parallelogram at the right to show
that it is a rectangle, in accordance
with Pr. 9.

(b) Add the minimum markings to the
parallelogram at the right to show
that it is a rectangle, in accordance
with Pr. 10.

The basic or minimum definition of a rhombus is: A rhombus is a
parallelogram having two equal adjacent sides.

The converse of this definition of a rhombus furnishes a useful
method of proving that a parallelogram is a rhombus.

Pr. 11: 1f a parallelogram has congruent
adjacent sides, then it is a rhombus.

Thus, if ABCD isa [_] and AB = BC, then

/ f
L /

ABCD is a rhombus.

And in the case of a square:

Pr. 12: If a parallelogram has a right angle A D
and two equal adjacent sides, then
it is a square.

This follows from the fact that a square is both a rectangle and a
rhombus.

Now let’s apply what we have learned
about the rhombus to solve some
problems.

Example: 1f ABCD is a rhombus,

find x and y.

Solution: Since AB = AD, 3x — 7= 20,
orx =9. (Pr. 4) And since AABD is
equilateral, y = 20. (Pr. 6) A
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36.

Solve the following rhombuses similarly for x and y.

(a) B__¥Y*+2 o, (b) B C

by + 6

(a) Since BC = AB (Pr.4),5y + 6 =y + 20,0ry = 33.
And since CD = BC (Pr. 4),x =y + 20, or x = 233

(b) Since AC bisects LA (Pr. 6),4x — 5 = 2x + 15, orx = 10. Also,
since L B and L A are supplementary (Pr. 5 of a parallelogram),
y + 70 =180,0ry = 110°.

Now we come to the case where we have three or more parallels. This
will lead us to a further consideration of medians and midpoints.

Pr. 1: 1If three or more parallels cut off A C
congruent segments on one trans- / \
versal, then they cut off congruent =
segments on any other transversal. a / \c i
Thus, if m; | m, | m; and segments a b/ \d
and b of transversal AB are congruent, / -t
then segments ¢ and d of transversal CD E .

are congruent.

Pr. 2: 1If a line is drawn from the midpoint
of one side of a triangle and parallel
to a second side, then it passes
through the midpoint of the third
side.

Thus, in A ABC, if M is the midpoint of AB,
and MN || AC, then N is the midpoint of BC.

M

Pr. 3: If aline joins the midpoints of two ~ , »
sides of a triangle, then it is
parallel to the third side and equal
to one-half of it.

Thus, in AABC, of M and N are the midpoints of AB and BC, then
MN || AC and MN =+ AC.
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Pr. 4: The median of a trapezoid is B b’ c
parallel to its bases and equal } N
to one-half of their sum. M = N
Thus, if m is the median of a trapezoid .4/ \ D
ABCD, thenm || b, m || b’,and m = b
(b + b).
Pr. 5: The median to the hypotenuse of a A
right triangle equals one-half of the
hypotenuse. M
Thus, in rt. AABC, if CM is the median to
hypotenuse AB, then CM = %AB; that is, " B

CM = AM = MB.

Pr. 6: The medians of a triangle meet in a
point which is two-thirds of the
distance from any vertex to the
midpoint of the opposite side.

Thus, if AN, BP, and CM are medians of

A ABC, then they meet in a point, G, A
which is two-thirds of the distance from
AtoN,BtoP, and Cto M. (Note: G is the center of gravity or the
centroid of A ABC. If the triangle is made of a firm substance, such as
cardboard, it can be balanced at the centroid on the point of a pin.)

To help you gain familiarity with these principles and see how they can
be applied we're going to work with them a bit in solving some prob-
lems. Let’s start with Pr. 1.

Example: Use Pr. 1 to find x and y. B C.K
Solution: Since BF = FA, we know that 15
BE = ED and CG =5 CD (Pr. 1), then F

Apply Pr. 1 to the following to find x and y.
(a) B o 6 (b)
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317.

38.

(a) Since BE = EA and CG = AG, 2x — 7= 45and 3y + 4 = 67,
hence x = 26 and y = 21.
(b) Since AC = CE = EGand HF = FD = DB, x = 10 and y = 6.

Next we will apply Principles 2 and 3.

Example: Use Principles 2 and 3 as neces-
sary to find x and y.

Solution: Since, by Pr. 2, E is the
midpoint of BC and F is the midpoint of
AC, thenx = 17 and y = 36.

With a little courage you can do the same

thing. Try it. Use Principles 2 and 3 to find x and y in the following
problems.

(b)

27
ABCD is a parallelogram.

(a) Since, by Pr. 3, DE = %AC and DF = %BC, then x = 24 and
y =123,

(b) Since ABCD is a parallelogram, E is the midpoint of AC. Also by
Pr. 2, G is the midpoint of CD. Therefore (by Pr. 3),
x =+(27) = 13%;y =5 (15) = 75.

Now let’s turn our attention once more B -
to the trapezoid, applying Pr. 4. Apply
the formula m =% (b + b') to solve the

following.
If MP is the median of trapezoid ABCD, /
(a) Findm if b = 20and b' = 28. b

(b) Find b' if b = 30 and m = 26.
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(c) Find b if b’ = 35and m = 40.

(a) m =3(20 + 28),m = 24.
(b) 26 =-21(30+ b'),b" =22,
(c) 40 =1(b + 35), b = 45.

39. Principles 5 and 6 apply, as you may recall, to the medians of a triangle.
We will use these principles to find x and v in the two problems below;
but first an example.

Example: Find x and y.

Solution: Since AM = MB, CM is the
median to hypotenuse AB. Hence (by
Pr. 5), 3x = 20 and 3y = 20. Thus,

x = 65 and y = 60.

Now it’s your turn. Find x and y.

(a)

(a) BD and AF are medians of AABC. Hence, by Pr. 6, x = % (16) =
8, andy = 3(7) = 21.
(b) CD is the median to hypotenuse AB hence, by Pr. 5, CD = 15.
CD and AF are medians of A ABC, hence, by Pr. 6, x = % (15) = 5,
- 2 —
=3(15) = 10.

The following Self-Test should assist your review of what we have covered
concerning parallelograms, trapezoids, medians, and midpoints. If you find
you are a little weak on any of the principles discussed, by sure to re-read the
appropriate frames before going on.
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SELF-TEST
ABCD is a trapezoid. Find x and y. B c
(frame 26) 105° 9x + 5
3y . 2x + 10
A . D

ABCD is an isosceles trapezoid. Find x
and y. (frame 26)

If ABCD is a parallelogram, find x and y. B
AD = 5x, AB = 2x,CD =y,
perimeter = 84. (frame 29)

ABCD is a parallelogram. If /A =4y -
60,.C =2y,and LD = x, find x and y.
(frame 29)

If ABCD is a parallelogram, find x and y B
when AE = x, EC = 4y, BE = x — 2y,
and ED = 9. (frame 29)

Name the parallelograms in the figure at &
the right. (frame 30)
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7. State why ABCD is a parallelogram. + it
(frame 30)

T +

A F D
8. Name the following figures. (Opposite sides are parallel.) (frame 32)

(a) | (b)/ ' (c) (d)

9. State the minimum requirement for a parallelogram to be a rectangle.
(frame 33)

10. ABCD is a rhombus. Find x and y if AB = Tx, B c
AD = 3x + 10, and BC = y. (frame 34)

11. Find x and y in the figure at the right. A G BA
(frame 35) / 18 20\

12. Find x and y in the triangle at the right.

B
(frame 36) 27\<
D —

13. If MP is the median of trapezoid ABCD, B b’ '8
find mif b = 23 and b’ = 15. L
(frame 37) M i P

A
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14. In aright triangle, find the length of the median to a hypotenuse whose
length is 45. (frame 39)

Answers to Self-Test

1. x=15,y =256

2. x=20,y =130

3. x=6,y =12

4. x =120,y = 30

5. x =18,y = 4%

6. ACHB, CEFH

7. Opposite sides are congruent.

8. (a) rhombus (Note: There is nothing to indicate that the interior

angles are right angles, hence it is not a square.)
(b) rhombus
(c) rectangle (a parallelogram with at least one right angle)
(d) parallelogram (Again, no right angle is indicated and we cannot
assume the interior angles are such unless so indicated.)
9. Pr. 9: It must have one right angle.
10. x =24, y =174
11. x =6,y =40
12. x =28,y = 255
13. m=19
14. 223




CHAPTER THREE

Plane Geometry:
Circles and Similarity

We are going to be studying similar figures in this chapter. But not just that.
We also are going to be studying the circle, ratios and proportions, finding
the areas of various geometric figures, regular polygons, determining a locus,
and, finally, constructions — which you should find a lot of fun, since it is
nice to draw geometric figures as well as to reason about them.

Specifically, when you complete this chapter you will be able to recog-
nize and use the basic principles relating to:

e the circle—including its various elements such as the radius,
diameter, circumference, arcs, chords, central angles, tan-
gents, and secants, as well as inscribed and circumscribed
figures;

+ tangents to a circle—including the length of a tangent from
a point to a circle, internally and externally tangent circles,
and applying tangent principles to solve geometric problems;

e measuring arcs and angles in a circle—including angle
measurement principles, inscribed angles, and using angle
measurement principles to find the values of unknown
angles and arcs;

e similarity—including the concepts of geometric ratio and
proportion, proportional lines, similar triangles and poly-
gons, mean proportionals in right triangles, the Law of
Pythagoras, and special right triangles.

CIRCLES

1. We are going to talk first about the circle and circle relationships. And
in order to do so it is important that you be familiar with the important
terms associated with the circle. Some of these you will recognize
because we have mentioned them earlier. However, we will repeat them
here so that they will all be together in one spot for ready reference.

108
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A cirele is a closed curve, all of whose
points lie in the same plane and are at the
same distance from a point within called
the center. The symbol for circle is ©,
and for circles, ®.

The circumference of a circle is the
distance around the circle. It contains 360°.

A radius of a circle is a line joining the
center to a point on the circumference.
Thus, AO, BO, and CO are radii (plural of radius).

A central angle is an angle formed by two radii. Thus, ZLAOB and
£ BOC are central angles.

An are is a part of the circumference of a circle. The symbol for arc
is ~~ . Thus, AB stands for arc AB.

A semicircle is an arc equal to one-half of the circumference of a
circle. Thus, ABC is a semicircle.

A minor arc is an arc less than a semicircle. A mal'gr arc is an arc
greater than a semicircle. Thus, in the figure above, BC is a minor arc
and BAC is a major arc. Three letters are required to indicate a major arc.

To intercept an arc is to cut off the arc. Thus, in the figure above,
LBAC and £ BOC intercept BC.

A chord of a circle is a line segment
joining two points of the circumference.
Thus, in the figure at the right, AB isa

radius O

semicircle

chord. . ) diameter
A diameter of a circle is a chord c >
through the center. Thus, CD isa \ secant /
i i E F
diameter of circle O. \ /
A secant of a circle is a line that G e 5
intersects the circle at two points. Thus, tangent

EF is a secant.

A tangent of a circle is a line that touches the circle at one and only
one point, no matter how far extended. Thus, GH is a tangent to the
circle at P, P is the point of tangency, or point of contact.

An inscribed polygon is a polygon all of B
whose sides are chords of a circle. Thus,

AABD, ABCD, and quadrilateral ABCD are
inscribed polygons of circle O. A

A circumscribed circle is a circle
passing through each vertex of a polygon.
Thus, circle O is a circumscribed circle

Q

of quadrilateral ABCD.
B D
A circumscribed polygon is a polygon
all of whose sides are tangents to a circle.
Thus, A ABC is a circumscribed polygon 4

of circle O.
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An inscribed circle is a circle to which all the sides of a polygon are
tangents. Thus, circle O is an inscribed circle of A ABC (on page 109).
Concentric circles are circles that have the same A

center. Thus, the two circles shown are concentric A B
circles because they have the common center O. ,

AB is a tangent of the inner circle and a chord of & ey

the outer one. CD is a secant of the inner circle v B
and a chord of the outer one.

Study the above terms until you are quite certain about their mean-
ings. When you think you are ready, give yourself the following little
quiz.

Quiz on Circle Definitions

In the figure at the right identify at least
one each of the following.

Example: radius OF
(a) diameter T A K
(b) chord o /
I
(c) minor arc . o
(d) tangent o E G
(e) central angle
N D H ¢
(f) inscribed polygon
J

(g) semicircle N

(h) secant -

(i) circumscribed polygon

(j) major arc s
(k) inscribed circle _

(1) circumscribed circle

(a) FH; (b) FG, EF, GH, HE; (c) EF, FG, GH, HE; (d) CD, AB,
BC, DA; (e) LEOF, LEOH, [ FOH; (f) quadrilateral EFGH, A EFH,
AFGH; (gl\FEfi__QE' F@; (h) IJ; (i) quadrilateral ABCD;

() FEG, GHF, HEG; (k) circle O in ABCD; (1) circle O about EFGH
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2. As with most geometric figures—the basic ones, at least—there are a
number of important principles associated with circles. And since much
of our further work in this section depends upon your being familiar
with these principles, we will go on to them next. As you might sus-
pect, they relate mainly to the terms you have just learned.

Pr 1! A diameter divides a circle into two
congruent parts.

Thus, diameter AB divides circle Q_Lnto two F C
congruent semicircles, ACB and ADB.
Pr. 2:  If a chord divides a circle into two E
congruent parts, then it is a diameter.
(This is the converse of Pr. 1.) A o
.. Y
Thus, if ACB = ADB, then AB is a diameter.
Pr. 3: A point is outside, on, or inside a >

circle according to whether its distance
from the center is greater than, equal
to, or less than the radius.

Thus, F is outside circle O since FO is greater than a radius. E is inside
circle O since EO is less than a radius. And A is on circle O since AQ is
a radius.

Pr. 4:  Radii of the same or congruent circles
are congruent.

Thus, in circle O, OA = OC. ‘
A
Pr. 5: Diameters of the same or congruent ‘ D
circles are congruent. c ‘
Thus, in circle O, AB = CD. B
Pr. 6: In the same or congruent circles,

congruent central angles have congruent
arcs.

Thus, in circle O, if L1 = . 2, then AC = 6?3 G

Pr. 7:  In the same or congruent circles, V’ 4
congruent arcs have congruent central
angles.
~ N
Thus, in circle O, if AC = CB, then L1 = L 2.

(Principles 6 and 7 are converses.)
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Pr. 8: In the same or congruent circles, congruent

chords have congruent arcs.
=

Thus, in circle O, if AB = AC, then AB = AC.

Pr. 9:  In the same or congruent circles, congruent
arcs have congruent chords.

Thus, in circle O, if AB = AC, then AB = AC.
(Principles 8 and 9 are converses.)

Pr. 10: A diameter perpendicular to a chord
bisects the chord and its arcs.

T/QUS, in ci;gle 0, if CD L AB, then CD bisects AB,
AB, and ACB.

Pr. 11: A perpendicular bisector of a chord
passes through the center of the
circle.

Thus, in circle O, if PD is the perpendicular
bisector of AB, then PD passes through center O.

Pr. 12: In the same or congruent circles, congruent
chords/are equally distant from the center.

Thus, in circle O, if AB = CD, OF L AB and
OF 1 CD, then OFE = OF.

Pr. 13: In the same or congruent circles, chords that are equally distant
from the center are congruent.

Thus, in circle O above, if OF = OF, OF | AB and OF L CD, then
AB = CD.

Apply Principles 4 and 5 in solving the following problems.

(a) What kind of triangle is AOCD?
A B

a — 0
(b) What kind of quadrilateral is ABCD?

=X = - D £
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A
(¢) If circle O = circle @, what kind of

quadrilateral is OAQB? (.

B

N

(a) Since radii or diameters of the same or congruent circles are con-
gruent, OC = OD, hence A OCD is isosceles.

(b) Since diagonals AC and BD are congruent and bisect each other,
ABCD is a rectangle.

(c) Since the circles are congruent, OA = AQ = QB = BO, hence
OAQ®B is a rhombus.

Now let’s see how some of our principles apply B
in proving a circle problem. ’ CD
Given: AB = DE, BC = EF A
Prove: /B = LE
Plan: Prove AI = AIl
=

W

E

E
PROOF: Statements Reasons
1. AB = DE, BC = EF 1. Given
2 Aﬁ\ £= DE)_\BC =~ EF 2. In a circle, = chords have = arcs.
3. ABC = DEF 3. Equals added to equals are equal.
4. AC = DF 4. In a circle, = arcs have = chords.
5. Al = All 5. 8SS
6..B=LE 6. Corresponding parts

Practice proving a circle problem by completing
the proof (reagsons) missing below. Prove the
following statement: If a radius bisects a chord,

then it is perpendicular to the chord.
Given: Circle O
OC bisects AB
Prove: OC L AB
Plan: Prove AAOD = ABOD, hence
L1 = (2 Also,/1and/2 are L
A W B
C

supplementary.
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PROOF: Statements Reasons

—

Draw OA and OB. 1. A straight line may be drawn
between two points. (Definition.)

OA = OB

OC bisects AB

AD = DB

OD = OD

AAOD = ABOD

L1 =/2

L1 is the supplement of /2.

T - U
200 SV oy O gk o o

£1 and L2 are rt. angles.
10. OC L AB

=
e

Radii of a circle are congruent.

Given

To bisect is to divide into two congruent parts.

Identity

SSS

Corresponding parts of congruent A are congruent.

Adjacent 4 are supplementary if exterior sides lie in a straight line.
Equal supplementary angles are right angles.

Rt. £ are formed by perpendiculars.

PO OTE N

—

TANGENTS

b

4. The length of a tangent from a point to a
circle is the length of the line segment from
the given point to the point of tangency. 0]
Thus, PA is the length of the tangent from
P to circle O.

Following are some tangent principles.

Pr. 1: A tangent is perpendicular to the
radius drawn to the point of contact.

o
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Thus, if AB is a tangent to circle O at P,
and OP is drawn, then AB 1 OP.

Pr. 2: A line is tangent to a circle if it is
perpendicular to the outer end of
a radius.

Thus, if AB | radius OP at P, then AB is
tangent to circle O.

Pr. 3: A line passes through the center of i
a circle if it is perpendicular to a |
tangent at its point of contact. (oX |

|
Thus, if AB is tangent to circle O at P, and F
CP | AB at P, then CP extended will pass - B
through the center O. P
A

Pr. 4: Tangents to a circle from an

outside point are congruent. < (
Thus, if AP and AQ are tangent to
circle O at P and @, then AP = AQ.

P

Pr. 5: The line from the center of a circle to an outside point bisects
the angle between the two tangents from the point to the circle.

Thus, OA (in the figure above) bisects LPAQ if AP and AQ are tangents
to circle O.

Here are some examples of the ways in which we can apply the above
tangent principles.

Example 1: In the figure at the right AP is a

tangent. If AP = OP, what kind of triangle

is OPA?

Solution: AP is tangent to the circle at P;

then by Pr. 1, / OPA is a right angle. Also

AP = OP (given). Therefore, A OPA is an

isosceles right triangle. : P
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Example 2: APisatangent. If LA:LO =
2: 3, what is the value of LA?

Solution: By Pr. 1, /P = 90°, hence 0
LA+ LO=90°. Ifwelet/LA = 2x and

L O = 3x (to set up the proportionality
2:3), then 2x + 3x = 5x,and 5x = 90,
hence x = 18. Therefore, LA = 36°. A

Example 3: AP, BQ, and AB are tangents.
Find y.

Solution: By Pr. 4, AR = 6, and RB = y.
Then RB = AB - AR =14 - 6 = 8.
Hencey = RB = 8.

Use the foregoing examples as a general guide in solving the following
problems.

(a) AP and AQ are tangents. If AP = PQ,
what kind of triangle is APQ?

(b) (Also in the figure at the right), if
AP = OP, what kind of quadrilateral

is OPAQ.
(c) AP, AB, and BR are tangents. If 0Q L PR, 4 Q B

what kind of quadrilateral is PABR?

_— P R

(0]

(d) If AP and AQ are tangents, find /1 P

if LO = 140°. ‘\

1
0 A
- P

(e) AABC is circumscribed. Find x.
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(a) AP and AQ are tangents from a point to the circle, hence, by Pr. 4,
AP = AQ. Also, AP = PQ, therefore A APQ is an equilateral
triangle.

(b) By Pr.4, AP = AQ. Also, OP and OQ are congruent radii and
AP = OP. Thus, AP = AQ = OP = 0Q. Also AP 1L OP (Pr. 1).
Hence OPAQ is a rhombus with a right angle, or a square.

(c) ByPr.1, AP | PR and BR | PR, hence AP || BR since both are L
to PR. By Pr. 1, AB 1 0Q, also PR 1 OQ (given), hence AB || PR
since both are | to OQ. Therefore, PABR is a parallelogram with a
right angle, or a rectangle.

(d) ByPr.1,/P=/.Q =290, Since/P+ LQ + LO + LA = 360°,
LA+ L0 =180°. And since /O =140°,/ A = 40°. Then by
Pr.5,/1=1LA =20°.

(e) ByPr.4,PC=28,Q@B =4, and AP = AQ. Then AQ = AB- @B =
11. Hencex = AP+ PC =11 + 8 = 19.

The line of centers of two circles is the line
joining their centers. Thus, OQ' is the line of
centers of circles O and O'.

>

S

In the figure at the right, circles O and O’ c
are tangent externally at P. AB is the
common internal tangent of both circles. The

line of centers OO’ passes through P, is PORLLI (A
perpendicular to AB, and equals the sum of g

the radii, R + r. Also, AB bisects each of the

common external tangents, CD and EF. E F

As shown at the right, circles O and O’
are tangent internally at P. AB is the com-
mon external tangent of both circles. The
line of centers O0’, if extended, passes
through P, is perpendicular to AB, and
equals the difference of the radii, R — r.

The figure at the right represents
overlapping circles since, as shown, circles
O and O' overlap. Their common chord
is AB. If the circles are not congruent,
their (congruent) common external tan-
gents CD and EF meet at P. The line of
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centers OQ' is the perpendicular bisector
of AB and, if extended, passes through P.
As shown, circles O and Q' are

entirely outside of each other. The com-
mon internal tangents, AB and CD, meet
at P. If the circles are not congruent,
their common external tangents, EF and
GH, if extended, meet at P’. The line of
centers OO’ passes through P and P'.
Also, AB = CD and EF = GH.

Apply the above relationships between two circles in varying positions
to answer the following questions. If two circles have radii of 9 and
4 respectively, find their line of centers:

(a) If the circles are tangent externally. “

(b) If the circles are tangent internally.

(c) If the circles are concentric. .

(d) If the circles are 5 units apart (d = 5).

Let R = radius of larger circle, r = radius of smaller circle.

(a) SinceR=9andr=4,00"=R+r=9+ 4=13.

(b) SinceR=9andr=4,00"=R-r=9-4-=5,

(c) Since the circles have the same center, their line of centers has
zero length.

(d) SinceR =9andr=4andd=5,00"=R+d+r=9+ 5+
4 = 18.
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MEASUREMENT OF ANGLES AND ARCS IN A CIRCLE

6. A central angle has the same number of
degrees as the arc it intercepts. Thus, a
central angle which is a right angle inter-
cepts a 90° arc; a 40° central angle
intercepts a 40° arc, and a central angle
which is a straight line intercepts a semi-
circle of 180°.

Since the numerical measures in
degrees of both the central angle and its
intercepted arc are the same, we can
restate the above principle as follows: A central angle is measured by
its intercepted arc.

The symbol £ frequently is used to mean “‘is measured by.” (Be
careful not to say that a central angle equals its intercepted arc; an
angle cannot equal an arc since they are different things.)

An inscribed angle is an angle formed by

two chords drawn from the same point on a
circle. An inscribed angle is said to intercept
the arc between its sides. Also, it is said to be
inscribed in an arc if its vertex is on the arc
and its sides terminate in the ends of the arc.
Thus, £ A is an inscribed angle whose sides
are the chords AB and AC. Note that LA

intercepts BC and is inscribed in BAC.
Now let’s consider some angle measurement principles.

Pr. 1: A central angle is measured by its intercepted arc.

Pr. 2:  An inscribed angle is measured by one-half of its intercepted arc.

Pr. 3: In the same or congruent circles, P

congruent inscribed angles have

congruent intercepted arcs.

: = E

Thus, if £1 = £ 2, then BC = DE.
Pr. 4:  In the same or congruent circles, 2

inscribed angles having congruent -

B

intercepted arcs are equal.

Thus, if BC = DE, then /1 = /2. (This is
the converse of Pr. 3.)
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C D
Pr. 5:  Angles inscribed in the same or
congruent arcs are congruent.
Thus, if £ C and £ D are inscribed in ACB,
then LC = LD.
A B
&

Pr. 6:  An angle inscribed in a semicircle
1s a right angle.

Thus, since £ C is inscribed in semicircle A /A D
ACD, L0 = 50 v
C
@
P

Pr. 7:  Opposite angles of an inscribed quadri- B
lateral are supplementary.

Thus, if ABCD is an inscribed quadrilateral,
LA is the supplement of 2 C, and /B is the
supplement of £ D.

Pr. 8:  Parallel lines intercept congruent arcs F -G
on a circle. C .;\ D

Thus, if AB || CD, then AC = éb/\ If tangent
FG is parallel to CD, then AC = BD. 5
A

Pr. 9:  An angle formed by a tangent and a
chord is measured by one-half of its
intercepted arc. - B

Thus, LA =3a°.

b

Pr. 10: An angle formed by two intersecting

D
chords is measured by one-half the =
sum of the intercepted arcs. b° a®
Thus, L1 =1 (a® + b°). " B
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Pr. 11: An angle formed by two secants
intersecting outside a circle is
measured by one-half the difference
of the intercepted arcs.

Thus, LA =+ (a° — b°).

Pr. 12: An angle formed by a tangent and
a secant intersecting outside a circle
is measured by one-half the difference
of the intercepted arcs.

Thus, LA =+ (@ - b°).

Pr. 13: An angle formed by two tangents
intersecting outside a circle is
measured by one-half the difference
of the intercepted arcs.

Thus, LA =+(a° - b°).

Now it is time we applied some of these principles. Let’s start with
Principles 1 and 2—measuring central and inscribed angles.

Example: If Ly = 46 find Lx.

Solutlon Ly BC thereforeﬁ% = 46°. ’ B
2 ZBC =5(46°) = 23°. A («
N
Solve these similarly: B
(a) IfLy =112°, find Lx. ZA\
A v C
B

(b) IfLx = 75°, find ¥.
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(2) v 2 AB, hence AB = 112°. BC = ABC - AB = 180° - 112°
= 68°. x %ch=L 68°) = 34°. E

(b) x 2L ADC, hence ADC = 150°. y = ADC — AD = 150° -
= 90°.

7. Apply Principles 3 through 8 (measuring angles and arcs) to find x and
y in each of the following.

50° x
Example: Find arc x and angle y. 4 /m c
Solution: Since L1 = /2, = AB = 50°. (Pr. 3)
Since AD = CD, Ly = LABD = 65°. (Pr. 5)

D
(a) Find angles x and y. v

(b) Find angles x and arcy.

(a) LABD and Lx are inscribed in Afli), hence Lx = L ABD = 40°,
ABCD is an inscribed quadrilateral, hence .y = 180° — LB = 95°.

(b) Since /Lx is 1nscr1bed in a semicircle, Lx = 90°. And since
AC | DE, y = €& = 70°.

8. Now let’s try applying Pr. 9 (measuring an angle formed by a tangent
and a chord). In the example and problems that follow, CD is a tangent
at P.

Example: Find Lx if§ = 220°. “ ,
Solution: Lz 21(220°) = 110°.
Lx =180° - 110° = 70°,

c P D
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(a) Find Lx if§ = 140°.

(b) Find LxifLy = T5°.

c D

(a) Since AB= AP, AB=5% = 140°,and 2 = 360° — 140° - 140°
=80°. x232=4
(b) Ly = %fﬁ’, hence

0°. 2= 360° - 100° — 150°
= 110°. Therefore, 5

Pr. 10 states that an angle formed by two intersecting chords is measured
by one-half the sum of the intercepted arcs. Apply this in the example
and problems that follow. (Remember, intercepted arcs are the arcs
lying between the sides of the angle.)

Example: Find Y if Lx = 95°. D
Solution: Lx 23 (AC + 3), hence 4 ¥
95° =1 (70° + y),0r9 = 120°.

70°

B
g
(a) Find Lxif% = 80°. 120°
A
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(b) Find Ly if X = 78°. B == B

(a) Lz23( + AB) =4 (80° + 120°) = 100°. Lx = 180° - Lz = 80°.
(b) BC || AD, henceCD = x = 78°..2 2L (x + CD) = 78°.
Ly =180° - Lz = 102°.

lo |f

10. And finally, Principles 11 to 13 tell us that an angle formed by two
secants, by a secant and a tangent, or by two tangents is measured by
one-half the difference of the intercepted arcs. Apply this in the example
and problems below.

Example: Findy if Lx = 40°,
Solution: Lx £ (BC - %), or 40° =
$(200° - %),y = 120°.

(a) FindyifLx = 67°. D
B
A
200°
E

(b) FindY if Lx = 61°. D
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11

~ & 1 o N 2 o
[x %(BC BE), hence 67° =+ (200" — BE), or BE = 66 .

7 = 360°_—_266° = 94°.

Lx 2L (BFC - %), hence 61° = L [(360° —=5) - 9], 0r§ = 119°.

2

(a)
(b)

Now let’s try using these principles to solve some slightly more general
problems involving the measurement of angles and arcs.

Example: Find x and y in the figure at the P A
. B —

right. X/

Solution: 50° PQ or PQ =100°. (Pr.2)

70° = zQ’k or @R = 140°. (Pr.9)
Then PR = 360° - PQ - QR = 120°.
Lx %%PR = 60°. (Pr. 9)
Ly %’T(PRQ PQ) (Pr.13)
=1(260° - 100°) = 80°
Find x and y.

AB = 80 (Pr..1)

BC =PA =85 (Pr.8)
Then PC = 360° — PA — AB — BC = 110°.
Lx 24PC =55 (Pr.9)
Ly &1 (BCB - PA) (Pr.12)

=1(195° - 85°) = 55°.

It’s time you checked up on yourself to see how much you have learned

about circles, tangents, and the measurement of angles and arcs. The follow-
ing Self-Test should help you do so.
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SELF-TEST
1. Given: AB = DE, AC = DF; Prove: /B = [ E. B
(frame 2)
A C
D F
E
2. Prove formally the following: If a radius bisects a chord, then it bisects
its arcs. (frame 3)
3. DPand CQ are tangents. Find /2 g D
and £ 3 if Z OPD is trisected and
P@ is a diameter. (frame 4) t
O¢
2 3 n
Q A B
4. Quadrilateral ABCD is circumscribed. B 5 C
Find x. (frame 4) ’ )
10 13X
A
B . °
5. If two circles have radii of 20 and 13 respectively, find their line of

centers:

(a) If the circles are concentric.

(b) If the circles are 7 units apart. .~ -

(c) If the circles are tangent externally.

(d) If the circles are tangent internally. _ —
(frame 5)
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149;

If the line of centers of two circles is 30, what is the relation between
the circles:

(a) If their radii are 25 and 5. -
(b) If their radii are 35and 5. =

(c) If their radii are 20 and 5. - .

(d) If their radii are 25and 10.

(frame 63

Find the number of degrees in a central angle which intercepts an arc of:

(a) 80 . _— (e) 2x° o

(b) 90° ) (180-x)°
(7o Ty | S — B (Bx-2¥) ——
(dy 180° (frame 6)

Find the number of degrees in an inscribed angle that intercepts an arc of:

@y 40 o (f) 348°

b) 90° _ @ 2x°

9 199" (h) (180-x)°
d) 180° Q (2x-2y°
(e) 260° e (frame 6)
If quadrilateral ABCD is inscribed in a circle,

find LA if LC = 45°. (frame 7) e e

If BC and AD are the parallel sides of inscribed
trapezoid ABCD, as shown, find AB if

éD = 85°. (frame T) m
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1:1.

12.

13.

14.

1.

Find the number of degrees in the angle formed by a tangent and a
chord drawn to the point of tangency if the intercepted arc is 38°.
(frame 8)

Find the number of degrees in the arc intercepted by an angle formed
by a tangent and a chord drawn to the point of tangency if the angle

equals 55°. (frame 8)
Find the values of ® and Ly in the figure at B
the right. (frame 9)

If AB and AC are intersecting secants as
shown, find L A if = 100° and @ = 40°.
(frame 10)

Answers to Self-Test

PROOF: Statements Reasons

1.Af§ = DE, A}Q\s DE_ 1. Given

2. AB = DE, ABC = DEF 2. In a circle, = chords have = arcs.

3.BC = EF 3. If equals are subtracted from
equals, the differences are equal.

4. BC = EF 4. Same as 2.

5. Al = AIl 5. SSS

6..B=/F 6. Corresponding parts of = A.
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10.
11.
12.
13.
14.

12.

Given: Circle O
OC bisects AB
Prove: AC = CB

Plan: Prove AAOD = ABOD, /1 = L2,
hence AC = CB. AN D| 7B
PROOF: Statements Reasons ¢
e =

1. Draw OA and OB 1. A straight line may be drawn
between any two points.

2.0A = OB 2. Radii of a circle are congruent.

3. OC bisects AB 3. Given

4. AD = DB 4. To bisect is to divide into two
congruent parts.

5. 0D = OD 5. Identity

6. ANAOD = ABOD 6. SSS

T.01 =/.2 7. Corresponding parts of congruent

= - triangles are congruent.

8. AC = CB 8. In the same or congruent circles,
congruent central angles have
congruent arcs.

By Pr. 1, L.DPQ = LPQC = 90°. Since .1 = 30°, then /2 = 60°. And
since /3 is an exterior angle of APQB, L3 = 90° + 60° = 150°.

By Pr. 4, AS = 10, CR = 5, and RD = SD. Then RD = CD - CR = 8.
Hence,x = AS + SD =10 + 8 = 18.

(a) 0; (b) 40; (c) 33; (d) 7

(a) tangent externally; (b) tangent internally; (c) the circles are 5
units apart; (d) overlapping

(a) 40°; (b) 90°; (c) 170°; (d) 180°; (e) 2x°; (f) (180 — x)°;
(g) (2x-2y)°

(a) 20°; (b) 45°; (c) 85%; (d) 90°; (e) 130°; (f) 174°; (g) «°;
(h) (90 - 5x)°; (i) (x - )

135°

85°

19°

110°

X =68, Ly =295

30°

RATIOS AND PROPORTION

From your study of algebra you will recall that ratios are used to com-
pare quantities by division. Thus, the ratio of two quantities is the first
divided by the second. A ratio is an abstract number, that is, a number
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without a unit of measure. The ratio of 10 inches to 2 inches is
10 + 2, or 5.
You will also recall that a ratio can be expressed in several ways:

(1) by use of a colon, as 3: 5

(2) as a common fraction, > =

(3) asadecimal, .60;

(4) asa percent, 60%; or

(5) by use of the word ““to,’” as 3 to b.

To find ratios, the quantities involved must have the same unit. A
ratio should be simplified by reducing it to lowest terms and eliminating
any fractions contained in the ratio. Thus, to find the ratio of 1 foot to
3 inches, first change the foot to 12 inches, then take the ratio of 12
inches to 3 inches. The result is a ratio of 4 to 1, or 4. Also, the ratio
of 25 :3 equals 5:1, or 5.

The ratio of three or more quantities may be expressed as a con-
tinued ratio. Thus the ratio of $3 to $4 to $5 is the continued ratio
3:4:5. This enlarged ratio is a combination of three separate ratios,
namely, 3:4, 3:5, and 4:5.

Express each of the following ratios in lowest terms.

(a) 20°teB” (h) 30toes50
(b) $1.50to $6.00 ___ (i) b6to.7T
(¢) 8tyrstoltyrs  (j 12to+

(d) 2yrsto6mos (k) 3x to bx

(e) 60¢to$3.00 (1) 3a? toa®

(f) lgalto2qtto2pt ___~ (m) ptobptoTp

(g) ltontollbto 8oz

b 20
@ F =4 0 Foo =3 © TF =5 @ 24mosto6mos-
2L~ 4; (e) 60¢t0300¢ =20 = 1. (f) 4qtto2qtto qt = 4:2:1;
(8) 20001b to 11b to 41b = 2000:1:3 = 4000:2:1; (h) 29 = 2;

0 %P=8 () 12+3=12¢3) =82 w0 -5 o35

(m) p:5p:Tp = 1:5:7

13. No doubt you noticed that the above problems included the ratio of
two quantities with the same unit, the ratio of two quantities with
different units, the continued ratio of three quantities, and several
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14.

15.

numerical and algebraic ratios. The intent was to provide you with a
general review of various kinds of ratios so that you will recognize them
when you see them again.

Now let us consider the use of ratios in angle problems.

Example: If two angles are in the ratio of 3:2, find the angles if they
are adjacent and form an angle of 40°.

Solution: Since the ratio between the angles is 3:2, let 3x and 2x
represent the number of degrees in the angles. Then, 3x + 2x = 40,
5x = 40, or x = 8. Hence the angles are 24° and 16°.

Assuming again that two angles are in the ratio of 3:2, find the angles if:

(a) they are the acute angles of a right triangle.

(b) they are two angles of a triangle whose third angle is 70°,

(a) 3x + 2x = 90, 5x = 90, x = 18. Hence the angles are 54°
and 36°.

(b) 3x + 2x + 70 =180, 5x = 110, x = 22. Hence the angles are
66° and 44°.

Now consider a situation where three angles are in the ratio of 4:3:2.

Example: Find the angles if the first and the third are supplementary.
Solution: Let 4x, 3x, and 2x represent the number of degrees in the
angles. Then 4x + 2x = 180, 6x = 180, x = 30. Hence the angles are
120°, 90°, and 60°.

Now assuming the same ratio between the three angles, find their values
if the angles are the three angles of a triangle.

4x + 8x + 2x = 180, 9x = 180, x = 20. Therefore, the angles are
80°, 60°, and 40°.

Again from your study of algebra, you know that a proportion is an
equality of two ratios. Thus 2:5 = 4:10, or % = % is a proportion.

The fourth term of a proportion is the fourth proportional to the
other three, taken in order. Thus, in 2:3 = 4:x, x is the fourth propor-
tional to 2, 3, and 4.
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The means of a proportion are its middle terms (that is, the second
and third terms). The extremes of a proportion are its outside terms
(that is, its first and fourth terms). Thus, in the proportion a: b = c: d,
b and c are the means, and a and d are the extremes.

If the two means of a proportion are the same, either mean is the
mean proportional between the first and fourth terms. Thus, in
9:3 = 3:1, 3 is the mean proportional between 9 and 1.

Now we need to consider some proportion principles.

Pr. 1: In any proportion, the product of the means equals the product
of the extremes.

Thus, ifa: b = ¢:d, then ad = be.

Pr. 2: 1If the product of two numbers equals the product of two other
numbers, either pair may be made the means of a proportion
and the other pair may be made the extremes.

Thus, if 3x = 5y, thenx:y = 5:3,ory:x = 3:5, or 3:y = b:x, or
5:x = 3:y.

The next four principles have to do with methods of changing a pro-
portion into a new proportion.

Pr. 3: Inversion Method. A proportion may be changed into a new
(equal) proportion by inverting each ratio.
1_4 5

. X_09
Thus, lffc = E,theni =g

Pr. 4: Alternation Method. A proportion may be changed into a new
proportion by interchanging the means or by interchanging the
extremes.

Thus, if% = %,then% = %,or

wlbo
R

Pr. 5:  Addition Method. A proportion may be changed into a new
proportion by adding the terms of each ratio to obtain new first
and third terms.

Thus, if % = %, g is the first ratio. Adding its terms (a and b) gives us

the new first term (of the proportion) ¢ + b. And adding the terms of

the second ratio, g, gives us the new third term, namely, ¢ + d. There-

fore our proportion now becomes g%—_b = c;;—d Similarly, the pro-

portion % 5 2 - % becomes (= 2)2+ 2 - 9; 1 or simply% = %)
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Pr. 6: Subtraction Method. A proportion may be changed into a new
proportion by subtracting the terms of each ratio to obtain new
first and third terms.

Thus,if%=ac,thena;b=cd Orlfx_g'?’ %then
(x*8)~8 _9-1 % 8
3 =—1 »%T3°7 1

Here are two other proportion principles.

Pr. 7: If any three terms of one proportion equal the corresponding
three terms of another proportion, the remaining terms are equal.

Thus, 1f——%and%i=g,theny 4,

Pr. 8: In a series of equal ratios, the sum of the numerators is to the
sum of the denominators as any one numerator is to its

denominator.
o8 _C_&€ + gt+cte_a eX—y _y—-38 _3
Thus,lfbfd f,then brd+ 7 b Or if i 5 1
=y =348 § % .8
then =— =577 ={orip = 1-

Now let’s practice using these principles. Solve for x in the following
proportions.

(a) x:4=6:8 __ _
(b) 3:x =x:27 = _
(c) x:5=2x:(x + 3) _ n
3 _2
W =G : - -
X i
€ 95=83%5 — =

(a) 4(6) = 8x, 8x =24,x =3

(b) x* = 3(27), x* = 81, x = +9

(¢) 5(2x) =x(x + 3),10x =x*> + 3x, x> —Tx=0,x=00r7
(d) 2x = 3(5), 2x =15, x = 7'3

(e) 3(2x— 3) = 5x, 6x—9=5x,x=9

) 47 =(x-2),28-= x? — 4,x* =32,x = +4:/2
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16. The next few problems involve finding the fourth proportional to three

17.

18.

given numbers.

Example: Find the fourth proportional to 2, 4, 6.
Solution: 2:4 = 6:x, 2x = 24, x = 12

Follow this same procedures to find the fourth proportionals in the
following problems.

(a) 4,2,6 - o _
(b) 3,3,4 : =
ey bde ‘ B

(a) 4:2=6:x,4x=12,x =3
(b) +:3=4:x,2x=12 x = 24

(c) bid=c:ix, bx =cd, x = %91

Now let’s try finding the mean proportional to two given numbers.
(Remember, from frame 15, this is a case where the second and third
terms are equal; either is the mean proportional.)

Example: Find the positive mean proportional (x) between 5 and 20.
Solution: 5:x = x:20, x> =100, x = 10

Find the positive mean proportional between %— and %

Occasionally you will find equal products and need to change these into
proportions. The procedure for doing so is essentially contained in

Pr. 2. Thus if we have the equal products ad = be, we can use Pr. 2 to
form proportiona: b = ¢:d. Or suppose we had the product ay = bx
and wished to find the ratio of x to y. Using Pr. 1 and Pr. 2 we can
easily form the proportion x:y = a: b.

In each of the following, form a proportion whose fourth term is x.
(a) cx = bd

(b) pg =ax
() 2bx = 3s° - -
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19.

20.

: 2b _ ¢
’ (b) s ((') or 3 - x

® I
=

(a) §= 2=

Try selecting the correct method (Pr. 3, 4, 5, or 6) and change the pro-
portions shown below into new proportions.
Example: Starting with the proportion % . %, form a new proportion
whose first term is x.

- x -4
Solution: By Pr. 3, {5 = 3-

Form new proportions whose first terms are x.

x—6_56
W =gy —— S
x+ 8 _4
(b) g ~3 -
5_15
(c) D) ¥ S
x =&
(a) By Pr. 5’6 3
x_1
(b) ByPr.6,g—3
x _ 15
(c) ByPr.él,Q— 5

Use Pr. 8 to find x in the following problems.

-2 _2 -24+2 2
Example: & 9 = 3 or, by Pr. 8’—x——9+—3 - 3’% =

, X = 8.

[Val] o]

R [ e

ety x=y 2 2% 8 _
(a) 8+ 4 =1 rTs
) Bx= -3 +3 _3 3x_3 -6 (addingin the third

ratio simplified the solution)
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21.

So far our discussion of ratios and proportions probably has seemed to
you a lot more like algebra than geometry. And of course it was. But
one of the reasons you studied algebra was so that you could use it to
help you solve a variety of problems, and you are about to find another
use for it here. Already we have used algebra to help solve a number of
simple equations that we have encountered in our study of geometry.
The study of proportionality provides still another opportunity. And
remember, our overall approach throughout this book is a combined
algebraic and geometric view of the mathematical concepts that will
prepare you for the study of calculus. Now we are ready to consider
the subject of proportional segments and see how what we have been
learning about proportion can be applied in plane geometry.. First, let’s
examine some of the basic properties of proportional segments.,

If two segments are divided proportionately, A
(1) the corresponding segments are in
proportion, and
(2) the two segments and either pair
of corresponding segments are in
proportion.

Thus, if AB and AC are divided propor-
tionately by DE, a proportion such as

% = c% may be obtained using the four segments, or a proportion such as

E% = A—CE may be obtained using the two lines and two of their

segments.

A proportion such as g = é’: can be arranged in eight ways. To
obtain the eight variations simply let each term in the proportion repre-
sent a segment of the above diagram. Each of the possible proportions
then is obtained by using the same direction, as follows:

Direction Down
a_c c_a

b d°%d" b

Direction Up
b_d _d_b

= == Si=
a C c a
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Direction Right

Below are four fundamental principles relating to proportional lines.

Pr. 1: 1If a line is parallel to one side of a
triangle, then it divides the other
two sides proportionately.

Thus, in AABC, if DE || BC, then § = .

Pr. 2: If a line divides two sides of a
triangle proportionately, it is
parallel to the third side. (Con-
verse of Pr. 1.)

Thus, in AABCif § = 3, then DE || BC.
Example of Pr. 1: Find x in the figure
at the right.

Solution: DE || BC, hence 1% = %—%, or
x = 24.

Now try this problem: Find x in the A

adjacent diagram. /\5
D - E Y12
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22.

23.

Now let’s consider Principle 3. A/ | B -
a / \c
Pr. 3: Three or more parallel lines divide -
any two transversals proportionately. b b o \ d
Thus, if AB || EF || CD, then § = <. /c )
A B
Example: Find x in the figure at 5
the right. 6
Solution: EC = 4, and 10 P - F
AB || EF || CD. Hence L \x
% = % or x = 6. & ” @

Your turn again, Find x in the figure at
the right.

bx — 5
2x+ 1

AB || CD || EF, hence

=3

, 20x — 20 =14x + 7, 6x = 27,

= 1
x—4?

The fourth proportional line principle is as follows.

Pr. 4: A bisector of an angle of a triangle c
divides the opposite side into seg-
ments which are proportional to
the adjacent sides.

Thus, in AABC, if CD bisects £ C, then B o D 7 A
a_-c

b d

Example: Find x in the figure at the right. 4 10

Solution: BD bisects £ B, hence D
%=%—8,orx=12. 15 x
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24.

Use this same approach to find x in the B
adjacent figure.
30
- 21
A 2x D 3x-1 .
BD bisects £ B, hence 3x2‘x1 = g—(lj = -1+7Q, or 21lx — 7=20x,x =17
SIMILARITY

We come now to the topic of similar triangles. Because triangles are

three-sided polygons we can be a bit more general in our definition if

we define similar polygons, since this will include triangles. B
Similar polygons are polygons whose

corresponding angles are congruent and whose

corresponding sides are in proportion. Thus, e a

similar polygons have the same shape,

although not necessarily the same size. If

they have the same shape and size, then

they will be congruent.) A
The symbol ~ means ‘“‘similar.”” There-

fore, if we wish to say that two triangles (such as

those at the right) are similar, we write this

AABC ~ A'B'C'. We read this as “triangle ABC is

similar to triangle A-prime B-prime C-prime.”

Like congruent triangles, correspond-
ing sides of similar triangles are opposite
congruent angles. And for convenience ¢=10
sake, corresponding sides and angles are
usually identified by the same letters
with primes. Thus, AABC ~ AA'B'C', c A
since LA = 35° = LA',LB =55 =LB, , =3
LC=90°=.C,and % = Q, =% or

a b ¢ ,
6._8_10 !
4 5

3

Now let’s consider some of the principles relating to similar triangles.

Pr. 1: Corresponding angles of similar triangles are congruent. (By
definition.)




140 GEOMETRY AND TRIGONOMETRY FOR CALCULUS

Pr. 2: Corresponding sides of similar triangles are in proportion. (By
definition.)

Example: In similar triangles ABC and c
A'B'C',findxand yif LA = /A’ and

LB =/[B.

Solution: Since /A = LA’ and 32
LB = [B', x and y correspond to 32 26 %*

and 26 respectively. Hence y

= 22 and x = 24. Similarly,

x
32 A
A 20 B A 15 B
—2%— = % ory =195,

¥

Two triangles are similar if B
two angles of one triangle
are congruent respectively
to two angles of the other.

Thus, if /A = /A" and /B = LB,
then AABC ~ AA'B'C'. A

Example: In the figure at the right, two B c
pairs of congruent angles can be used to
prove ABEC ~ AAED. Indicate which
angles are congruent and state the reason.
(ABCD is a trapezoid.)

Solution: . CBD = / BDA and

L BCA = [ CAD, since alternate interior
angles of parallel lines are congruent (BC || AD). Also, /BEC and L AED
are congruent vertical angles.

A D

Apply Pr. 3 similarly to solve this problem: A c
Name two pairs of angles that can be used to
prove AAED ~ ACEB and state the reason.

LA = [Cand LB = LD since angles inscribed in the same arc are con-
gruent. Also, LAED and L CEB are congruent vertical angles.
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26.

26.

Pr. 4: Two triangles are similar if an =

angle of one triangle is con-
gruent to an angle of the
other and the sides including
these angles are in proportion.

Thus, if £C = £C and & = b then

b’
AABC ~ AA'B'C..

A'

Example: Name the pair of congruent A B
angles and the proportion needed to v
prove AAEB ~ ADEC. E
Solution: L AEB = /[ DEC,
3_4

9 12

Name the pair of congruent angles and o A
the proportion needed to prove \
ANAED ~ AABC. E

- 5 o9

LA =LA, 12 = 18
Pr. 5: Two triangles are similar if B

their corresponding sides are

in proportion. . "
Thus, if & = & = & then

a b c
AABC ~ AA'B'C'. A b =

A
Example: Determine the proportion B
12 16

needed to prove AABC ~ ADEF. /\
ion: B =8 12
Solution: i3 “16 — 2 c

A 24
12
8: :B
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27,

28.

Set up the proportion needed to prove A
AABD ~ ABDC. 9 15
D 12 B
16 20
c
9 _12 _15
12 1 2

Pr. 6: Two right triangles are similar if an acute angle of one is con-
gruent to an acute angle of the other. (Corollary of Pr. 3.)

Example: Name the angles that can be c
used to prove AACD ~ AACB.
Solution: LACB and L ADC are right
angles; LA = LA,

Name the angles that can be used to prove
AAEC ~ ACDB. (Given: AB = AC.)

L AEC and L BDC are right angles. Also, /B = [ ACE since angles in a
triangle opposite congruent sides are congruent.

There are innumerable applications of the similar triangle and propor-
tionality concepts we have been discussing. They can be applied in the
solution of a great many routine types of problem that occur daily in
engineering design, architectural layout and drafting, shop work, sheet
metal work, machinery design, and so on. Unfortunately, there is
neither time nor space in a relatively brief book such as this — and one
that is intended primarily to provide you with general guidance to
several branches of mathematics leading to calculus — to allow for the
introduction of any large number of applied examples. However, you
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will have no difficulty in finding as many of these as you wish in almost
any standard textbook on plane geometry.

Nevertheless, we will introduce such examples where we can, and
the present subject provides a good opportunity. Consider the follow-
ing problem.

Example: A tree casts a 15-foot shadow
at a time when a nearby upright pole,

6 feet in height, casts a shadow of 2 feet.
We wish to find the height of the tree if
both the tree and the pole make right
angles with the ground.

Solution: At the same time, in localities
near each other, the rays of the sun
strike the ground at congruent angles,
hence /B = [ B'. And since the tree and
pole make right angles with the ground,
LC = [C'. Therefore, AABC ~ AA'B'C’,

%=1—25,andh = 45 feet.

Now try this problem (be sure to draw diagrams to assist you): A 7-foot
upright pole near a vertical tree casts a 6-foot shadow. At that time,

(a) find the height of the tree if its shadow is 36 feet.
(b) find the shadow of the tree if its height is 77 feet.

(@) £=2, orh =42 feet.

,ors = 66 feet.

29. There are two useful mean proportionals in a right triangle with which
you should be familiar. They are as follows.

Pr. 1: The altitude to the hypotenuse c
of a right triangle is the mean
proportional between the seg-
ments of the hypotenuse.

BD _ CD

Thus, in right A ABC, CD -~ DA" B 1
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Pr. 2: In aright triangle, either leg is the mean proportional between
the hypotenuse and the projection of that leg on the hypotenuse
(i.e., portion of the hypotenuse lying under that leg).

AB _ BC AB _ AC

Thus, in right AABC, 55 = gp»and 4@ = 4D -

Example: Find x and y in the A at c

the right.
Solution: By Pr. 1,33? = 3—5 x? =27, y .
- 13 _ ¥
x = 3v/3. ByPr. 2, 7 =5 A 5

y? = 36, and y = 6.

Use these principles similarly to ¢
find x and ¥ in the figure at the
right.

3 8

X
B 4 A

By Pr. 1,% B %, or x = 16. Also, by Pr. 2,—2}70 = %, y* = 80, and
y = 4/5.

30. Now we come to the famous Law of B

Pythagoras, which says that: In a
right triangle, the square of the
hypotenuse equals the sum of the 5 a
squares of the legs. Thus,
c? =a® + b2.
b

A c

You should have no difficulty in applying
the Pythagorean Theorem to the
following problems, which refer to the 5 a
figure at the right.
b

(a) Find hypotenuse cifa = 12and b = 9.

(b) Findlegaif b = 6 and c = 8.
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31.

32.

(¢) Findlegbifa = 4/3andc = 8.

(a) ¢® =a® + b*,orc?® =12% + 9% = 225,0rc = 15.
¢ - b2 =8 - 6% =28,0ora = 24/7.
a> = 8% — (44/3)%, or b® = 64 — 48, from which b = 4.

Use the Law of Pythagoras to find the
altitude to the base of an isosceles triangle
if the base is 8 and the congruent sides
are 12. (Note: The altitude, h, of an
isosceles triangle bisects the base.)

w =

Since the altitude of an isosceles triangle bisects the base, then
h? =a* - (3b)?, or k2 = 122 — 42 = 128, from which h = 8/2.

The Law of Pythagoras also applies very nicely to the rhombus.

Example: In arhombus, find side s if the
diagonals are 30 and 40.

Solution: Keeping in mind that the
diagonals of a rhombus are perpendicular
bisectors of each other, we can write

s =(3d)? + (3d')*. Or, substituting
the values for d and d’,

s =15% + 20® = 625, s = 25.

Find diagonal d if a side is 26 and the other diagonal is 20.

Since s = 26 and d’ = 20, then 26> = (3d)* + 10?, 0r 576 = (3d)?,
from which +d = 24, d = 48.
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33. Let’s see if you can apply the Law of
Pythagoras to a trapezoid. It will be
good practice for you.

Find x in the isosceles trapezoid
ABCD at the right. (Note: The dotted
perpendicular line shown in the diagram ]
is an additional line needed only for AI E
solution. Observe how a rectangle is '
formed by this added line.)

13

Y

R
1
S

22

EF = BC = 12, AE =+(22 - 12) = 5. Then x* = 13% - 5% = 144,
x =12.

34. Finally, there are two special right
triangles having unique properties that
we need to talk about. One is the
30°'—-60° —90° triangle and the other
is the 45° —45° —90° triangle. These
unique properties will be especially
useful when we get to the subject of
trigonometry. But let’s see what
they are.

A 30°-60°-90° triangle is one-
half of an equilateral triangle, as you
can see from the two figures at the
right.

Thus, in right AABC, b = ;c.
Therefore, if we let ¢ = 2, then
b = 1 and, applying the Law of
Pythagoras,a® = ¢* - b* = 2% - 1% =3,
or a =+/3, and the ratio of the sides
is brera = 1:2:4/3.

Here are some important principles
relating to 30°-60°-90° triangles and
to the equilateral triangle.

Pr. 1: The leg opposite the 30° angle equals one-half the hypotenuse,
. 1
ie,a=73c

Pr. 2: The leg opposite the 60° angle equals one-half the hypotenuse
times the square root of 3, i.e., b =5 ¢+/3.




PLANE GEOMETRY: CIRCLES AND SIMILARITY 147

35.

Pr. 3: The leg opposite the 60° angle equals the leg opposite the 30°
angle times the square root of 3, i.e., b = a\/3"

Pr. 4: The altitude of an equilateral triangle equals one-half a side
times the square root of 3, i.e., h = -;-s v/3. (This is a corollary
of Pr. 2.)

Apply these principles in the following problems. Be sure to draw a
diagram to assist you.

(a) If the hypotenuse of a 30°—60°—90° triangle is 12, find its legs.

(b) Each leg of an isosceles trapezoid is 18. If the base angles are 60°
and the upper base is 10, find the altitude and the lower base.

(b) ByPr.2,h =%(18)+/3 = 9/3.
By Pr.1, AE = FD =1 (18) =
9,henceb =9 + 10 + 9 = 28,

A 45°-45°-90° triangle is one-half a

square. Thus, in right triangle ABC,

¢® =a* + a*,orc = a2, hence the

ratio of the sides is a:a:c = 1:1:/2.
Principles of the 45°—45°-90°

triangle and of the square are as follows:
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Pr. 5: The leg opposite a 45° angle equals one-half the hypotenuse
times the square root of 2, i.e.,a = 3 ¢+/2.

Pr. 6: The hypotenuse equals a side times the square root of 2, i.e.,
c=a+?2.

Pr. 7: In asquare, a diagonal equals a side times the square root of 2,

ie., d=svV2.

Apply Principles 5 and 6 in the following problems (again, be sure to
draw diagrams).

(a) Find the leg of an isosceles right triangle whose hypotenuse is 28.

(b) An isosceles trapezoid has base angles of 45°. If the upper base is
12 and the altitude is 3, find the lower base and each leg.

(a) ByPr.5,a=35(28)v2 = 14/2. B
28
a
45°
A a rdC
(b) ByPr.6,a= 3/2. B 12 g
AE = BE = 3and EF = 12.
Hence b = 3 + 12 + 3 = 18. a 3 f
45° M 45°
A E F
AN
b

It’s time to take a look back now over what we have covered on the sub-
ject of similarity. The following Self-Test will help you review the principal
concepts and perhaps show you where you need to do some reviewing before
going on to the next chapter.
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1.

SELF-TEST
Express each ratio in lowest terms. (frame 12)
(a) 20¢tob¢ (e) $2.20 to $3.30
(b) 30lb.to251b. (f) $b.toglb.
(¢) 27 min.to 2l min. (g) 5ft.toyft.
(d) 15%to75% (h) 165 ft. to 55 ft.

If two angles in the ratio of 5:4 are represented by 5x and 4 x, express
each statement as an equation, then find x and the angles. (frame 13)

(a) The angles are adjacent and form an angle of 45°.

(b) The angles are complementary.

(c) The angles are supplementary.

(d) The angles are two angles of a triangle whose third angle is their
difference.

If three angles in the ratio of 7:6:5 are represented by 7x, 6x, and 5x,
express each statement as an equation and find x and the angles.
(frame 14)

(a) The first and second are adjacent and form an angle of 91°.

(b) The first and third are supplementary.

(c) The angles are the three angles of a triangle.

Solve for x. (frame 15)
(a) x:6=8:3
(b) 5:4=20:x _
() (x + 4):3=3:(x—-4) _
(d) (2x + 8):(x + 2) = (2x + 5):(x + 1)
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5. Find the fourth proportional to each set of numbers. (frame 16)
(a) 1,3,5 B
(b) 2, 3,4 S
5 &
((-‘) 3, 23 5
(d) 6,2¢:3b - -
6. Find the positive mean proportional between each pair of numbers.
(frame 17)
(a) 4and 9 — e e
(b) %and 27 _ S
(¢) 2andb5 ;
(d) pandgq -
7. In each, form a proportion whose fourth term is x. (frame 18)
(a) hx=a* __ _
) 8x=7
_ab
(¢) x= 3 » - T
8. In each, form a new proportion whose first term is x, then find x.
(frame 19)
3_9
@ 2% — S
a_2
) ) T e e
x—20_1
(© 55 =1
9. Find x in each. (frame 20)

x =T

(a)

8
x + -
i Sgt=Satag — =
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10. Find x in the figure at the right.

(frame 21) 0\
C

A

11. Find x in the figure at the right.
(frame 22)

E

12. Find x in the figure at the right. B
(frame 23)
7

B
1
12 E
B
9
x D
21
D
5
C
B

13. In the figure shown opposite, two pairs of

angles can be used to prove triangles ABC
and DEF are similar. Determine the
congruent angles. (frame 24)

A D

5
D
20
x
C
6
8 F
.
E
Cc

14. What pair of congruent angles and what B
proportion are needed to prove
triangles ADE and ABC similar?

(frame 25)

15. Indicate the proportion needed to prove
triangles ADE and ABC are similar.
(frame 26)
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16.

17.

18.

19.

What angles can be used to prove A F B

AAED ~ FGB;, (ABCD is a

parallelogram.) (frame 27) s
D E C

A 10 ft. upright pole near a vertical tree casts a 12 ft. shadow. At that
time,

(a) find the height of the tree if its shadow is 30 feet.

(b) find the shadow of the tree if its height is 30 feet. (Draw yourself
a diagram.) (frame 28)

CD is the altitude to the hypotenuse AB.
(a) Ifp=2andgq =6, find a and h.

(b) If p=4anda=6,find c and h. a b

= = 1 B A
(c) Ifp=16andh = 8§, find g and b. _ D q

h

(d) Ifb=12and q = 6, find p and h.

(frame 29)

In a right triangle whose legs are a¢ and b, find
the hypotenuse ¢ when

(@ a=15,b=20
(b) a=5,b=4 - - a

(¢) a=T,6=T _ -
(frame 30) b
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20.

21.

22.

In isosceles trapezoid ABCD,

(a)

(b)

(c)

(d)

Findaif b =32,b =20,and h = 8.

Find h if b=24,b' =14,and a = 13.

Find b ifa =15,b' =10,and h = 12.

Find b’ ifa=6,b=21,and h = 3+/3.

(frame 33)

In a 30°-60°-90° triangle, find:

(a)

the legs if the hypotenuse is 20.

(frame 34)

(b) the other leg and hypotenuse if the leg opposite 30° is 7.

(c)

the other leg and hypotenuse if the leg opposite 60° is 5+/3.

In an isosceles right triangle, find:

(a)

(b)

each leg if the hypotenuse is 34.

the hypotenuse if each leg is 15+/2.

(frame 35)
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Answers to Self-Test

L@a ®mEG @@l @ 02 @205 ms
2. (a) bx + 4x = 45, x = 5, 25° and 20°

(b) Bx + 4x = 90, x = 10, 50° and 40°

(¢c) Bx + 4x = 180, x = 20, 100° and 80°

(d) 5x + 4x + x = 180, x = 18, 90° and 72°
3. (a) Tx + 6x =091, x =17, 49°, 42°, and 35°

(b) 7x + 5x =180, x = 15, 105°, 90°, and 75°

(c) 7x + 6x + 5x =180, x = 10, 70°, 60°, and 50°

4. (a) 16; (b) 16; (c) =5; (d) 2

5. (a) 15; (b) 6; (c) 30; (d) 6a

6. (a) 6; (b) 3; (c) V10; (d) Vg

7 @ 2-% v d-1 (c) £=2

8 (a)‘§=%:x=6; (b)’g=g,x=*2Q (C)LO:?I = 25
9. (a) 21; (b) %

10. 16

11. 12

12. 156

13. LA = LEDF, LF =~ [ BCA
14. 1A=.4 0_6

*25 15

24 _ 28 _ 30

18. 36 ~ 42 - 45

16. /D = /B, /. AED = [ FGB

17. (a) 25 feet; (b) 36 feet

18. (a) a =4, h =+/12 or 2+/3
(b) e =9, h =+/20 or 2/5
(c) g =4and b =+/80 or 4/5
(d) p =18, h =+/108 or 6+/3

19. (a) 25; (b) V41; (c) 7V2

20. (a) 10; (b) 12; (c) 28; (d) 15

21. (a) 10and 10+/3; (b) 7+/3 and 14; (¢) 5and 10
22. (a) 17/2; (b) 30




CHAPTER FOUR

Plane Geometry:
Areas, Polygons, and Locus

Having learned something about circles, tangents, similarity, and the methods
of measuring angles and arcs, we are going to turn our attention now to
learning some formulas for area measurement and how to apply these in a
variety of problems. We also are going to investigate the properties of regular
polygons and how to find the area of a circle as well as of a segment and
sector of a circle. We will then discuss the concept of the locus of a point —
something that will come in very handy when we get to the subject of
analytic geometry. Finally, we will have some fun with geometric construc-
tions.

When we get to the end of this chapter you will have learned about:

e finding the area of such geometric figures as rectangles,
squares, parallelograms, triangles, trapezoids, and the
rhombus;

e the regular polygon, including such elements as its radius,
apothem, central angles, calculating its area, and its relation
to the circle;

e the ratio =, finding the areas and circumferences of
inscribed and circumscribed circles, and the areas of
segments and sectors;

¢ determining the locus of a point equidistant from two
given points, from two parallel lines, from the sides of a
given angle, from intersecting lines, and from a point
and a circle;

e anumber of basic constructions made with the use of a
straight edge and compass only.

AREAS

1. No doubt you have a general familiarity with areas and some of the
methods of computing them. Figuring the number of square yards of

155
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carpeting you need for your living room or how many ‘“yards” (this is a
little trickier because of the differing widths of materials) you need for
a dress are common enough calculations. But now we need to be a bit
more precise as we consider methods of calculating the areas of a wider
variety of geometric shapes. As usual, we will begin by defining a few
terms.

A square unit is the surface enclosed by a
square whose side is 1 unit.

1 in,

1 in. square
inch

The area of a closed plane figure, such as a
polygon, is the number of square units contained
in its surface. Since a rectangle 5 units long and 4
4 units wide can be divided into 20 unit squares,
its area is 20 square units. 5

The area of a rectangle equals the product
of its base and altitude. Thus, if b = 8 in. and b
h = 3in., then A = 24 sq. in. b

Rectangle: A = bh

The area of a square equals the square of a
side. Thus, if s = 6, then A =s* = 36. It follows,
therefore, that the area of a square also equals s
one-half the square of a diagonal. Since A =s?
and s =d//2,A =1d*.

S

Square: (1) A
(2) A =1d?

Here are a few practice exercises for you.

(a) Find the area of a rectangle if the base
is 15 and the perimeter (distance
around) is 50.

A =

(b) Find the area of a rectangle if the h
altitude is 10 and the diagonal is 26.
A D

A= b

(¢) Find the base and altitude of a rectangle
if its area is 70 and its perimeter is 34.

b=__ =

(a) p=50,b=15. Sincep = 2b + 2h, 50 = 2(15) + 2h,or h = 10.
Therefore A = bh = 15(10) = 150.
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(b) d=26,h=10. Inright AACD, d* = b* + h?,or 26® = b* + 107,
from which b = 24. Hence A = bh = 24(10) = 240.

(¢) A=70,p=234. Sincep=2b+ 2h,34=2(b + h)and h =17 -b.
Then A = bh, or 70 = b(17 — b), b*> — 17b + 70 = 0, and
b=Tor10. Since h = 17 - b, we obtain h =10 or 7.

The above problems involved working with rectangles. The problems
below will provide you with a little practice working with squares.

(Use the diagrams to assist you.)
C

(a) Find the area of a square if the perimeter

is 30. 5

A=__ = T o s "
(b) Find the area of a square if the radius of & B

the circumsecribed circle is 10.

d

A= /o

(c) Find the side and the perimeter of a square . 4

whose area is 20.

s=__ p:

(d) Find the number of square inches in a square foot.

(a) p=30. Since p =4s, 30 =4sand s =75. Then
A =s* = (75)* = 565.
(b) Sincer=10,d =2r=20. Then A4 =3d? =3(20)* = 200.
(c) A=20and A =s*, hences® =20,s= 2+/5. Perimeter = 45 = 8+4/5.
(d) A=s*. Sincelft.=12in., A =12? = 144. Therefore, 1 sq. ft. =

144 sq. in.
Having considered the rectangle and the D A
square, let’s turn our attention now to the
parallelogaram. Here is a very useful area g h
theorem relating to the parallelogram.
d

The area of a parallelogram equals the N E , B

product of a side and the altitude to b

that side. Parallelogram: A = bh

Thus,in [_JABCD, if b=10and h = 2.7,
then A = 10(2.7) = 27.
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Apply this in the following two problems. D A
(a) Find the area of a parallelogram if .

the area is represented by x? — 4, h

a side by x + 4, and the altitude to

that side by x — 3. C B

(b) In a parallelogram, find the altitude
if the area is 54 and the ratio of the
altitude to the base is 2:3.

(a) A=x>-4,b=x+4,andh=x- 3.
Then A = bh, orx» — 4= (x + 4)(x - 3), x> -4 =x* + x - 12,
and x = 8. Hence A = x? — 4 =64 - 4 = 0.

(b) Leth=2x, b=3x. Then A = bh, or 54 = (3x)(2x), 54 = 6x?,
9=x?,andx = 3. Hence h = 2x = 2(3) = 6.

4. Next we come to the area of a triangle.

The area of a triangle equals
one-half the product of a side
and the altitude to that side. a

Thus, A =5 bh. This just involves a

little straightforward arithmetic which c
you should have no trouble applying
in the following problem. Triangle: A =7 bh

b

Find the area of a triangle if two adjacent B
sides of 15 and 8 include an angle of 150°.

b=15,a = 8. Since LBCA = 150°, LBCD = 180° - 150° = 30°.
In ABCD, h is opposite LBCD, hence h = +a = 4. Then
A =3bh =5bh =1 (15)(4) = 30.

5. The trapezoid is equally easy to work with. Here are the relevant
theorems.
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The area of a trapezoid equals one-half b
the product of its altitude and the sum \
. m
of its bases. 7
Thus, if h = 20, b = 27, and b’ = 23, L \
then A =3 (20)(27 + 23) = 500. b

Trapezoid: A =~h (b + b
The area of a trapezoid equals the P ! )

product of its altitude and median.

Since (in the figure above) A = %h(b + b')and m = %(b + b'), then
A =hm.

Use the above relationships in the following problems.

(a) Find the area of a trapezoid if the
bases are 7.3 and 2.7, and the
altitude is 3.8.

B b’ C
(b) Find the area of an isosceles h
trapezoid if the bases are 22 and
10, and the legs are each 10. " In |
E F D
| b {

(c) Find the bases of an isosceles
trapezoid if the area is 52+/3, the
altitude is 44/3, and each leg is 8.

(a) b=173,b =217 h-= 38ThereforeA——h(b+b)
%(38)(73+27)—19
(b) b=22,b'=10,AB=10. EF =b' = 10 and AE =1 (22 - 10) =

6. nABEA h? = 10> - 6> =64, 0r h = 8.
Then A = h(b + b') =3(8)(22 + 10) = 128.

(c) AE = +/(AB)> — h? = /64 - 48 = 4, FD = AE = 4,
b’ —b—(AE+FD)—b—8 Then A =;h(b + b') =% h(2b — 8)
or 52v/3 =1(4v/3)(2b - 8), from which 26 = 2b - 8 or b = 17.
(This is good practice both in algebra and in reasoning.) Thus,
b=17,b" =9.
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6. Finally, among the quadrilaterals, we have

this theorem giving us a means of finding
the area of the rhombus.

The area of a rhombus equals one-half
the product of its diagonals.

Since we know (from frame 33,
Chapter 2) that each diagonal is the perpen-
dicular bisector of the other, the area of Al
is 3 (3d)(3d') = §dd’. Thus the rhombus,
which consists of 4 triangles congruent to Al has an area of 4(4 dd')
or 3 dd'.

Rhombus: A =1dd'

Use this information to solve the following problems.

(a) Find the area of a rhombus if one B
diagonal is 30 and a side is 17.

(b) Find a diagonal of a rhombus if the
other diagonal is 8 and the area of
the rhombus is 52.

(a) d' =30,s=17. Inright AAEB, §* = (3d)* + (3d')*.
172 = (3d)? + 15*,5d = 8, or d = 16. Then

(b) d' =8,A =52. Then A =3dd’, or 52 = % (d)(8) and d = 13.

7. We will conclude our discussion of areas by stating the following four
principles and giving you an illustration of each.

|
)

Pr. 1: Parallelograms have equal areas
if they have congruent bases )
and congruent altitudes. (This .

T
Y

Y

is a corollary of the theorem in 9 9
frame 3.)

Thus, the parallelograms shown at the
right have equal areas.
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Pr. 2: Triangles have equal areas if they B
have congruent bases and congruent
altitudes. (This is a corollary of

/h
the theorem in frame 4.) A lJ/ c

Thus, in the figure at the right, ACAB = 7
ACAD in area. P

Pr. 3: A median divides a triangle into
two triangles of equal area.

Thus, in the figure at the right where BM

is a median, AAMB = ABMC since they

have congruent bases (AM = MC) and

common altitude BD. A

Pr. 4: Triangles have equal areas if they
have a common base and their
vertices lie on a line parallel to
the base.

Thus, AABC = AADC in the figure at
the right.

Now it’s time for a review of the main facts we have discussed about areas.

SELF-TEST

1. Find the area of a rectangle if:

(a) the baseis 11 in. and the altitude is 9 in.

(b) the base is 25 and the perimeter is 90

(c) the diagonal is 12 and the angle between the diagonal and the base
is 60°.

(frame 1)

2. Find the area of a rectangle inscribed in a circle if:

(a) the radius of the circle is 5 and the base is 6
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(b) the radius and the altitude are both 5.
7 (frame 1)
3. Find the base and altitude of a rectangle if:
(a) its area is 28 and the base is 3 more than the altitude
(b) its area is 72 and the base is twice theuaaude
(c) its ;n"ea is 12 and the perimeter is— 16.
- - (frame 1-)
4. Find the area of:
(a) asquare yard in square inches
(b) ;;uare meter in square de;i_rr;ers (1 m-;ter =10 decin;e;s‘)_.
B - (frame 23
5. Find the area of a square if:
(a) asideis 15
(b) the;rimeter 15_44 | 7
(c) th—ed-iagonal i_s 8. ) _ -
o - o (frame 2)
6. Find the area of a square if:

(a) the radius of the circumscribed circle is 8
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10.

(b) the diameter of the circumscribed circle is 104/2.

(frame 2i

Find the area of a parallelogram if the base and altitude are, respectively:

(a) 3 ft. and 55 ft.

(b) 4 ft.and 1 ft. 6 in.

(c) 20and 3.5.

(frame 3)

Find the area of a triangle if two adjacent sides are, respectively:
(a) 8and 5, and include an angle of 30°

(b) 8and 12, and include an angle of 60°

(frame 4)

Find the area of trapezoid ABCD if B b ¢

b=250b =15,and h = 7.
(frame 5) -

D
Al E b 1
Find the area of isosceles trapezoid B_ b c
ABCD if:
(a) b=22b =12 and =13 Yo :
A F D
4———b———»|

(b) b=20,1=8,and LA = 60°.
(frame 9)
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11. Find the area of a rhombus if:

(a) the diagonals are 8 and 9

(b) the diagonals are 3x and 8x

(c) the perimeter is 28 and an angle is 45°.

(frame 6)

12. In arhombus find:

(a) a diagonal if the other diagonal is 7 and the area is 35;

(b) the diagonals, if their ratio is 4:3 and the area is 54.

(frame 6)

Answers to Self-Test

(a) 99sq.in.; (b) 500; (c) 36+/3

(a) 48; (b) 25+/3

(a) Tand 4; (b) 12and6; (c) b=6o0or2; h=2o0r6
(a) 1296 sq.in.; (b) 100 square decimeters

(a) 225; (b) 121; (c) 32

128; (b) 100

(a) 16sq. ft.; (b) 6sq. ft. or 864 sq. in.; (c) 70

(a) 10; (b) 24+/3

-

(a) 204; (b) 64\/§
(a) 36; (b) 12a%; (c) Y32

=1

H OORA® ok wo e
z

=

7 A=bh

12. (a) 10; (b) 12and 9




PLANE GEOMETRY: AREAS, POLYGONS, AND LOCUS 165

REGULAR POLYGONS AND THE CIRCLE

8. A regular polygon (as we learned in frame 20,
Chapter 2) is an equilateral and equiangular
polygon.

The center of a regular polygon is the
common center of its inscribed and circumscribed
circles. O is the center in the figure shown.

A radius of a regular polygon is a line joining
its center to any vertex. A radius of a regular
polygon is also a radius of the circumscribed
circle. Thus, in the figure at the right, OA and
OB are its radii.

A central angle of a regular polygon is an angle included between
two radii drawn to successive vertices. Thus, / AOB is a central angle.

An apothem of a regular polygon is a line from its center perpen-
dicular to one of its sides. Thus, OG and OF are apothems. An
apothem also is a radius of the inscribed circle.

Following are some useful principles relating to regular polygons.

Pr. 1:  If a regular polygon of n sides has a side s, the perimeter is
p = ns.
Pr. 2 A circle may be circumscribed about any regular polygon.

¥

A circle may be inscribed in any regular polygon.

Pr. 4:  The center of the circumscribed circle of a regular polygon is
also the center of its inscribed circle.

Pr. 5:  An equilateral polygon inscribed in a circle is a regular polygon.
Pr. 6:  Radii of a regular polygon are congruent.

Pr. 7: A radius of a regular polygon bisects the angle to which it is
drawn. (Thus, in the above figure OB bisects L ABC. )

Pr. 8  Apothems of a regular polygon are congruent.
Pr. 9:  An apothem of a regular polygon bisects the side to which it is

drawn. (Thus, in the figure above OF bisects CD and OG
bisects ED.)
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Pr. 10: For a regular polygon of n sides:
360°

(1) each central angle ¢ equals

(2) each interior angle i = n—2n180 .

360°

(3) each exterior angle e equals

Thus, for the regular pentagon ABCDE,

LAOB = L ABS = 360 _ 360" _ 75¢,

L ABC = (”‘2}1180 =(8- 25)180 = 108°, and L ABC + L ABS = 180°.

(You were introduced to this principle in frame 21, Chapter 2.)

Now let’s apply Principles 1 and 10 (the only ones containing formulas)
in solving a few problems.

(a) Find aside s of a regular pentagon if
the perimeter p is 35.

(b) Find the apothem r of a regular penta-
gon if the radius of the inscribed circle
is 21. (Check your definition of an
apothem again before trying this one.)

(c) In aregular polygon of 5 sides, find the
central angle ¢, the exterior angle e,
and the interior angle i.

(d) If an interior angle of a regular polygon
is 165°, find the exterior angle, the
central angle, and the number of sides.

(a) p=35. Since p=ns, 36 =5sand s = 7. (Pr.1.)
(b) Since an apothem r is a radius of the inscribed circle, it equals 21.
(Definition.)

(c) n=5.Thenc=%=3—659~=72°,e= =172°,
i=180° — e = 108°. (Pr. 10.)

(d) i=165°. Thenc=e =180° — i = 15°. Since ¢ = %, n = 24,
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9. Another handy formula for the regular polygon is this one.

The area of a regular polygon equals
one-half the product of its perimeter
and apothem.

As shown, by drawing radii a regular poly-
gon of n sides and perimeter p = ns can
be divided into n triangles, each of area

1

grs.

n(%rs) = %(ns)r = %pr.

Hence the area of the regular polygon = A

Regular Polygon
A=Lnsr=5pr

Use this formula to help solve the following problems.

(a)

(b)

(b)

Find the area of a regular hexagon if
the apothem is 5+/3. (Hint: Ina
regular hexagon the central angles

are all 60°, hence the radius, R, equals
the length of a side, s; also, you will
need the formula from frame 34,
Chapter 3, relating the apothem, r,

to the length of a side.)

From frame 34, Chapter 3, Pr. 2, r = %R\/E, but since R = 5, we
can write this r = %sxfg Substituting 54/3 for r gives us

5V3 = %s 3 or s = 10. And since p = sn, then p = 10-6 = 60.
Therefore A = 5pr = 360(5+/3) = 150v/3.

s = 6. Therefore r = %s 3 = %(6\/3) = 34/3. Also

p =sn=66=36 Hence A = 3pr=3(36)(3v3) = 54v3.
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10. Our study of regular polygons leads us very logically to a consideration
of the area of a circle, since a circle may be regarded as a regular poly-
gon having an infinite number of sides.

The Greek letter 7 (pi) no doubt is familiar
to you as the symbol for the ratio of the d
circumference (perimeter) of a circle to its

diameter. That is, 7 = % Hence C = nd or ! g
C = 2zr. Approximate values for 7 are
3.1416, 3.14, or % Unless otherwise indicated Circle: g - 1'21'::

use 3.14 for 7 in solving problems in this book.

(You may recall from your study of algebra that = is an irrational num-
ber; that is, its value cannot be exactly represented as the ratio of two
integers.)

If a square is inscribed in a circle and the
number of sides continually doubled to form,
successively, an octagon, a 16-gon, etc., the
perimeters of the resulting polygons will very
closely approximate the circumference of the
circle. Thus, to find the area of a circle, the
formula A =3 pr can be used with C (circum-
ference) substituted for p (perimeter). Hence,
A= % Cr = % (27r)(r) = nr?. This gives us the familiar formula for the
area of a circle, namely, A = nr?.

Circles are similar figures since they have the same shape. As similar
figures, (1) corresponding lines of circles are in proportion, and (2) the
areas of two circles are to each other as the squares of their radii or
circumferences.

Now let’s apply what we have learned so far. Answer these in terms of
7 and also rounded to the nearest integer.

(a) Find the circumference and area of a circle if its radius is 6.

(b) Find the radius and area of a circle if its circumference is 187.

(c) Find the radius and circumference of a circle if the area is 144 .

(a) Given: r = 6. Therefore C = 27r = 127 and A = nr? = 367 =
36(3.14) - 113.
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11..

12.

(b) Given: C = 18n. Since C = 27r, 187 = 27r and r = 9, hence
A =qr? = 81n - 254.

(c) Given: A = 144n. Since A = nr? and r = 12, then
C=2nr=24n - T5.

Now let’s combine some of the things we have discovered about regular
polygons and circles.

Example: Find the circumference and area

of the circumscribed and inscribed circles

of a regular hexagon if the side is 8.

Solution: Since in a hexagon R = s, then

R = s = 8. Hence for the circumscribed circle,
C = 27R = 16n,and A = nR? = 64n. For the
inscribed circle, r =+ R+/3 = 4v/3. Then
C=2nr=8nv3and A = nr? = 48m.

Here is a similar problem for you to work: Find the circumferences
and areas of the circumscribed and inscribed circles of a regular hexagon
if the side is 4. (Answers may be given in terms of r.)

A sector of a circle is the part of a circle
bounded by two radii and their intercepted
arc. Thus, the shaded portion of circle O

is sector OAB.

A segment of a circle is the part of a circle
bounded by a chord and its arc. Thus, the
shaded portion of circle @ is segment ACB.

The following principles relate to lengths of arcs and the areas of
sectors and segments of circles.
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Pr. 1: In a circle of radius r, the length [ of an arc of n° equals _3_%6
of the circumference of the circle, or [ = g%(%rr) = %’8%

Example: Find the length of an arc of 36° in a circle whose circum-
ference is 457.

Solution: n° = 86, C = 2nr = 457. Then [ = -ggﬁ(&rr) =

3—36%(4517) = %T!.

Find the radius of a circle if a 40° arc has a length of 4.

[ = 4m, n° = 40. Then I = zl5(2nr), or 4 = 460(2rrr) and r = 18.

o

|

w

13. Pr. 2; Ina circle of radius r, the area K of a sector of n° equals

% of the area of the circle, or K = %(—)(:rrr2 ).

Pr. 3: Area of a sector of n° _ _Length of an arc of n° n_

L Area of the circle Circumference of circle ~ 360
Example 1: Find the area K of a 300° sector of a circle whose radius
is 12. # 300

& i o =) o - e | S 2 - L =

Solution: n 3007, r = 12. Then K 360“” ) 360(1447r) 1207,
Example 2: Find the central angle of a sector whose area is 6 if the
area of the circle is 97,

on: Areaofsector _ n 67 _ n_ -
Solution: “Area of circle ~ 360° 97 - 360° and n = 240, hence the

central angle is 240°,

Find the radius of a circle if an arc of length 2 has a sector of area 107.

Length of arc _ Area of sector 27 _ 10x 0
Circumference = Area of circle * 2nr ~ 772 9T 7 = 1U.
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14. Pr. 4: The area of a minor segment of a circle
equals the area of its sector less the
area of the triangle formed by its radii
and chord.

Example: Find the area of a segment if its
central angle is 90° and the radius of the
circle is 8.

Solution: n° = 90°. r = 8. Area of sector
OAB = ks (nr?) = 55(64) = 16m.
Area of right AOAB = %bh = %(8)(8) = 32. Hence the area of segment
ACB = 167 — 32.

Find the area of a segment of a circle if the radius of the circle is 4 and
the central angle is 90°.

Area of segment = 47 — 8

To help you check up on your ability to apply these concepts and for-
mulas relating to regular polygons and circles, below is another short self-test.
As always, be sure to review any portions of the material you find difficult.

SELF-TEST

1. In aregular polygon, find:

(a) the perimeter if a side is 8 and the number of sides is 25.

(b) the perimeter if a side is 2.45 and the number of sides is 10.

(c) the number of sides if the perimeter is 325 and a side is 25.

(d) the side if the number of sides is 30 and the perimeter is 100.

(frame 8)
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Find the area of a regular hexagon, in radical form, if:

(a) itsradiusis 8. _ . _ S

(b) the apothemis 10./3. .

(frame 9)

In a circle find: (Note: You may leave 7 in your answers.)

(a) the circumference and area if the radius is 5.

(b) the radius and area if the circumference is 16 7.

(c) the radius and circumference if the area is 167.

(frame 10)

Find the circumference and area of the circumscribed and inscribed
circles of a regular hexagon if the apothem is 4/3. (frame 11)

(Here is a problem to test your ingenuity. Hint: Find the areas of the
circular cross-sections of the two pipes first.) Find the radius of a pipe
having the same capacity (that is, cross-section area) as two pipes whose
radii are 6 ft. and 8 ft.

In a circle, find the length of a 90° arc if:
(a) theradiusis 4. _
(b) the diameteris 40. _

(c) the circumference is 32.

(frame 12h)

In a circle, find the area of a 60° sector if:
(a) the radius is 6.
(b) the diameteris 2. - _ o

(c) the circumference is 107.

(}rame 1—3T)
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o I3 =

15.

oo S O3 b

Find the area of a segment of a circle if the central angle is 90° and the
length of the arcis 47. (frame 14)

Answers to Self-Test

(a) 200; (b) 24.5; (c) 13; (d) 3%
(a) 96+/3; (b) 6003

(a) C=10n, A = 257

(b) r=8, A = 64n

(c) r=4,C=8nr

C =16n A = 64m; C = 8/3n, A = 487,
10 ft.

(a) 27; (b) 10m; (c

(@) 6m; (b) g (o)
167 — 32

~—

8
m

[

5

o

LOCUS

The word locus, in Latin, means location.
The plural is loci. The locus of a point is
the set of points, and only those points,
that satisfy given conditions. Thus, the
locus of a point that is 1 inch from a given
point P is the set of points 1 inch from P.
These points lie on a circle with its center
at P and a radius of 1 inch. (Remember,
we are dealing only with plane surfaces.)
To determine a locus, (1) state the given
condition to be satisfied, (2) find several
points satisfying the condition which
indicate the shape of the locus, and (3) con-
nect the points and describe the locus fully.
All geometric constructions require the
use of a straightedge and compass, so make
sure yours are available. Shown at the
right is a compass.
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Following are the fundamental locus theorems.

Pr. 1: The locus of a point equidistant |
from two given points is the
perpendicular bisector of the line

joining the two points. -—-«—':‘—+—~

Pr. 2: The locus of a point equidistant o~
from two given parallel lines is a
line parallel to the two lines and i
midway between them. fj >

Pr. 3: The locus of a point equidistant
from the sides of a given angle
is the bisector of the angle. S

Pr. 4: The locus of a point equidistant ’
from two given intersecting lines
is the bisectors of the angles
formed by the lines.

Pr. 5: The locus of a point equidistant
from two concentric circles is the
circle concentric with the given
circles and midway between them.

Pr. 6: The locus of a point at a given
distance from a given point is a
circle whose center is the given
point and whose radius is the
given distance.

Pr. 7: The locus of a point at a given e s sotan o
distance from a given line is a d
pair of lines, parallel to the given — =
line and at the given distance =
from the given line. d
] e et
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Pr. 8: The locus of a point at a given
distance from a given circle whose
radius is greater than that distance
is a pair of concentric circles, one
on either side of the given circle
and at the given distance from it.

Pr. 9: The locus of a point at a given P -
distance from a given circle whose g d
radius is less than the distance, is / \
a circle outside the given circle (
and concentric to it. Note: If
r = d, the locus also includes the \
center of the given circle. e /

Now let’s see how we can apply these principles.

Example: Determine the locus of a runner
moving equidistant from the sides of a
straight track. e = =
Solution: By Pr. 2, the locus is a line

parallel to the two given lines (sides of the

track) and midway between them.

Here are a few similar problems. Compare the conditions given in each
with the principles above and decide which applies. In the problems
which follow in this section, we will ask you to draw a locus. We have
left you some space to do this but you might prefer to use a separate
sheet of paper. Determine (i.e., draw a figure showing) the locus of:

(a) a plane flying equidistant from two
separated ground aircraft batteries.

(b) a satellite 100 miles above earth.

(c) the furthermost point reached by a
gun with a range of 10 miles.

(a) By Pr. 1, the locus is the perpendicular
bisector of the line joining the two
points. |
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16.

(b) By Pr. 8, the locus is a circle concentric T
with the earth and of radius 100 miles i \/100
greater than the earth. \ !
\ \\__ __/’
(c) By Pr. 6, the locus is a circle of radius s

10 miles with its center at the gun. / y\

Consider next the problem of determining the locus of the center of a
circle.

Example: Determine the locus of the center of a circular disk moving
so that it touches each of two parallel linies.

Solution: From Pr. 2, the locusisa
line parallel to the two given lines —%@ =
and midway between them.

Determine the locus of the center of a circle:

(a) moving tangentially to two
concentric circles.

(b) moving so that its rim passes
through a fixed point.

(¢) rolling along the outside of a
large fixed circular hoop.

(a) From Pr. 5, the locus is a circle
concentric to the given circles and
midway between them.

(b) From Pr. 6, the locus is a circle
whose center is the given point
and whose radius is the radius of
the moving circle.
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1

(¢) From Pr. 9, the locusisa circle
outside the given circle and
concentric to it.

A point or points that satisfy two conditions can be found by drawing
the locus for each condition. The required points are the points of inter-
section of the two loci. We won’t go into this in detail, but here is an
interesting example.

Example: On a map, locate buried treasure
that is 3 feet from a tree (T') and equidistant
from two points (A and B).

Solution: The required loci are (1) the
perpendicular bisector of AB (representing
the locus of points equidistant from A and
B), and (2) a circle with its center at T and
a radius of 3 feet (representing the locus of
points 3 feet from the tree). As you can see,
these loci meet at points P, and P, , which
represent two possible locations of the
treasure.

Although this is valid as far as it goes, it is
important to recognize that there are three
possible answers depending on the location
of T with respect to A and B. Thus,

(a) there are two points if the loci intersect; (2) there is one point if the
perpendicular bisector is tangent to the circle; (3) there is no point if
the perpendicular bisector does not meet the circle.

SELF-TEST

Determine the locus of:

(a) the midpoint of a radius of a
given circle.

(b) the midpoint of a chord of fixed
length in a given circle.

(c) the vertex of an isosceles triangle
having a given base.
(frame 15)
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2. Determine the locus of;:

(a) aboat moving so that it is
equidistant from the parallel
banks of a stream.

(b) aswimmer maintaining the
same distance from two
floats.

(c) a police helicopter in pursuit
of a car that has just passed
the junction of two straight
roads and which may be on
either one of them.

(frame 15)

3. Determine the locus of:

(a) a planet moving at a fixed
distance from its sun.

(b) a boat moving at a fixed
distance from the coast of
a circular island.

(c) plants being laid at a distance
of 20 ft. from (on either side of)
a row of other plants.
(frame 15)

4. Describe the locus of a point in rhombus ABCD that is equidistant from:

(a) ABand AD i B C
(b) AB and BC

(¢) AandC__

(d) BandD . N

(e) Each of the four sides.

(frame 15)

5. Determine the locus of the center of:

(a) a coin rolling around and
touching a smaller coin.
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(b) a wheel moving between two
parallel bars and touching
both of them.

(c) awheel moving along a
straight metal bar and
touching it.

(frame 16)

Locate each of the following.

(a) Treasure that is buried 5 ft.
from a straight fence and
equidistant from two given
points where the fence meets
the ground.

(b) Points that are 3 ft. from a
circle whose radius is 2 ft.
and also equidistant from
two lines that are parallel to
each other and tangent to the
circle.

(c) A point equidistant from the
three vertices of a given

triangle.
(frame 17)
Answers to Self-Test
(a) A circle equidistant from the given
circle and its center and concentric “
to the given circle. ‘ q
(b) A circle at a given distance from a ]
given circle and lying between the ‘ ‘

A‘V

given circle and its center. '

N
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(c) The perpendicular bisector of the
given base. “
A

.' B
|
2. (a) The line parallel to the banks and B B B ~
midway between them. p - H——
|
(b) The perpendicular bisector of the !
o B it o, + —0
line joining the two floats. |
I
(c) The bisector of the angle between
the roads. l\
AN
~
3. (a) A circle having the sun as its center and the fixed distance as its
radius.
(b) A circle concentric to the coast, outside it and at the fixed distance
from it.

(c) A pair of parallel lines on either side of the row and 20 ft. from it.
(a) AC; (b) BD; (c) BD; (d) AC; (e) E
(a) A circle concentric to the circumference
of the smaller coin and at a fixed
distance from it.

o

(b) A line parallel to the two given bars

and midway between them. /_K \
(c) Two lines parallel to the given bar

and equidistant from it (the distance 4@__@_.

being equal to the radius of the
wheel).
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6.

18.

(Supply your own explanation for each of these.)

@ P ® — ©
X

' 5
A ! D * PI{__ O % 3, P'z
* \
| f N~
45’2_ . I 4
CONSTRUCTIONS

Closely allied to our work with loci is the topic of construction, for it
enables us to draw accurately the locus by using certain instruments.

It may have occurred to you that the number of curves considered
in these first four chapters has been rather limited. In fact, they have
been limited to just two: the line (considered as a special type of curve)
and the circle. No other curve was examined — not because of lack of
space but because of the definition of plane geometry as agreed upon
by Greek mathematicians:

Plane geometry is that branch of mathematics studying
figures constructed only by the straightedge and the
compass.

And this definition is still our guide today. By sticking to it we not
only become much more resourceful in our ability to construct geo-
metric figures with a minimum of tools, but we gain a great deal of
insight into the relationships between lines, arcs, and angles.

As you well know, the compass is the instrument used for drawing
circles or arcs of circles. The straightedge, on the other hand, is the
instrument for drawing lines; it looks like a ruler except that it has no
markings on it. (You can use a ruler as a straightedge, of course, as long
as you ignore the markings.)

A question such as ‘“Can the bisector of an angle be constructed?”
is largely meaningless until we are told what instruments we are per-
mitted to use. If we are not permitted any, then the construction is not
possible. However, in our work we will accept the Greek definition of
geometry and consider that the only instruments available and permis-
sible are the straightedge and the compass. Thus, the above question
should be interpreted as “Can the bisector of an angle be constructed
by using straightedge and compass only?”” You will find the answer to
this question in the pages that follow.

Although a great many constructions are possible, we will limit
ourselves only to the basic ones, and just enough of those to give you
practice in the techniques and methodology of geometric construction.
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19.

See if you can complete the following statements about your basic
instruments.

The straightedge is used for

The compass is used for

constructing straight lines; drawing circles or arcs of circles

Although one or two steps sometimes are combined, every construction
problem can be solved by these six steps:

(1) A general statement of the problem that tells what is to be
constructed.

(2) A figure representing the given parts.

(3) A statement of what is given in the representation of step 2.

(4) A specific statement of what is to be constructed (result to be
obtained).

(5) The construction, with a description of each step, including the
authority (reason) for each step.

(6). Statement of the conclusion or proof that the desired result was
obtained.

You will find it helpful also if, in making your constructions, you
use the following distinguishing lines:
Given lines, drawn as heavy, full lines.
Construction lines, drawn as light lines.
Required lines, drawn as heavy dashed lines.

Now to our first construction.

Construction 1: Construct a line segment -
congruent to a given line segment.
Given: Line segment AB. ;

) w c D
To construct: A line segment

congruent to AB,
Construction: On working line w, with any point C as a center and a
radius equal to AB, construct an arc intersecting w at D. Then CD
is the required line segment.

Apply this procedure in the following constructions. Given line seg-
ments a and b, construct line segments with lengths equal to:

(a) a+ 2b a b
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(a) On a working line, w, construct a
line segment AB to line segment a. } } 1
From B, construct a line segment waA B c D
equal to b, to point C; and from C
construct a line segment equal to b, to point D. Then AD is the
required line segment.

(b) Construct similarly to (a); AD = 2(a + b).

Construction 2: Construct an angle

equal to a given angle.
Given: LA
To construct: An angle congruent to L A.
Construction: With A as center and a
convenient radius, construct (swing,
draw) an arc (1) intersecting the sides
of LA at Band C. With A’, a point on
working line w, as center and the
same radius, construct arc (2) inter-
secting w at B'. With B as centerand  , 4’ g
a radius equal to BC, construct arc (3)
intersecting arc (2) at C'. Draw A'C'. Then LA’ is the required
angle. (AABC = AA'B'C' by SSS, hence LA = LA'))

Remember not to change your compass setting when making the arcs in
a construction and try these problems. Given A ABC, construct angles
equal to:

(a)) A+B+C A

(b) 24

(a) Using working line w as one side, duplicate
LA (as you learned to do above in
Construction 2). Construct LB adjacent
to L A similarly, as shown. Then construct c

L C adjacent to LB. The exterior sides of w
the copied angles A and C form the required
angle. Note that the angle is a straight angle.
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(b) Constructed similarly.

21. Construction 3: Bisect a given angle.
Given: LA
To construct: The bisector of / A.
Construction: With A as center and
a convenient radius, construct an arc
intersecting the sides of / A at B and
C. With B and C as centers and using
equal radii, construct arcs intersecting
at a point, which we will call D.
Draw AD. AD is then the required
bisector. (AABD = AADC by SSS,
hence L1 = [2))

In ADEF, D is an obtuse angle. Construct E
the bisector of L E.

Use Construction 3 to bisect LE. EH is E
the required line.

22. Construction 4: Construct a line perpen-
dicular to a given line through a given D
point on the line.

Given: Line w and point P on w.
To construct: A perpendicular to w and P. [T
Construction: Using Construction 3, / \

bisect the straight angle at P. DP is the

required perpendicular. w P
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23.

Construct angles of 90° and 45°.

Using Construction 4, construct the D
perpendicular AD, from which
LDAB = 90°. Then using Construc- o
tion 3, bisect L CAD to obtain
LCAE = 45°.

Bl A lc

Construction 5: Bisect a given line segment. (Construct the perpen-
dicular bisector of a given line segment.)
Given: Line segment AB.,
To construct: Perpendicular bisector of AB.
Construction: With A as center and a radius

of more than half AB, construct arc (1). 6

Then, with B as center and the same radius, 2) (1)
construct arc (2) intersecting arc (1) at C A ! B
and D. Draw CD. CD is the required J
perpendicular bisector of AB. (Two points D

each equidistant from the ends of a line
segment determine the perpendicular
bisector of the segment.)

In scalene triangle ABC construct a c
perpendicular bisector of AB.

Use Construction 5 to obtain PQ, the
perpendicular bisector of AB,
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24. Construction 6: Construct a line perpendicular
to a given line from a point not on the line.
Given: Line w and point P outside
of w.

To construct: A perpendicular to w from P.
Construction: With P as center and a
sufficiently long radius, construct an arc
intersecting w at B and C. With B and C
as centers and equal radii more than half of
BC, construct arcs intersecting at A. Draw
PA. PA is the required perpendicular.
(Points P and A are each equidistant from
Band C.)

In ADEF, D is an obtuse angle. Construct
the altitude to DF.

Use Construction 6 to obtain EG, the
altitude of DF (extended). (Note:
Bear in mind, from our definition of
a line in frame 3, Chapter 1, that a
line can be extended in either
direction indefinitely. We will have

occasion to use this property on a
number of future occasions.)

25. Construction 7: Construct a line parallel
to a given line through a given point.
Given: AB and point P.
To construct: A line through P
parallel to AB.
Construction: Draw a line, RS, through

point P intersecting AB at Q. Con- A

struct LSPD = [/ P@B. Then CD is the
required parallel. (If two corresponding
angles are congruent, the lines cut by
the transversal are parallel.)




PLANE GEOMETRY: AREAS, POLYGONS, AND LOCUS 187

26.

Construct a parallelogram given two a
adjacent sides and a diagonal. (a and
b are the adjacent sides, d is the

diagonal.) d

Using A and D as centers and b and d

as radii, construct arcs intersecting at

B. Then, using Construction 7, con-
struct BC parallel to AD. Using B

and D as centers and a and b as radii,
construct arcs intersecting at C. Draw
DC to complete the parallelogram. u
(Vertex C also can be obtained by
constructing BC || AD and DC || AB.)

Construction 8: Divide a line segment into

any number of congruent parts. A B
Given: Line segment AB.
To construct: Divide AB into any " B
number of congruent
parts.

Construction: On a line AP, cut off

the required number of congruent

segments. Then connect B to the C
endpoint of the last segment and

construct parallels to BC. The

points of intersection of these parallels and AB divide AB into the
required number of segments. (If three or more parallel lines cut
off congruent segments on one transversal, they cut off congruent
segments on any other transversal.)

Find two-fifths of line segment AB.
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On another line, AP, construct five A B
congruent segments. Draw BH.
Through the endpoint E of the
second segment of AH, construct
a line parallel to BH, meeting AB
at C. Then AC is two-fifths of AB.

2
27. Construction 9: Circumscribe a circle about a triangle.

Given: AABC B
To construct: The circumscribed circle
of AABC.
Construction: Construct the perpendicular
bisectors of two sides of the triangle. A c

Their intersection is the center of the
required circle, and the distance to any
vertex is the radius. (Any point on the
perpendicular bisector of a line is equi-
distant from the ends of the line.)

Construction 10: Inscribe a circle in a given triangle.

Given: AABC B
To construct: The circle inscribed in
AABC.

Construction: Construct the bisectors

of two of the angles of AABC. Their

intersection is the center of the

required circle and the distance (per- A . 1 c
pendicular) to any side is the radius.

(Any point on the bisector of an angle

is equidistant from the sides of the angle.)

Use Constructions 9 and 10 to construct the circumscribed and inscribed
circles of an isosceles triangle.
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Since A DEF is isosceles, the bisector of L E
also is the perpendicular bisector of DF.
Therefore, the center of each circle is on
EG. I, the center of the inscribed circle,

is found by constructing the bisector of

LD or L F and extending it until it inter-
sects EG. C, the center of the circumscribed
circle, is found by constructing the perpen-
dicular bisector of DE or EF and extending
it until it intersects EG.

SELF-TEST
Given line segments a and b, construct a a
line segment whose length equals:
b

(a) a-+ b
(b) a-10&
(c) 2a+ b

(frame 19)
Given triangle ABC, construct an angle equal to: B
(a) A+ B
(by C-A
(c) 2B A &

(frame 20)

For each kind of triangle (acute, right, and obtuse), show that the fol-
lowing sets of lines are concurrent (that is, intersect in one point).

(a) the angle bisectors

(b) the medians

(c) the perpendicular bisectors (frames 21-24)
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4. Given A ABC, construct:
(a) the supplement of L A
(b) the complement of /B

(c) the complement of one-half / C
(frames 21-24)

5. Given an acute angle, construct its:
(a) supplement
(b) complement
(c) half of its supplement

(d) half of its complement
(frames 21-24)

6. Construct a parallelogram, given:
(a) two adjacent sides and an angle
(b) the diagonals and a side

(c) aside, an angle, and the
altitude to the given side.
(frame 25)

-1

Divide a line into two parts such that:
(a) one part is three times the other

(b) one part is three-fifths of the
given line.
(frame 26)

8. Circumscribe a circle about:

(a) aright triangle

(b) arectangle

(c) asquare.
(frame 27)
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Answers to Self-Test

This time it will be left to you to check your own work.

This brings us to the conclusion of our work with the elements of
Euclidean plane geometry. Since there is not sufficient space in a condensed
presentation such as this to include as many problems as either the reader or
the author might wish, you are urged to refer to any good geometry text-
book (see the selected references in the front of this book) for more practice
with proofs and applications of the fundamentals we have covered. Now on
to the next topic: trigonometry.




CHAPTER FIVE

Numerical Trigonometry

Numerical trigonometry is principally concerned with finding the lengths of
the sides and the sizes of the angles of triangles. It is the next logical subject
for us to study in our “geometric” approach to preparation for the study of
calculus since it provides some extremely useful techniques for solving a large
category of problems. Also, it follows naturally from the study of geometry
and our work with triangles.

It would not be correct, however, to leave you with the impression that
the study of trigonometry is limited to its applications to triangles. Its
modern uses are many, in both theoretical and applied fields of knowledge.
Inevitably you will meet, and find it necessary to use, the trigonometric
functions when you study the calculus of certain algebraic functions. You
also will meet the trig functions when you study wave motion, vibrations,
alternating current, and sound.

In this chapter we will be dealing only with the solution of right triangles,
that is, finding the numerical values of the sides and angles when some of
these elements are known. You already have learned how to find the lengths
of the sides by using the Law of Pythagoras (or Pythagorean Theorem, as it
also is known). Now you will learn some additional methods that will
enable you not only to find the lengths of the sides but the sizes of the
angles as well.

Specifically, when you have completed this chapter you will be familiar
with and be able to use:

e the six trigonometric functions: the sine, cosine, tangent,
secant, cosecant, and cotangent;

¢« cofunctions;

e functions of 30°, 45°, and 60° angles;

e vectors;

e both angular and circular measure, that is, both degrees
and radians as measures of angle size.

192
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TRIGONOMETRIC FUNCTIONS OF ACUTE ANGLES

Trigonometry deals with triangles, that is, geometric figures bounded
by three lines. Plane trigonometry (the kind we will be concerned with
in this book) deals with plane triangles formed by the intersection of
three straight lines (as distinguished from spherical triangles, which lie
on the surface of a sphere and therefore are bounded by curved lines).
A plane is, of course, simply a flat (two-dimensional) surface.

As you also learned from geometry, a right triangle is a triangle con-
taining a right (90°) angle.

Just to make sure you are clear as to what a right triangle looks like,
indicate in the spaces provided which of the following are right triangles
(mark them with an X):

@ — L 1 SIEETR

Triangle (a) is the only possible right triangle. The angles in triangle (c)
obviously are all less than 90°. And of those in triangle (b), one obvi-
ously is too large and the others too small to be 90°. This leaves only
triangle (a), and although the two angles at the base are evidently less
than 90°, the angle at the top appears to be a right angle. You can
check this by placing any corner of a sheet of note paper in this angle.
Also, if you turn the book so that one of the sides of this triangle forms
the base it becomes readily apparent that it is a right angle.

That certain relationships exist between the sides and angles of a right
triangle can readily be shown by the following illustration.

B B B

(1) (2) (3)

Note that the length of side a is the same in all three triangles.
However, in example 2 side b is shorter than in example 1 and angle A
is correspondingly larger. In example 3 side b is larger than in example
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1, and L A is correspondingly smaller. So it is apparent that as the
length of side b increases, and side a remains the same, the size of /. A
decreases. By using other diagrams we could see that if side a increases
and side b remains constant, Z A increases. The reverse also is true: if
side a decreases, /. A decreases.

These are but a few of all the relationships existing between the
sides and angles of a right triangle. They are enough to suggest, how-
ever, that the size of an angle in a right triangle depends upon the ratio
existing between any two sides of the triangle.

Look again at the triangles above and answer this question: What
happens to the size of angle B as side b increases, if side a remains
constant?

Angle B increases in size.

Both from your study of algebra and also from the earlier discussions in
this book, you should be familiar with ratios. However, since “‘ratio” is
an important concept and a short review won’t hurt, let’s run over it
again.

In the preceding frame we stated that the size of an angle in a right
triangle depends upon the ratio existing between any two sides of the
triangle. And in Chapter 3, frame 12, we indicated that the ratio of two
quantities is the first divided by the second. We can either simply

indicate the intended division by use of a fraction bar (%, for example)

or we can perform the division, in which case the resulting number is
said to be a decimal fraction, or simply a decimal. Thus the decimal

equivalent of ?1) would be 0.1111 . . ., carried to as many decimal places

as the problem required.

To make sure you have the right idea of ‘“‘ratio,” mark the phrase below
that completes correctly this statement: The ratio of one number (length
of the side of a triangle, for instance) to another number (length of
another side) is the result of dividing the first number by the second.
This division:

(a) must be indicated by a fraction bar.
—(b) must be performed and shown as a decimal fraction.

(c) may either be shown by use of a fraction bar or performed
and shown as a decimal.
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Choice (¢). (Note: The division could, of course, be indicated by the
division symbol, but use of the fraction bar is much more common.)

You should also be aware that our ‘“decimal fraction” may occasionally
be a whole number, although it seldom is in trigonometry. It may also
be composed of a whole number and a decimal fraction. We’ll see some
examples of this as we go along.

Now back to our triangles again for a little practice in working with
ratios.

b=4 b=2 b=8
(1) (2) (3)

In triangle 1 above the ratio of side a to side b (that is, %) is % or, if we

divide, 1.

What will be the ratio of a to b in triangle 3? And what will happen to
the size of angle A as compared with what it was in triangle 1?

The ratio will be % or 0.50, and angle A will have decreased in size. In

this case the size of angle A varies directly with the value of the ratio
between sides a and b. That is, as the ratio becomes smaller, the size of
angle A decreases; as the ratio becomes larger, the size of angle A
increases.

Be careful not to fall into the error of thinking that the size of an angle
always is directly proportional to the ratio between two particular sides.
Consider, for example, what happens to the size of angle B as the ratio

between sides a and b changes.
B B B
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In example 1, angle B appears to be approximately equal to angle A.
But in example 3, where the ratio of a to b has decreased by 50%, angle
B has increased in size. We say, therefore, that the size of angle B is
inversely proportional to the ratio of side a to side b.

Since the size of an angle depends upon the ratio of the sides of a
triangle, we can correctly conclude that, conversely, the length of the
sides will depend upon the size of the angle. Thus, in the triangles
above, if angle A increases in size, side a will increase; if angle B
decreases in size, side b will decrease; and so on.

This matter of the relationships between the sides and angles of a
right triangle is pretty much the essence of plane trigonometry —
although this statement in no way minimizes these relationships, for
they are all-important. They make possible the solution of a great many
problems that otherwise would be very difficult to solve.

Because these relationships are so
important they have been carefully defined,
and each has been given a name. Thus, in the
triangle at the right, the ratio of the side
opposite angle A to the side opposite the &
right angle is called the sine of angle A. (The
side opposite the right angle is, as you learned
in geometry, called the hypotenuse.) So the A
sine of angle A may be expressed as a ratio:

_ opposite side

ok hypotenuse

: a
or sin A = =,
c

The term “‘sine’” usually is abbreviated, as shown, to ““sin” but pro-
nounced as though it still had the “e’” on the end.

If the sine of an angle is the ratio of the side opposite an angle to the
hypotenuse of a right triangle, what would be the sine of angle B?

The sine of angle B would be i_—)

In trigonometry when we talk about variations in the size of an angle
with changes in the lengths of the sides of a triangle, we have to talk
about a specific angle and two specific sides, otherwise our discussion
would be meaningless. Not only must we be sure which two sides we
are referring to, but we also must be sure (since we’re forming their

ratio) that we have them in the correct order (% obviously is quite dif-

ferent from %). Thus, when we say “hypotenuse” we always mean the
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side opposite the right angle. When we say “‘adjacent side” we are
referring to the side next to the angle we’re interested in. Similarly,
when we use the term ““opposite side” we mean the side opposite the
angle of interest.

In addition to the sine, which we have just discussed, there are five
additional relationships, or ratios, which we use in trigonometry. These
relationships and their abbreviations are as follows:’

B

adjacent
hypotenuse

tangent = gg_pgs_lt_g or tan 4 =2
adjacent b

_ hypotenuse =
cosecant = - or csc A= or cscB=
opposite a

cosine =

(=l (o]

_ hypotenuse =i -
secant adjacent or sec A p OF sec B =
cotangent = adljaany or cot A = ;—)

3 or cot B=4%
opposite

b

How many trigonometric ratios have we named so far?

Six (although we have done each for two angles).

Since there are only six possible combinations of the three sides of a
right triangle, taken two at a time, there are just six trigonometric ratios.
Hence these are all the relationships — together with their odd names —
you need to learn about in order to work problems in trigonometry.
Once you have memorized these ratios (and it is very important that
you do s0), the hardest part of the job will be over. Of course you will
need practice using them to solve problems, but it will be necessary to
introduce very few additional concepts in this chapter. Memorize the
six ratios now, and then return here.

Now notice this about the six relationships we have been discussing:
the last three given you are merely reciprocals (inversions) of the first
three! Keep this in mind and you will find the memorizing much easier.
Thus, to summarize,
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i i _ ! t
i = opposite g = hypotenuse

hypotenuse opposite
_ adjacent _ hypotenuse
CO8 = o fag miea———
hypotenuse adjacent
_ opposite _ adjacent
tan = —F—— t= :
adjacent opposite

To make sure you remember what the abbreviations above stand for,
write in the full name of each of the trigonometric relationships in the
spaces below.

BTl e i oo cse

cos __ - sec S
tan cot -

sine cosecant

cosine secant

tangent cotangent

8. If you had any difficulty with any of the above terms, be sure to review
them before going ahead. You should become thoroughly familiar with
them as soon as possible.

Did you memorize the six trigonometric functions (ratios)? Let’s see.
Fill in the missing information below in terms of the sides of a right
triangle (i.e., opposite, adjacent, and hypotenuse).

( )

, i )
sin = ese =
( ) ( )
2 i ) =ik )
cos = ec = }
( )T )
2 ) _ )
tan = cot =
( ) ( )
opposite hypotenuse
hypotenuse opposite
adjacent hypotenuse
hypotenuse adjacent
opposite adjacent
adjacent opposite
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Again, if you missed any of these be sure to study them once more
before going on.

SOLUTION OF RIGHT TRIANGLES

Now, restating the functions in terms of angle A we get:

B
sinA =2 csc A =6
c a
C
cosA.=ZEJ secA=% a
tanA=% cotA=i—) A b C

Lest these terms and equations become too terrifying, it is well to keep
in mind exactly what they mean.

Look at the first equation. Putting it into words it reads as follows:
The sine of angle A is equal to the ratio of side a to side c; or, the sine
of angle A is equal to the ratio of the side opposite angle A to the
hypotenuse of the right triangle. The terms sine, cosine, tangent,
cosecant, secant, and cotangent are called trigonometric functions, a
term we will use quite frequently.

Actually the size of angle A (or angle B) is dependent upon the
ratios existing between three sets of sides which, with their reciprocals,
constitute six separate trigonometric functions, as shown above. The
use of the term “‘sine,” for example, merely indicates which function
we’re talking about. A few examples should help clarify this for you.
So let’s see how the different trigonometric functions can be used in a
practical way to solve mathematical problems. B
Referring to the familiar right-triangle
figure at the right, let us assume that the
lengths of sides b and ¢ are known and
that we need to find the size of angle A;
b=4,¢c=5,and A =7

Our first step is to choose a A =2 c
trigonometric function involving the
two known values and the unknown value under consideration. Here
again are the choices open to us.

sinA=% csc A ==
cosA=Q sec A =€
c b
tan A = & cotA=Q
b a
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10.

Which function would you choose to help you solve this problem?

The cos function. Why? Because the cosine function involves the use
of two known values, namely, the lengths of the sides b and ¢. You
also could have selected the secant instead of the cosine and still been
correct since one is merely the reciprocal of the other and both involve
the same two sides of the triangle, sides b and ¢. However, since our
tables of the trigonometric functions (which we will discuss in the next
frame) do not include values for the secant and the cosecant, we will
stick to using the sin and cos in problem solving.

Here is our triangle again so that you will B
have it conveniently at hand while we
discuss it.

In choosing an appropriate function
for solving a right triangle problem, you
always have a choice of two, just as we !
did above. That is, for any given com- A
bination of two sides and one angle of a
right triangle you always have a choice between either a primary func-
tion (sine, cosine, or tangent) or its reciprocal (cosecant, secant, or
cotangent). Sometimes the reciprocal function works out a little more
conveniently than the primary function, or vice versa. The general rule
is that where there is no apparent advantage of one over the other,
choose the primary function.

Let’s see if you have caught the point. Place an X by the statement
below that best summarizes what we have just said.

(a) The reciprocal can always be used in place of the primary
function.

_ (b) The reciprocal can sometimes be used in place of the primary
function.

(c) Either the primary or secondary function can be used, but
where the choice appears even, use the primary function.

Choice (c). The first answer is a correct statement also, but it is not the
best (most complete) answer. In (b), “sometimes” is incorrect — it can
always be used.




NUMERICAL TRIGONOMETRY 201

11.

12.

Getting back to our triangle again, then, B
we are agreed that, although either the

cosine or the secant could be used, we W

will follow the general rule of using the a
primary function where the choice is

even. This gives us: A

b b=4

cos A ==
c

and, by substituting the given values of the sides,

cos A =& = 0.8000.
All that remains, therefore, is to discover what angle the value 0.8000
represents. To find this out we refer to the Table of Trigonometric
Functions, found at the back of this book.

Before delving into the table of natural trig functions, let’s make sure
you’re clear as to what the number 0.8000 represents. Select the cor-
rect statement below.

_ (a) It simply represents the ratio of 4 to 5.
_(b) Itisthe size of angle A in inches.

_(e) Itisthe size of angle A in degrees.

Choice (a)

Perhaps this was obvious to you. It isn’t to everyone. Probably because
we tend to want to assign some dimensional characteristic to most
numbers, especially if they relate to other numbers that do have dimen-
sional properties. However, you should recall from your study of
algebra that ratios do not have to have dimensional units attached to
them. In the present case 4 over 5 is a ratio expressed as a simple
fraction. If we divide 5 into 4, we get the decimal fraction 0.8000,
which represents the same ratio.

Now we’re ready to look at the table of trigonometric functions
(see Appendix) and find out what angle it is that the ratio 0.8000
represents. Notice (on page 395) the column labeled ““cos™ and observe
that the cosine begins with a value of 1.00000 at 0° and decreases as
the angle increases. If we read down this column, turning the pages as
we go, we arrive eventually at the value 0.80003, which is as close as
we can come to 0.80000 without interpolation (the process of finding
intermediate values — that is, between those given in the table —
through the use of proportional parts). This value is shown in the
sample table page on page 203.
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13.

What is the corresponding angular value? el

If you didn’t get the above answer, look carefully at the circled parts
of the figure on the next page, then go back and find this page in the
table, checking carefully again until you see how to find the correct
answer. Be careful to stay in the ““cos” column and to read from the
top down, not up from the bottom. There will be occasions when it
is appropriate to read from the bottom up, and we will be talking
about them soon. But for now remember that we started at the top
of the first page of the table, noting that the cosine begins with a
value of 1.00000 at 0° and decreases gradually as the angular values
increase. And these increasing angular values appear along the left
side of the table. The angular values shown at the bottom and along
the right side of the table should be ignored for the moment.

There is another feature of these tables you should be aware of if
you have not used trig tables before. In order to save space publishers
take advantage of the fact that the sine and cosine (also the tangent and
cotangent, secant and cosecant) are what we call “co-functions.”” We
will go into the matter of just what a co-function is a little later. For
the present it is sufficient to point out that the sine of an angle is
numerically equal to the cosine of 90° minus the angle. Similarly, the
tangent of an angle is equal to the cotangent of 90° minus the angle,
and the secant is equal to the cosecant of 90° minus the angle. What
this means, in terms of the trigonometric tables, is that the entire range
of natural trigonometric functions up to 90° can be covered simply by
printing tables up to 45°. Beyond 45° it is necessary only to change
the function names at the bottom of the columns, print the degree
values at the bottom of the page, reverse the minute values to read up
instead of down (along the right-hand edge), and the job is done.

Use the tables to find the sine of 53°08".

sin 53°08' = 0.80003.

If you did not get the correct answer, check the circled parts of the
figure on page 204 and then refer back to the table until you are sure
you see how to find the correct answer.
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203

37°

’ sin | tan | cot | Ccos) sin | tan | cot | cos
0| 58779 ;72654 1.3764 |.80902 | 60 0 |.60182 ,.75355 |1.3270 | 79864 | 60
| 802 | 699 .3755 885 | 59 | 205 401 | .3262 ! 846 59
2 826 743 | 3747 867 | 58 2 228 | 447 L3254 ! 829 | 58
3 849 . 788 | .3739 850 | 57 3 251 492 | .3246 [ 811 | 57
4 873 832 | .3730 833 | 56 4 274 538 | .3238 | 793 56
b | 58896 |.72877 '1.3722 |.80816 | 66 b |.60298 |.75584 [1.3230 [.79776 | 65
6 920 921 | .3713 799 | 54 6 321 629 | .3222 758 | 54
7 943 | 72966 | .3705 782 | 53 7 344 675 .3214 741 | 53
8 967 |.73010 | .3697 765 | 52 8 367 721 | .3206 723 | 52
9 1. 58990 055 | .3688 748 | 51 9 390 767 | .3198 706 | 51
10 |.59014 |.73100 |1.3680 | 80730 | 60 10 |.60414 | 75812 !1.3190 {.79688 | 6O
11 037 144 i 3672 713 | 49 11 437 858 | .3182 671 | 49
12 061 189 | .3663 696 | 48 12 460 904 | 3175 653 | 48
13 084 234 | 3655 679 | 47 13 483 950 | .3167 | 635 47
14 108 278 l 3647 662 | 46 14 506 i.75996 . .3159 J 618 | 46
16 |.59131 [.73323 '1.3638 |.80644 | 46 16 |.60529 |.76042 '1.3151 | 79600 | 46
16 154 368 | 3630 627 | 44 16 553 088 | .3143 583 | 44
17 178 413 ! .3622 610 | 43 17 576 134 | .3135 565 | 43
18 201 457 1 .3613 593 | 42 18 599 180 | 3127 547 | 42
19 225 502 ‘ .3605 576 | 41 19 622 226 ' 3119 530 | 41
20 | 59248 | 73547 '1.3597 | 80558 | 40 20 |.60645 {.76272 '1.3111 {79512 | 40
21 272 592 | .3588 541 | 39 21 668 318 | .3103 494 | 39
22 295 637 | .3580 524 | 38 22 691 364 | .3095 477 | 38
23 318 681 | .3572 507 | 37 23 714 410 | .3087 459 | 37
24 342 726 | .3564 489 | 36 24 738 456 | .3079 441 | 36
25 |.59365 |.73771 |1.3555 |.B80472 | 36 26 |.60761 |.76502 |1.3072 |.79424 | 35
26 389 816 | .3547 455 | 34 26 784 548 3064 406 | 34
27 412 861 | .3539 438 | 33 27 807 594 3056 388 | 33
28 436 906 | .3531. 420 | 32 28 830 640 | .3048 371 | 32
29 459 951 | .3522 ' 403 | 31 29 853 686 | .3040 3531 31
30 |.59482 |.73996 |1.3514 ' 80386 | 30 30 |.60876 |.76733 |1.3032 |.79335| 30
31 506 | 74041 | .3506 ; 368 | 29 31 899 779 | .3024 318 | 29
32 529 086 | .3498 | 351 | 28 32 922 825 | .3017 | 300 28
33 552 131 | .3490 334 | 27 33 945 871 | .3009 282 | 27
34 576 176 | .3481 316 | 26 34 968 918 | .3001 264 | 26
35 |.59599 |.74221 |1.3473 [.80299 | 26 35 |.60991 |.76964 11.2993 | 79247 | 26
36 622 267 | .3465 282 | 24 36 |.61015 |.77010 | .2985 229 | 24
37 646 312 | 3457 264 | 23 37 038 057 | .2977 211 | 23
38 669 357 | .3449 247 | 22 38 061 103 | 2970 193 | 22
39 693 402 | 3440 230 | 21 39 084 149 | 2962 176 | 21
40 | 59716 |.74447 '1.3432 |.80212 | 20 40 |.61107 |.77196 |[1.2954 |.79158 | 20
4] 7% 492 | 3424 195 | 19 4] 130 242 1 (2946 140 | 19
42 763 538 | .3416 178 | 18 42 153 289 | .2938 1221 18
43 786 583 | .3408 . 160 | 17 43 176 335 | .2931 105 17
44 809 628 | .3400 | 143 | 16 44 199 382 I .2923 0871 16
45 |.59832 | 74674 [1.3392 . 80125 | 16 45 |. 61222 | 77428 1.2915 |.79069 | 16
46 856 719 | .3384 i 108 | 14 46 245 475 | .2907 051 ) 14
47 879 764 | 3375 09113 47 268 521 | .2900 033 13
48 902 810 | .3367 i 073 | 12 48 291 568 | 2892 |.79016 | 12
49 926 853 | .3359 056 | 11 49 314 615 | .2884 |.78998 | 11
B0 | 59949 |.74900 |1.3351 [.80033 10 60 |.61337 | 77661 |1.2876 |.78980 | 10
51 972 | 946 | .3343 | 02| 9 51 360 708 | .2869 962 9
59995 |.74991 | .3333 CB00OD| 8 52 383 754 | .2861 944 8
60019 | 75037 | ,3327 |.79986 | 7 53 406 801 | .2853 926 7
54 042 | 082 { L3319 968 6 54 429 848 | . 2846 908 | 6
66 | 60065 '.75128 ‘I 3311 |.79951 5 56 |.61451 | 77895 |1.2838 | 78891 ]
56 089 | 173 | .3303 934 | 4 56 474 941 | .2830 873 4
57 112 219 .3295| 916 3 57 497 |.77988 | .2822 853 3
58 135 264 I 3287 | 899 2 58 520 |.78035 | .2815 837 2
59 158 310 | 3278 ‘ 881 I 59 543 082 ‘ .2807 819 |
60 | 60182 | 75355 |1.3270 [.79864 | O 60 |.61566 | 78129 |1.2799 | 78801 0

J <08 I cot | tan | sin I ’ I cos l cot | tan | sin

53° 52°
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36° 37

C sin | tan | cot | cos | A sin | tan | cot | cos
0| 58779 (.72654 |1.3764 |.80902 | 60 0 |.60182 ..75355 [1.3270 |.79864 | 60
1 802 | 699 3755 885 | 59 1 205 | 401 | .3262 846 | 59
2 826 ‘[ 743 | 3747 867 | 58 2 228 | 447 | 3254 829 | 58
3 849 . 788 | .3739 850 | 57 3 251 492 | .3246 811 | 57
4 873 832 | .3730 833 | 56 4 274 538 | .3238 793 | 56
b |.58896 |.72877 '1.3722 |.80816 | 66 6 |.60298 |.75584 (1.3230 |.79776 | 65
6 920 921 | .3713 799 | 54 6 321 629 | .3222 758 | 54
7 943 |.72966 | .3705 782 | 53 7 344 675 | .3214 741 | 53
8 967 |.73010 | .3697 765 | 52 8 367 721 | .3206 723 | 52
9 | 58990 055 | .3688 748 | 51 9 390 767 | .3198 706 | 51
10 [.59014 [.73100 |1.3680 |.80730 | 60 10 |.60414 | 75812 [1.3190 |.79688 | 60
11 037 144 | 3672 713 | 49 11 437 858 | .3182 671 | 49
12 061 189 | .3663 696 | 48 12 460 904 | 3175 653 | 48
13 084 234 | 3653 679 | 47 13 483 950 | .3167 635 | 47
14 108 278 | .3647 662 | 46 14 506 |.75996 | .3159 618 | 46
16 |.59131 |.73323 '1.3638 |.80644 | 46 16 |.60529 |.76042 [1.3151 | 79600 | 46
16 154 368 | .3630 627 | 44 16 553 088 | .3143 583 | 44
17 178 413 ’ .3622 610 | 43 17 576 134 | 3135 |  565| 43
18 201 457 | .3613 593 | 42 18 599 180 | .3127 547 | 42
19 225 502 ‘ .3605 576 | 41 19 622 226 | 3119 530 | 41
20 | 59248 |.73547 |1.3597 80558 | 40 20 |.60645 (76272 1.3111 [.79512 | 40
21 272 592 | .3588 541 | 39 21 668 318 | .3103 494 | 39
22 295 637 | .3580 524 | 38 22 691 364 | .3095 477 | 38
23 318 681 | .3572 507 | 37 23 714 410 | 3087 459 | 37
24 342 726 | .3564 489 | 36 24 738 456 | 3079 441 | 36
256 |.59365 |.73771 [1.3555 |.80472 | 36 26 |.60761 | 76502 '1.3072 | 79424 | 36
26 389 816 | .3547 455 | 34 26 784 548 | 3064 406 | 34
27 412 861 | .3539 438 | 33 27 807 594 3056 388 | 33
28 436 906 | .3531. 420 | 32 28 830 640 | .3048 371 | 32
29 459 951 | .3522 403 | 31 29 853 686 | .3040 353 | 31
30 |.59482 |.73996 |1.3514 1 .80386 | 30 30 |.60876 |.76733 |1.3032 |.79335 | 30
31 506 | 74041 | 3506 ' 368 | 29 31 899 779 | .3024 318 29
32 529 086 | .3498 351 | 28 32 922 825 | .3017 300 | 28
33 552 131 | .3490 334 | 27 33 945 871 | .3009 282 | 27
34 576 176 | .348] 316 | 26 34 968 918 | .3001 264 | 26
35 |.59599 |.74221 |1.3473 [.80299 | 26 36 |.60991 |.76964 |1.2993 | 79247 | 26
36 622 267 | 3465 282 | 24 36 |.61015 |.77010 | .2985 229 | 24
37 646 312 | 3457 264 | 23 37 038 057 | .2977 211 ] 23
38 669 357 | L3449 247 | 22 38 061 103 | .2970 193 | 22
39 693 402 | .3440 230 | 21 39 084 149 | 2962 176 | 21
40 |.59716 |.74447 |1.3432 |.80212 | 20 40 |.61107 [.77196 '1.2954 | 79158 | 20
41 7% 492 | 3424 195 | 19 41 130 242 | 2946 140 | 19
42 763 538 | .3416 178 | 18 42 153 289 | .2938 1221 18
43 786 583 | 3408, 160 | 17 43 176 335 | .2931 105 | 17
44 809 628 | .3400 | 143 | 16 44 199 382 | .2923 0871 16
46 |.59832 |.74674 (1.3392 ..80125 | 16 45 |.61222 |.77428 '1.2915 [.79069 | 15
46 856 719 | .3384 . 108 | 14 46 245 475 | 2907 051 | 14
47 879 764 | 3375 | 091 ] 13 47 268 521 | .2900 033 ] 13
48 902 810 | .3367 | 073 |12 48 291 568 = .2892 |.79016 | 12
49 926 855 | .3359 . 056 | 11 49 314 615 | .2884 | 78998 | 11
B0 | 59949 | 74900 1.3351 ;.80038 10 50 1.61337 |.77661 |1.2876 |.78980 | 10
51 972 | 946 | .3343 1] 9 51 360 708 | .2869 92| 9
52 1.59995 | 74991 ’ .3335C 800034 C8Y | 52 383 754 | .2861 944 | 8
53 1.60019 | 75037 | .3327 |. 6| 7 53 406 801 | .2853 926 | 7
54 042 | 082 | .3319 9%8 | 6 54 429 848 | .2846 98| 6
66 |.60065 !.75128 i1.3311 179951 | & 66 |.61451 | 77895 [1.2838 (.78891 | &
56 089 173 | 3303 | 934 | 4 56 474 941 | .2830 873 | 4
57 112} 219 ‘ .3295 916 | 3 57 497 |.77988 | .2822 855| 3
58 135 [ 264 | 3287 899 | 2 58 520 |.78035 | .2815 837 2
59 158 310 .3278 881 1 59 543 082 | .2807 819 | 1
60 | . 60182 | 75355 ‘.I 3270 1.79864 | O 60 |.61566 | 78129 [1.2799 |.78801 | O
| cos | cot | tan | | ¢ | cos | cot | tan | sin i

& &
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14. Do you recognize the answer in frame 13 as being the same as the cosine
of 36°52'? If you got this answer you must have done everything right.
Remember, when we are looking up an angle greater than 45° we look
for the angle values at the bottom of the page rather than at the top.
Also we read the minute values in the right-hand minutes column,
starting at the bottom. So if you got it right you now know how to
find function values of angles greater than 45°. Try these for more

practice.

sin 16°11' = . cos 1°55" =

cos 33°30' = , sin 81°48' =
sin 45°15" = N cos 73°49' =

Which pairs have the same values? ___ SO
(In rotation the answers are: 0.27871, 0.55194, 0.71019, 0.99944,
0.98978, 0.27871; the first and last.)

Let’s try another problem. Suppose a
we know angle B and side b in our right
triangle but wish to find the length of & a
side a. Again we must choose a trigono-
metric function involving the two known A c

values as well as the unknown value b

desired. For your convenience the six trigonometric functions are
restated below, but this time in terms of angle B (since that’s our known
angle in this case) rather than in terms of angle A.

] —I_) =£
smB—c csc B b
_a =G
cos B = sec B 3
_:b - a
temB—‘:I cot B b

With these functions before you, see if you can select the one most
appropriate to the solution of the problem.

Your choice: ___

The best choice would be: cot B = %. Tan B = g is also an acceptable

choice since it contains the two known values as well as the unknown
value (side a) we are seeking. Either the tangent or the cotangent would
serve since both contain the necessary terms. Although it may not be
apparent to you at the moment, the cotangent actually will be a little
easier to use since we will need to transpose fewer terms in solving the
equation.
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15.

16.

Using the cotangent function, then, we
can set up the problem as follows:

B =52° 18’ B
: ; b=12
cot B = 2dijacent side _ g a=?
opposite side b ¢
a
By substitution of the known values
shown in the figure we get A 5 &
o A
cot 52718 = 192

or, multiplying,

a = 12(cot 52°18') or simply 12 cot 52°18'.
In other words, to solve the equation for a, we must multiply 12 times
the cotangent of 52°18'. But what is the cotangent of 52°18'? Look it

up in the table of trigonometric functions. What you find should enable
you to select the correct answer below.

(a) 0.77289 __ (b) 1.2938 (c) 1.3127

Choice (a). (See the sample table portion on the next page.)

Now that we know the value of the cotangent, we can substitute as
follows:

a =12 cot 52°18'
or a=12(0.77289)
a = 9.217.

“Yes, but 9.27 what ?”’ you may wonder. The answer is, 9.27 anything,
that is, any kind of linear measure: feet, inches, miles, furlongs, centi-
meters — the choice is yours. If no unit was specified in the problem
(and it wasn’t in this case) for the length of side b, then you can think

of both side @ and side b as being in any convenient unit of measurement.
Usually, in a practical problem, the type of unit would be specified, in
which case all sides would be in the same unit, whatever it was.

Now let’s try another problem, one that
involves finding an angular value. Consider
the triangle shown at the right. The lengths
of the two sides are given and, if necessary,
we could find the length of the third side
by use of the Pythagorean Theorem (chapter
3, frame 30). But this wouldn’t help us find A b ¢
out anything about the size of the angles.

So, turning to trigonometry for help, we first have to select a function
that includes the two known quantities (lengths of the two sides) plus
one of the unknown angles — angle A, for instance.

nmwn
2 00 W

a
(&
A
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36° 37°
sin | tan | cot | cos sin | tan | cot | cos

58779 72654 13764 |.80902 | 60 60182 75355 |1.3270 |.79864 | 60
802 699 3755 | 885 |59 205 401 | 3262 | 846 | 59
826 | 743 .3747| 867 |58 228 | 447 | 3254 | 829 58
849 | 788 | 3739 | 850 | 57 251 | 492 3246 | 811 57
873 | 832 3730 | 83356 274 | 538 3238 793 56
/72877 '1.3722 |.80816 | 56 60298 | 75584 |1.3230 |.79776 | 66
920 921 | .3713| 799 | 54 321 | 629 | .3222| 758 54
943 | 72966 | 3705 | 782 | 53 344 | 675| 3214 741|533
967 | 73010 | (3697 | 765 | 52 721 | 3206 | 723 | 52
58990 | 055 | .3688 | 748 | 51 390 | 767 | .3198 | 706 51
10 |.59014 | .73100 |1.3680 | 80730 | 60 60414 |.75812 11.3190 |.79688 | 60
| 037 | 144 | 3672 713 |49 437 | 858 | 3182 | 671 | 49
12| o6l | 189 3663 | 696 |48 460 | 904 | 3175 | 653 | 48
13| os4| 234 | 3653| 79|47 483 | 950 | 3167 | 635| 47
14| 108 278 | 3647 | 662 | 46 506 |.75996 | .3159 | 618 | 46
15 | 59131 | 73323 '1.3638 | 80644 [ 45 | | 16 60529 | 76042 1173151 | 79600 | 46
161 7154 | 368 3630 | 627 |44 | | 16| 553 088 | .3143 | 583 | 44
7| 78| w3 3ezz| 0|43 | [ 17| 76| 134 31351 563 43
18] 200 | 457 3613| 593 |42 | | 18] 399 | 180 | .3127 | 547] 42
19| 225| 502 3605| 576 | 4l 19| 622 226 .3119| 5330] 4
20 | 59248 | 73547 |1.3597 | 80558 | 40 | | 20 |.60645 [ 76272 '1.3111 [.79512 | 40
2l 7272 92| 3588 | 541 | 39| | 21| 668 | 318 .3103 | 494 | 39
2| 295| 37| 3580 524 |38| | 22| 91| 364 | 3095 477 38
230 318! 681 | 3572 s07|37| | 23| 714| 410 3087 | 459 37

24 342 726 | .3564 489 | 36 24 738 456 | 3079 441 | 36

26 | .59365 |.73771 |1.3555 |.80472 | 36 25 |.60761 | 76502 |1.3072 |.79424 | 36
26 389 816 | .3547 455 | 34 26 784 548 | 3064 406 | 34
27 412 861 | .3539 438 | 33 27 807 594 3056 388 | 33
28 436 906 | .3531. 420 | 32 28 830 640 | .3048 3711 32
29 459 951 | .3522 | 403 | 31 29 853 686 | 3040 = 353 31

30 |.59482 | 73996 |1.3514 %.80386 30 30 |.60876 | 76733 |1.3032 |.79335 | 30
31 506 | 74041 | .3506 & 368 | 29 31 899 779 | .3024 | 318 29
32 529 086 | .3498 351 | 28 32 922 825 | .3017 | 300 28
33 552 131 | .3490 334 | 27 33 945 871 | .3009 82| 27
34 576 176 | .348] 316 | 26 34 968 918 | .3001 264 | 26
36 |.59599 |.74221 |1.3473 |.80299 | 26 35 |.60991 | 76964 [1.2993 | 79247 | 26
36 622 267 | .3465 282 | 24 36 |.61015 |.77010 | .2985 229 | 24
37 646 312 | .3457 264 | 23 37 038 057 | .2977 211 23

OB NN —=0
ol
(=]
oo
o
o

- —

SR =0 VNS AW —O
W
>
-~

38 669 357 | .3449 247 | 12 38 061 103 | .2970 193 | 22
39 693 402 | 3440 230 | 21 39 084 149 | .2962 176 | 21
40 | 59716 |.74447 |1.3432 |.80212 | 20 40 |.61107 196 (1.2954 | 79158 | 20
41 g4 492 | 3424 195 | 19 41 130 42 | .2946 140 | 19
42 763 538 | .3416 178 | 18 42 153 P .2938 122
43 786 583 | .3408 160 | 17 43 176 5 ‘ .2931 105

| 809| e8| 3400 143 [1e| [4a| 99| 382 203 087 16
a5 | 59832 | 74674 |1.3392 80125 | 16 | | 45 |.61222 | 77428 1.2915 |.79069 | 15
46 856 | 719 | .3384 108 | 14 46 243 475 | .2907 051 | 14
7| 879! Jea| 3375 o091 |3 | | 47| 268| 521 2900 03313
810 337! o73]12] | 48| 291 | 568 | .2892(.79016 | 12
49| 926 55| 3359 056 [ 11| |49 34| 65| 2884 78998 | Il
50 | 59949 | 74900 |1.3351 | 80038 | 10 | | 60 |.61337 | 77661 1 2876 | 78980 | 10

51| 360 | 708 | .2869 | 962

s1| 7972 946 | 3343 | 021 | 9 9
52 (.59995 |.74991 | 3335 | 80003 | 8 [ [ 52| 383 | 754 | .2861 | 44| 8
53| 60019 75037 | .3327 |.79986 | 7| | 53| 406 | 801 | .2853| 926| 7
54 042 082 3319 968 ) 6 54| 429| 848 ‘ 2846 | 908| 6
85 | 60065 | 75128 '1.3311 |.79951 | & | | 66 | 61451 | 77895 |1.2838 |.78891 | &
56| 089 173 3303 934 | 4| | 56| 474 | 94l ‘ 2830 | 873| 4
5701 2] 219 32950 916 | 3| | 57| 497 | 77988 | .2822| 855 | 3
58] 133 ! 264 | 3287 | 899 | 2| | 58| 520 78035 .2815| 837| 2
59| 158| 310 3278 881 | 1 59| 543 082 | 2807 819 1

o| | eo0| 6566 | 78129 [1.2799 |.78801 | ©

60 | 60182 | 75355 |1 3270 | 79864
] cos | cot | tan | sim | cos | | tan | sin
53° 62




208 GEOMETRY AND TRIGONOMETRY FOR CALCULUS

What equation, or function, would you choose? __

Either the sine or the cosecant of angle A. Since there is no real prefer-
ence in this case from the standpoint of making the work easier, fol-
lowing our basic rule we would select the sine of angle A. We would
also have to use the sine because, as pointed out earlier, the cosecant
function does not appear in our tables.

17. We now have
; =a
sin A = =

or, substituting the known values,

sin A = = 0.50000.

To look up the angular value of A corresponding to a sine value of
0.50000, we begin at the beginning, noting that the sine of 0° is zero
but that it gradually increases as we proceed into higher angular values.
Continuing, then, we come eventually to the sine value of 0.50000 and
find it opposite 30°. Hence the solution of our problem is A = 30°.
(See the table portion on the next page.)

You should be ready now for some applied problems. Although
some of these problems may involve heights or horizontal distances,
each one is based upon the requirement to solve a right triangle by
means of the six trigonometric functions. Remember, however, to
avoid using the secant and cosecant functions since these are not shown in
our tables. The solution requirements will not differ essentially from the

“abstract” problems you have been solving, so don’t let the details confuse yot

In the first three problems below use the B
figure at the right to assist you.

(a) a=64f1t,b=641ft, A=__ y
(b) b=12in., A =15°39",e=__
(¢) b=27.1mi,c=291mi,B=_

(d) A mountain climber stretches a rope
from the top of a sheer cliff to a
point on the level ground below,
making an angle of 48° with the
ground. If the rope is 86 feet long,
how high is the cliff?

|
8]

I
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31°

| Cia I tan | cot | cos I ¢ sin | tan } cot 1 cos ‘
0450000557735 1.7321 | 86603 | 60 | | 0 [-51504 |.60086 [I.6643 |.85717 | 60
[ 5| 774 7309 | 588 | 59 Ll 529 126 .6632 | 702 | 59
2| o050 | 813 .7297 | 573|358 2| 554| 65| .e62l | 687 |58
3| o76| 851 .7286| 559 57 3| 579| 203 .6610 | 672 | 57
4| 01| 890 7274 | 544 36 4| 604 | 245 5599 | 657 | 56
6 |.50126 |.57929 '1.7262 | 86530 | 65 B | 51628 |.60284 |1.6588 |.85642 | B5
6| " 151 |.57968 | .7251 | 515 54 6| 653| 324 .6577 | 627 | 54
7| 176 58007 | .7239 | 501 | 53 7| 678| 364 | 6566 | 61253
8| 201 | 046! 7228 | 436 52 81 703 | 403 | 6555 | 597 | 52
9| 227 | 083 7216 4715l 9| 728| 443 6545 | 58251
10 |.50252 |.58124 '1.72¢5 | 86457 | 83 | | 10 [ 51753 60483 1 6534 | 85567 | 6O
i 2z | e | o3 | asaf a9 | || 778 22 L6523 | 551 | 49
12| 302| 200 7182| 427| 48| | 12| 803 | 562 .6512| 536 |48
13 37| 240 7170 | 413| 47| [ 13| 828| 602 | .6501 | 521 | 47
14| 352 279 7159 | 39846 | | 14| 8521 642 | 6490 | 506 | 46
16 |.50377 | 58318 '1 7147 |.86384 | 45 | | 18 [ 51877 |.60681 |1.6479 | 85491 | 45
16| 403 | T 357 | 7136 | 39| 44 | | 16| 902 | 721 | 6469 | 476 | 44
17| 428 396 | 7124 | 354| 43| [ 17| 927 | 761 | 6458 46l | 43
18] 453 | 35| 7113 | 340 42| 18| 952 | BOI | .6447 | 446 | 42
19| 478 | 474 | 7102 325| 41| | 19 [51977 | 841 | 6436 | 431 | 4]

20 |.50503 | 58513 [1.7090 | 86310 | 40 20 | 52002 | 60881 1 6426 | 85416 | 40
21 528 552 | .7079 | 2°5| 39 21 026 | 921 | .6415 401 | 39
22| 553 591 | 7067 | 231 | 38 22 051 | 60960 | .6404 385 | 38
23| 578 631 | .7056 266 | 37 23 076 |.61000 | .6393 370 | 37
24| 603 670 | .7043 | 251 36 24 101 040 | .6383 355 | 36
. . . 1.6372 | .85340 | 35
26 654 748 | .7022 222 34 26 151 120 | .6361 | 325 | 34
27 679 | 787 | .7011 207 | 33 27 175 160 | .6351 310 | 33
28] 704 | 82| .6999 192 | 32 28 200 200 | .6340 294 | 32
29 729 | 865 | .6988 178 | 31 29 225 240 | .6329 279 | 31

30 |.50754 |.58905 |1.6977 |.86163 | 30 80 |.52250 |.61280 [1.6319 |.85264 | 30
31 779 944 | 6965 148 1 29 31 275 320 | .6308 | 249 | 29
32 804 |.58983 | .6954 133 ] 28 32 299 360 | .6297 | 234 | 28
33 829 |.59022 | .6943 119 27 33 324 400 | .6287 | 218 | 27
34 854 061 | .6932 104 | 26 34 349 440 | .6276 i 203 | 26

; . . : . 6265 | 85188 | 26
36| 004 | 143 6009 | 074 | 24| | 36| 399 520 | 6253 173 | 24
37| o920 179 6898 | 059 23| | 37| 423| 561 | 6244, 157 |23
38| 054 | 218 6887 | 043| 22| | 38| 448 | 01| 6234 14222
39| 50979 | 258 | 6875 | 030] 21 39| 473 641 | 6223, 127|120
40 | 51004 | 59297 |1.6864 | 86015 | 20 | | 40 | 52498 | 61681 |1.6212 ".85112 | 20
41| 7029 | 336 | 6853 |.86000 | 19| | 41| 522 721 | .6202 | 096 | 19
42| 054 | 376 6842 | 85985| 18| | 42| 547 | 761 | 6191 | 081 |18
3| o079 415 6831 | 970| 17| | 43| 572| 801 | 6181 | 06617
44| 104 | 454| 6820 | 956 | 16| |44 | 597 | 842 6170 05116
46 |.51129 | 59494 |1.6808 | 85941 | 15 | | 45 |.52621 | 61882 [1.6160 |.85035 | 18
46| 154 | 533 | 6797 | 926 | 13| | 46| 646 | 922| 6149 | 020 14
47| 179 573 | e186 | on |13 | | 47| 671 ! 61962 | .6139 |.85005 | 13
; 162003 | .6128 | 84989 | 12
49| 229| 651 | 6764 | 881|101 ( |49 720 043 6118 974 | 1]

o]
(=]
<]
-~
R -]
LAl
-]
[=]
o
O
=]
=1
o
=
[==]
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=]
N
i
i
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o
~
s
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=
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~
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50 |.51254 |.59691 '1.6753 | 85866 | 10 | | 60 |.52745 |.62083 [1.6107 | 84959 | 10
51072791 7730 6742 | 851 | 9| | 51| 770 | 124 | 6097 | 943 | 9
52| 304| 770 6731 | 836| 8| | 52| 794| 164| 6087 | 928 | 8
530 329 809! 6720 821| 7| |33| 819| 204| 6076 | 913 7
54| 354| 849 | 6709 | 806| 6| | 54| 844 | 243| 6066 897 | 6
55 | 51379 | 59888 |1 6698 | 85792 | & | | 55 | 52869 |.62285 1 6055 | 8482 | 8
56| 404 | 928 | 6687 | 777| 4| | 56| 893 | 325| .6045 866 | 4
57| 429 (.59967 | 6676 | 762| 3| | 57| 918| 366 | .6034 | 851 | 3
58| 454 1.60007 | (6665 | 747| 2| | 38| 943 | 406 | .6024 836 | 2
59| 479 | 046 | 6654 | 7132| 1 59 967 | 446 6014 | 820 1
60 | 51504 |.60086 1.6643 | 85717 | 0 | | €0 |.52992 | 62487 |1.6003 \_54505 0

'| cos W cot | tan ] sin I ) cos l cot [ tan 1 |in—l—
59° 58°
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18.

(e)

(b)
(c)
(d)
(e)
(f)

w \

A 34-foot ladder is placed against the
side of a house with the foot of the
ladder 9 feet away from the building.
What angle does the ladder make with
the ground?

34 ft.

In order to find the width of a river,

a distance AB was measured along the A
bank, the point A being directly |
opposite a tree, C, on the other side. l /
If the angle at B was observed to be |

40° and the distance AB was 100 feet, /s
how wide was the river?

tan A = % = %% = 1.0000; A = 45°. (Of course you could have
gotten this answer from geometry since angles opposite equal sides

are equal.)

_bao b 12
cos A = w 8= =2 2°¢= 096293 12.5 in;
. _b_ 271 _ . B RS A
sin B = c 3291 " 0.93127; B = 68°38'.
sin A = %, a=csin A = 86sin 48° = 86(0.74314); a = 63.9 ft.
cos A=2=2 - 026471, 4 = 74°39'.

c 34

tan B = %%, AC = AB tan B = 100 tan 40° = 100(0.83910);

AC = 83.9 ft.

Now you have a choice. If you would like to work some more problems,
you will find them here. On the other hand if you feel you would like
to go on, go directly to frame 19. Solve these problems using the table
of trigonometric functions in the Appendix.
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B

Given Find
(to the nearest minute of arc and
three significant figures, i.e., three

digits)
(a) A=230°18,a=3 = _____,e=____,b=___
(b) a=6,¢c=11.8 A=__  _B=___ ., b=____
(c) a=4,b=239 A=_ | B=_____,ec=_____
d A=36°c=1 B=_____,a= L, b=
(e) A=175°32,a=280 B=___ ,b=___ ,c=
(f) A =25°48, a =30 B=____  b=___ _,¢c=___
(g) B=15°19", b = 20 A=__  a=__ ,e=_____
(h) a=36.4,b =100 A= . _ Bs_. . p=
(i) B=88°02, b =.08 A=__  ,a= Y1 T
(j) a=380.2,c=333 A=__ _B=___ __,b=____

Draw a sketch for and solve each of the following problems.

(k) Two battleships are stationed 3 miles apart. From one of them an
enemy submarine is observed due south, and from the other it is
observed 40°15" east of south. How far is the submarine from the

nearest battleship? .

(1) The vertical central pole of a circular tent is 20 feet high and its
top is fastened by ropes 38 feet long to stakes set in the ground.
How far are the stakes from the foot of the pole, and what is the

angle between the ropes and the ground?
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(m) At a distance of 58.6 feet from the base of a tower, the angle of

(n)

(e)
(f)
(g)
(h)
(i)

)

(k)

(1)

elevation of its top is observed to be 58°24’. What is the height of

the tower? _ S

If a tower casts a shadow that is three-fourths of its own length,

what is the angle of elevation of the sun?

From the top of a cliff 587 feet above sea level, the angles of
depression (that is, below the horizontal) of two boats in line with
the observer are 14°10" and 24° 45' respectively. Find the distance

between the boats. ___

Il

59°42, ¢ = 5.95, b = 5.13
30°34', B = 59°26', b = 10.2
45°44', B = 44°16', ¢ = 5.59
54°00', a = 0.588, b = 0.809
14°28', b = 20.6, ¢ = 82.6
64°12', b = 62.1, ¢ = 68.9
74°41', a = 73.0, ¢ = 75.7
20°00', B = 70°00, ¢ = 106

= 1°58', @ = 0.00275, ¢ = 0.0802
A = 65°05, B = 24°55', b = 14.0
3.54 miles (Use the tangent A
function; see sketch.)

nwn

= S S vv e e v Il N O
[

b = 3 miles

A =31°45, b = 32.3 ft. B
(Use the sine function; S
see sketch.) c = 38 ft. N
\\
a=20ft \\
\ ™
9 b
by o AT [ S N
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(m) 95.25 feet (Use the
tangent function; see
sketch.)

N o

\ 58°24"

A
b = 58.6 ft. C
(n) 53°08 (Again, the tangent B
is your function. Call the 7}7
height of the tower 1 and |
the length of its shadow 5 ;
see sketch.)

(o) 1,050 feet
(Recognize that
you have two
triangles to solve
here, having the
common side a,
and that what you
are seeking in each A B c
case is the length of 4 .
the base—indicated
by b and b’ in the
sketch. Once you have obtained these you then simply subtract
the distance of the boat nearest the cliff from that of the boat
farthest from shore to obtain the distance between the boats.)

CO-FUNCTIONS

19. In frame 13 we promised to go into a little more detail about co-
functions, and now is the time to do so.

If you will recall for a moment the names of the six trigonometric
functions you will note that, basically, the six terms bear only three
names, the other three names being formed by the prefix “co.” Thus
there is the sine and cosine, tangent and cotangent, secant and cosecant.

The cosine is said to be the co-function of the sine, the cotangent
the co-function of the tangent, and the cosecant the co-function of the
secant. What the term ‘‘co-function’” means can best be shown by an
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example. In the figure shown at the right, B

note that sin A = %, but that cos B also

a
equals =.
q c

Another way of approaching this A 3 C
matter of co-functions is to remember
that the sum of angles A and B (in a right triangle) is 90°, hence they
are complementary angles. The term “complementary,” which you
will recall from our study of geometry, means that the sum of two
angles is 90°. We know that the sum of the three angles in a plane
triangle is 180°, hence in a right triangle the sum of the two acute angles
must equal 90°. Therefore, if angle A has a certain value, then the
value of angle B must be 90° — A. Conversely, the value of angle A (if
angle B is known) is 90° — B. We come, then, to the interesting con-
clusion that

sin A = cos B
or, since

B=90°" - A
then

sin A = cos(90° — A).
Similarly

tan A = cot B
cot(90° — A)

1]

and

sec A =csc B
sec A = csc(90° — A).

And the same equations could be derived for angle B.

Example: A single example should be enough to show you just how
this co-function relationship works and enable you to relate it to other
values found in the trig tables. Let’s consider the function sin A and
assume that A = 30°. From what we have just learned we know that

sin A = cos B
or, since A = 30°,
sin 30° = cos B
but since B = 90° — A, then B = 60°. Therefore

sin 30° = cos 60°.
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20.

But sin 30° is a definite numerical quantity. If we look up its value in
the trig tables we find it to be 0.50000. And since sin 30° = cos 60°,
we should expect to find that cos 60° also equals 0.50000. And so it
does, as you can see for yourself in the tables. Obviously, therefore,
there is no need to print this function value of 0.50000 more than once
to suit the needs of both the sin and cos in this case.

And so it goes throughout the tables for all sin and cos values. And
the same thing applies to the tan and cot functions as well as the sec
and cse functions. Another way to remember this is to keep in mind
that the values of the functions and co-functions move in exactly oppo-
site directions numerically (we’ll see why in the next chapter) when
angles increase from 0° to 90° or decrease from 90° to 0°. Thus the
sin increases in value from 0 at 0° to 1 at 90° whereas the cos decreases
in value from 1 at 0° to 0 at 90°. Obviously, therefore, these function
values pass each other at the halfway point, namely, 45°. After 45° we
find our cosine values in the sin column, reading up the sin column
from the bottom (as the angle increases) instead of down from the top.
Conversely, we find our sine values in the cos column, again reading up
from the bottom. All of which will become more apparent and more
familiar to you as you continue to use the tables.

Here are a few exercises to help you get started. Find the following
missing values. (Note: The trig tables do not include the sec and csc
functions.)

Value from
tables
(@) sin40°=cos___° = _
(b) tan 25° =cot S .
(c) sec 80° =csc %= (not shown)
(d) csc18° =sec  ° = (not shown)

(e) cos 45° =sin._ ¢ =

o

(f) cotl® =tan __ =

(a) 50°,.64279; (b) 65°,.46631; (c) 10°; (d) 72°;
(e) 45°,.70711; (f) 89°,57.290

FUNCTIONS OF 30°, 45°, AND 60° ANGLES

You may recall that in Chapter 3, we discussed some of the properties
of the 30°—60°—90° triangle (frame 34).and the 45°—45°—90° triangle
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21.

(frame 35). We mentioned also that the unique properties of these
special right triangles would be useful in trigonometry. So let’s take
another look at them and find out why.

Probably the main reason they are important in trigonometry is that
they occur frequently in problems usually solved by trigonometric
methods. It is therefore important to find the values of the trigono-
metric functions of these angles and to memorize the results. This will
be very useful later on.

To find the functions of 45° we draw
an isosceles right triangle (half of a square).
This makes angle A = angle B = 45°,

Since the relative (rather than the actual)
lengths of the sides are important, we

may assign any lengths we please to the
sides that satisfy the condition that the
right triangle be isosceles. For simplicity’s
sake we will choose the lengths of the

short sides as unity, that is,a = 1 and b = 1.
Then ¢ =+/a? + b2 = /2, and we get

sin 45° = \715 csc 45° = \/2
cos 45° = % sec 45° = +/2
tan 45° =1 cot 45° = 1

Now without looking up above (or, better still, after covering the upper
half of the page), see if you can draw a 45°—45°—90° triangle and show
the correct values for the sides, that is, do what we just did above.

Check your work with the figure above.

To find the functions of 30° and 60°, we B

draw an equilateral triangle, ABD, and

drop the perpendicular BC from B to AD.

Now if we consider just the triangle ABC, o />

we have a triangle in which 4 = 60°, v/ 30° |12

angle ABC = 30°, and the angle at C "

is 90°. R
Again taking the smallest side as unity,
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thatis b = 1, we get ¢ = AB = AD = 2AC = 2, hence a = V¢? — b? =
V4 -1 =+/3. Therefore,

sin 60° = g csc 60° = \/—%
cos 60° = 1 sec 60° = 2
tan 60° = /3 cot 60° = -;/_1—3-
And similarly, from the same triangle,
sin 30° = % csc 30° = 2
cos 30° = i—; sec 30° = 725
tan 30° = \/—1:—3 cot 30° =+/3
Summarizing the above we have:
Angle 30° 45° 60°
- 1. - V3 _
sin 5 .500 g 707 5 866
V3 _ A 1_
cos ik .866 g =.707 5 = 500
tan \7_15 = 577 1 V3 =1.732

Now cover up the above and try deriving our summary table of values.
Start by drawing an equilateral (and therefore equiangular) triangle and
dropping a perpendicular from the apex to the base to form your
30°—60°—90° triangle. Then determine the lengths of the sides and
function values.

Check your work with our development of these values above. If you
still are not clear why you are learning to find these common values
quickly, be patient. You will have lots of use for them soon.
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22.

VECTORS

Another useful concept we should introduce at this point is that of
vectors. You may have encountered this term if you have studied
physics. Any physical quantity, such as a force or velocity, that has
both direction and magnitude is called a N
vector quantity, and may be represented
by a directed line segment (arrow) called
a vector. The direction of the vector is
that of the given quantity, and the length
of the vector represents the magnitude of
the quantity. Thus, in the figure at the
right, the vector AB represents an airplane E
that is traveling northeast (compass A
direction of 45°) at 200 mph (miles per hour).

In the next figure a motor boat having
a speed of 15 mph in still water is headed 15 mph
directly across a river whose current is -
5 mph. The boat’s speed and direction are
represented by the vector AB, while the
current’s direction and velocity (to the
same scale) are represented by the vector D
CD. (Note that AB is three times as long
as CD.) B

In this third example the vector AB \p
represents a force of 20 lbs making an angle 35°
of 35° with the positive direction on the A X
X-axis, and vector CD represents a force D
of 30 lbs at 150° with the positive direc- ‘901% 150°
tion on the X-axis, both vectors being q
drawn to the same scale (that is, > X
7 " =5 Ibs in each case).

It is highly important in working with vectors that you use a con-
sistent scale to represent magnitude, especially if you are going to
combine (add) vectors, as we will be doing shortly. Thus, if you decide
to let a distance of ¢ inch represent 1 Ib of
force, then a 10-1b force would be shown
by an arrow 15 inch long, as shown at the ol = 10 Ibs
right.

H=11Ib

Choose some convenient scale and represent the following quantities.
(Note: Although your scale must be consistent within any one problem,
it does not, of course, have to be the same for all problems, since a scale
suitable to represent a force of 20 lbs would
hardly be appropriate to show speeds of
the order of 200 mph, for example.) — = 20 mph

= 51bs
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Remember, compass directions are
measured clockwise from North.

(a) A force of 35 lbs exerted in a
direction 135° east of
(measured clockwise from)
compass north.

(b) A force of 200 lbs acting
directly downward.

(¢) An airplane flying due west
at a speed of 300 mph.

(d) An automobile traveling in
a southwest direction (i.e.,
in a compass direction of
225°) at a speed of 50 mph.

(a) N (c) N

270°
— = 51bs

+— = 50 mph

(b) (d)

i = 40 lbs

— = 5 mph

93. Vectors can be added, thus making them an extremely valuable tool
for determining aircraft position and groundspeed as a resultant of air-
speed and wind velocity (dead-reckoning navigation), and similarly for




220 GEOMETRY AND TRIGONOMETRY FOR CALCULUS

finding course, speed, and position of surface vessels (affected by ocean
currents), analyzing bridge structures and designing bridges, and solving
many other types of problems in applied mechanics. If you study
physics, you may some day find yourself taking a course in analytic and
vector mechanics, where you will discover many of the useful applica-
tions of vectors.

Here we are primarily interested in the application of vectors in
mathematics, not in physical quantities. But in either case we need
to know how to add them.

Let’s consider first what we mean by the addition of vectors.
Essentially it is this:

The resultant or vector sum of a number of vectors, all lying in the
same plane, is that vector which would produce the same effect as
that produced by all of the original vectors acting together.

If two vectors a (alpha) and 8 (beta) have the same direction, their
resultant is a vector, R, whose magnitude is equal to the sum of the
magnitudes of the two vectors and whose direction is the same as that

of the two vectors. Thus, as shown at the -

right, since @ has a magnitude of 75 and O —

f a magnitude of 125, and both are 125
pointing due east, their resultant, R, is a e
vector pointing in the same direction and 60
whose magnitude is 200, the sum of R -
a and $. On the other hand, if two

vectors have opposite directions, their 75

resultant is a vector, R, whose magnitude p——

is the dlfferer}ce (greater magnitude minus 125 g
smaller magnitude) of the two vectors and 50
whose direction is that of the vector having <R

the greater magnitude. Thus, § — « = R = 50.

What would be the resultant of the following pairs of vectors?

100 75 B
(a) a— f—— =
b)) «— 20 o <10 =
(c) 150 150 g =
e -
) 75 75 75 &
o — f—— e
175
(a) R———
100
(b) R——
(¢) R=0
225
(d) r —

(v is the Greek letter gamma.)
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In the last frame we considered only the situation where two vectors
were in a direct line with one another, that is, either had the same
direction or opposite directions. In all other cases — where two vectors
form an angle with each other — the magnitude and direction of their
resultant must be obtained by one of two other methods. The first of
these methods, known as the parallelogram method, is as follows.

Place the tail ends of both vectors at 5

any point, O, in their plane and complete /
the parallelogram having these vectors

as adjacent sides. The directed diagonal

issuing from O is the resultant or vector
sum of the two given vectors.

Thus, in the figure at the right, the

vector R is the resultant of the two

vectors a and f. o
The other method of finding the

resultant of two vectors that are not in a line is known as the triangle

method (or head-to-tail method). The procedure is as follows.

Choose one of the vectors
and label its tail end as O. R
Place the tail end of the a
other vector at the arrow 2 8
end of the first vector. The
resultant is the line segment
closing the triangle and i
directed from O. %
Thus, in the figure at the right, R 0 R
is the resultant of the vectors
« and §.
For an example of the practical application of vectors, let’s return
to the second example in frame 22, where we had the case of the boat

moving directly across a river at a speed of 15 mph, and being acted on
by a river current of 5 mph. Our objective

or

will be to find the resultant path of the 15
boat when acted upon by two forces: the A o » |
force of the motor propelling it eastward \ & 5777,_____}

at 15 mph, and the force of the current

moving it southward at a rate of 5 mph.

Using the parallelogram method of solution

we would get the figure shown at the right.
Using the triangle method and laying x

out the vector representing the boat’s A

speed through the water first, we get the m 5

figure shown here.
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25.

Using the triangle method and beginning
with the current’s vector first, we get the
figure opposite. The important point is that
regardless of which method we use, the
resultant is the same.

Do you have any idea how you would go about figuring out the magni-
tude of R or the angle (represented by the Greek letter ©, theta) the
boat’s path makes with the direction in which it is headed? Try it, and
then check your procedure with that shown below.

The first thing you should observe is that you have a right triangle with
the two vectors as the sides and the resultant as the hypotenuse. Since
you know the lengths (magnitudes) of the sides, you can solve for the
length (magnitude) of the resultant by the Pythagorean Theorem. Thus,
R =+/15 + 5% =+4/250 = 15.81 mph.

The angle ©, between the resultant path of the boat and the direc-
tion in which it is pointed, being one of the acute angles of the vector
right triangle, can be found by using the tangent function since we know

the lengths (magnitudes) of both sides. Thus, tan ® = D - 0.333 =

15
18°26'.
Therefore, the boat moves downstream in a line making an angle of
18°26' with the direction in which it is pointed, at a speed of 15.81 mph.

Another interesting and very useful aspect of vectors is that they can
be resolved into components lying along two coordinate axes at right
angles to one another. This is essentially the converse of what we have
been doing. That is, instead of finding the resultant of two vectors, we
are resolving a resultant vector into two orthogonal (mutually perpen-
dicular) vectors that could have produced it.

For example, the components of R in the problem above are
(1) 5 mph in the direction of the current, and (2) 15 mph in a direction
perpendicular to the current.

Another example is the figure at the
right wherein the force F has the horizontal
component F, = F cos 30° and the vertical

component F, = F sin 30°. Notice that F ' |
is the vector sum or resultant of Fj, and F,. p, E ;
The components of F (that is, F}, and F,) 30° i
were found by ‘““projecting” the line F onto —-l
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two orthogonal (perpendicular) axes. To do this we must, of course,
know what angle the slanted vector F makes with the horizontal axis,
which is given as 30° in this case.

As you can see from the illustration on the previous page, to project
a line such as the vector F onto two mutually perpendicular axes, we
treat it as though it were the diagonal of a rectangle, and complete that
rectangle by drawing dotted lines from the tip of the arrow parallel to
the two axes. The points at which the dotted lines intersect the axes
mark the ends of the component vectors.

Try this in the following problem. In the Y
figure at the right we will use X and Y as

the orthogonal axes and F as the vector

whose x and y components we wish to find.

N
Note that F makes an angle of 30° with the % .
X-axis. If F = 20 lbs, find the magnitude .
of F, and F,. (Hint: Use the sin function 30 -

to find F, and the cos function to find F,.
Also, use your table in frame 21 to get the sin and cos values for 30° if
you wish. This is an example of their usefulness.)

: o _Fy B : :
sin 30" = 50 OF F, = 20sin 30
= 20(.500) = 10 lbs
or F,. = 20 cos 30°

= 20(.866)
=17.32 lbs

ANGULAR AND CIRCULAR MEASUREMENT

Since at this point we’re interested only in introducing you to the con-
cept of vectors, we won’t go into further details regarding their
application. However, we will meet them again later on so keep in mind
what you have learned here.

The last topic we will discuss in this chapter is that of angular and
circular measurement. Since we have been using degrees for angular
measurement up until now in the book, it may appear to you that it is
rather late to introduce the subject. But this is not so. You doubtless
were familiar with the use of degrees to indicate the size of angles from
your own experience and therefore willing to accept the concept
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intuitively. But now we need to examine the subject somewhat more
explicitly, and to learn another system of circular measurement.

In frame 8, Chapter 1, we discussed the circle for the first time and
defined degree as being 1/360th of a circle. We also defined such terms
as radius, circumference, arc, and central angle.

A central angle is, as you will recall, an angle A
formed by two radii, for example, the angle

AOC in the figure at the right. An arc of a

circle, on the other hand, is the curved line

between two points on a circle — the curved

line between A and C, for example, c
designated as AC.

“One degree” can be defined in terms
of a central angle of a circle that cuts off
a definite arc length, namely, 1/360th of
a circle. Thus, a central angle is one degree i 565C
(1°) if its arc length is 51 of the circle, as
shown at the right. A minute (') is -5 of
a degree. A second (') is - of a minute.

Example: +(36°24') = 9°06'

Try a'few more of these.

(2) 3(127°24") = .
(Convert 1° to 60 before dividing so you’ll have an even number
of degrees.)

(b) +(48°36') =

() 3(81°15') =
(Convert 1° to 60" and 1’ to 60"’ so you’ll have an even number of
degrees and minutes.)

(d) 3(42°42') =

(e) +(74°29'20") = _
(This, too, will require some converting.)

(a) $(127°24') = 1(126°84') = 63°42’

(b) 3(48°36') = 12°09'

(c) $(81°15') =1(80°75') =1(80°74'60") = 40°37'30"
(d) 3(42°42') = 14°14'

(e) +(74°29'20") = +(72°148'80") = 18°37'20"

Il
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In addition to the unit of angular measure, the degree, there also is a
unit of circular measure. This unit, known as a radian (rad), is defined
as follows:

A radian is the measure of the central A
angle subtended by an arc of a circle
equal to the radius of the circle. r

Thus, as shown at the right, the arc length 4
equal to the radius measures a central
angle of one radian, or, angle AOB =
1 radian. This unit of circular measure-
ment, which was introduced early in the
last century, now is used to a certain extent in practical work and is
universally used in the higher branches of mathematics; hence it is one
with which you need to be familiar.

Since the circumference of a circle is equal to 27r (27 times the
radius), and subtends an angle of 360°, then 2 radians = 360° and

180°_ 57.296° = 57°17'45" (using a value of 3.1416 for 7).

1 radian =

And, 1 degree = 1‘%‘0 radian = 0.01745 rad, approximately. We there-
fore emerge with the following rules for conversion:

(1) To convert radians to degrees, multiply the number of radians by
57.296 or divide them by .01745.

(2) To convert degrees to radians, multiply the number of degrees by
0.01745 or divide them by 57.296.

Since this is a straightforward matter of multiplication or division, we
won’t ask you to do any of it now. What we will ask you to do is to
make a note of this page so you can look up these conversion factors
when you need them! What is more important at this point is that you
get accustomed to expressing angles in circular measure, as follows.

360° = 27 radians 60° = % radians

180° = 7 radians 30° = & radians
90° = % radians 45° = 1‘1 radians

270° = 37" radians 15° = % radians

Also, when writing the trigonometric functions of angles expressed in
circular measure it is customary to omit the word “radians,”” as shown
following.
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sin (7 radians) is written simply sin 7 and equals sin 180°

tan (% radians) is written simply tan % and equals tan 90°

o

cot (%T’T radians) is written simply cot 375 and equals cot 135

cos (%’r—r radians) is written simply cos 5—6ﬂ and equals cos 150°
csc (1 radian) is written simply csc 1 and equals csc 57.29°

sec (% radian) is written simply sec % and equals sec 28.65°

With the above in mind, write the following trigonometric functions in
radian measurement (in terms of 7).

360°
45°

Therefore, sin 45° = sin %

Example: sin 45°. = 8, hence 45° = & of 360° = 1(27) = T

8

Qoj—

Use this procedure below.

(a) cos15° = __ S
(b) tan30°=__
(c) sin 60° =_ =

T

(a) cosﬁ; (b) tan %; (c) sin 3

Now it’s time for you to check up on yourself. When you have completed
the following Self-Test, be sure to review any parts of this chapter you find
you are having difficulty remembering or using.

SELF-TEST

1. Numerical trigonometry is the branch of mathematics that deals with
the relationships existing between the sides and angles of triangles.
(True, False) (frame 1)

2. Plane trigonometry concerns itself with the study of plane triangles.
(True, False) (frame 1)
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10.

11.

A plane triangle is one whose sides are straight lines lying in the same
plane. (True, False) (frame 1)

Which of the traingles at the right is a

right triangle? v
(frame 1)

(1) (2)

The size of an angle in a right triangle depends upon the ratio existing
between any two sides of the triangle. (True, False) (frame 2)

The ratio of one number to another number is the result of dividing the
first number by the second. This division must be performed and shown
as a decimal fraction. (True, False) (frame 3)

The hypotenuse of a right triangle is the side opposite the right angle.
(True, False) (frame 5)

The sine of an angle = ; (frame 5)

The names of the six trigonometric fuctions are: _

(frame 6)

The abbreviations for the six trigonometric functions named above are:

(frame 6)
Referring to the triangle at the right, express B
each of the six functions (ratios) in terms of
angle A.
3

LA =— A=s— a
e = A B e " A L
A= — b ¢

(frame 9)
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12.

13.

14.

15.

16.

1579

18.

19.

20.

The three primary trigonometric functions are the:

(frame 10)

Their reciprocals are the:

(frame 10)

The reciprocals of the three primary functions are known as the
“secondary functions.” (True, False) (frame 10)

The reciprocal can always be used in place of the primary function.
(True, False) (frame 10)

Use the tables of natural trigonometric functions to find the following
values.

(a) sin24°55'=__ (c) tan65°01'=___
(b) cos36°18'=__ (d) cot84°43 =__ ;
(frames 12, 13)
In the triangle shown at the right, which B
function would you select to solve for:
(a) sideb?__ e
a
(b) sidee?
(c) angle A? e A
(frames 14, 15) b g
B = 49°22'
a =18 ft.
Solve the above triangle for side ¢. Sidee=__
(frame 15)

What is the size of angle A in the triangle in problem 17 above?

A=_ (from Geometry, Chapter 2, frame 17)

What is the length of side b in problem 17? Side b =

(frame 15)
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21. To find the width of a river a surveyor set
up his transit at C on one bank and sighted
across to a point B on the opposite bank.
Then turning through an angle of 90° he
laid off a distance CA = 225 ft. Finally,
setting the transit at A, he measured
L CAB = 48°20'. Find the width of the
river. (frames 17, 18)

22. In the figure at the right the line AD
crosses a swamp. In order to locate a point
on this line a surveyor turned through an
angle of 51°16 at A and measured 1,585
feet to a point C. He then turned through
an angle of 90° at C and ran a line CBto
B. If Bis on the line AD, how far must he
measure from C to reach B?

(frames 17, 18)

e )

—

=

93. cos50°=sin_ " =___ ] (frame 19)

924. Draw a 45°—45°—90° triangle and show the correct values for the sides.
(frame 20)

95. Draw a 30°—60°—90° triangle and show the correct values for the sides.
(frame 21)

26. Using any convenient scale draw vectors representing the following:

(a) A force of 50 lbs exerted in
a direction of due east.
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28.

29.

30.

31.

(b) A velocity of 150 mph directed
in a compass direction of 270°.

(c) A bicycle traveling north at a
velocity of 10 mph.
(frame 22)

Draw the vector arrow representing the resultant, and indicate its mag-
nitude, for the following pairs of vectors.
60 30

(a) a—— - R =
b) =2, g =
(c) R 40 70 5 =

‘ (frame 23)
Given the two vectors shown at the right,
find their resultant by both the parallelogram .
and the triangle methods. (frame 24)

i

Given the vector shown at the right,
find its x and y (orthogonal)
components. (frame 25)

__ of the circumference of a circle.
(frame 26)

One degree is equal to

Draw a simple circular diagram showing an angular/circular measure of
one radian. (frame 27)
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392. Write the following trigonometric functions in radian measurement (in
terms of m).

lo cobollB = e
(b) sin 30° = __
ey gogdld= .- . . .

(frame 27)

Answers to Self-Test

True
True
True
Triangle (1). Use the square corner of a sheet of paper to check this.
True
False. The division need not be performed; it can simply be expressed
as an ordinary fraction.
True
3 opposite side
" hypotenuse
. sine, cosine, tangent, cosecant, secant, cotangent
10. sin, cos, tan, csc, sec, cot

- =a .- =8 =g 'S -b
11 smA—c,cosA c,tanA b,cscA a,secA b,cotA 3

o O o o

=

12. sin, cos, tan

13. csc, sec, cot

14. True

15. True

16. (a) 0.42130; (b) 0.80593; (c) 2.14610; (d) 0.09247

17. (a) tan or cot; (b) cos; (c¢) none — simply subtract angle B
from 90°.

18. 27.6 ft (use cos function)

19. 40°38' (subtracting /B from 90°)

20. 21.0 ft (use tan function)

91. CB = AC tan L CAB = 225 tan 48°20' = 225(1.1237) = 253 ft

99. CB = AC tan 51°16' = 1,585(1.2467) = 1,976 ft

23. 40° = 0.64279

94. See frame 20. (Sides are 1; hypotenuse is v/2.)

95. See frame 21. (Sides are 1, 2; hypotenuse is v/3.)

26. (a) (b) N (c)

50 lbs
e 150 mph

10 mph

— =10 Ibs — = 30 mph +— = 2 mph
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27. (a)

: (c) %0
28.

+——— =R

or

!

: o _1y
sin 20° = g

|

o

, F,, =80 sin 20°

= 80(.34) = 27.2 lbs
F,
80" F, =80 cos 20°

=80(.94) = 75.2 lbs

cos 20° =

‘:ﬁ = radius
L AOB = 1 radian
32. (a) cot %; (b) sin g, (c) cos g




CHAPTER SIX

Trigonometric Analysis

In the last chapter we considered some of the general properties of plane
triangles as well as the specific application of certain properties of right
triangles that allow us to determine the lengths of their sides and the sizes
of their angles. By now you should be generally familiar with the six trig-
onometric functions, what they mean and how we can use them to solve
problems containing right triangles.

We also discussed two special triangles — the 30°-60°-90° and the
45°-45°-90° triangles — and learned an easy way to find the proportional
lengths of their sides, hence the values of their trigonometric functions. The
use of degrees for angular measure was reviewed (from geometry) and the
concept of radian measurement introduced. Our treatment of vectors,
though brief, should have served to acquaint you with a highly useful means
for combining quantities having direction and magnitude, to find their
resultant. And, conversely, of resolving a vector into its two orthogonal
components, taken along any pair of selected axes.

Most of what we have covered thus far in our study of trigonometry
relates to what is generally termed numerical trigonometry, that is, it is
primarily concerned with finding number values — lengths of sides of triangles,
sizes of angles, the use of the tables of natural trigonometric functions, the
addition and subtraction of vectors, and so on.

However, you may recall that in the introduction to Chapter 3 we men-
tioned that the study of trigonometry is not limited to its application to
triangles, nor to just right triangles. Not only are there many applications to
oblique triangles (ones that don’t contain a right angle), but there also are
many purely mathematical (non-triangular) applications of the basic trigo-
nometric concepts.

In this chapter, therefore, we are going to consider a number of new and
interesting aspects and applications of trigonometry. Specifically, when you
have finished this chapter you should be familiar with and able to use:

e the trigonometric functions of standard-position angles,
including directed angles, the trigonometric (circular)
functions of a general angle, the algebraic signs of the
functions, and the line definition of the trigonometric
functions;

233




234 GEOMETRY AND TRIGONOMETRY FOR CALCULUS

o the relations between the various trigonometric functions
or trigonometric identities;

¢ trigonometric analysis;
e trigonometric equations;

e graphical representation of the trigonometric functions,
including periodicity of the functions, graphs of the
functions by use of the unit circle, sine wave analysis,
inverse functions, and reduction of trig functions to acute
angle functions;

s the oblique triangles, including law of sines, law of cosines,
trigonometric functions for half-angles and double angles,
and formulas for the areas of oblique triangles.

TRIGONOMETRIC FUNCTIONS OF
STANDARD-POSITION ANGLES

1. The notion of an angle, as presented in our study of geometry — and
trigonometry so far — has been a rather intuitive concept. The kinds of
angles we worked with in the last chapter are generally termed reference
angles and all lie between 0° and 90°. Now we will develop a precise
definition of angle. We will be working with standard-position or
directed angles that can be either positive or negative and of any size
(such as 120°, 460°, or -187°). v

Standard-position angles are angles A
that are generated on the coordinate
system. Thus an angle is said to be in
standard position when its vertex is at e
the origin and its initial side coincides -+ X
with the positive X-axis, as shown at O| initial side A
the right.

An angle is considered to be generated
by a line (the terminal side) that revolves
about the vertex (finally coinciding with
the initial side). In the figure, therefore,
OA is the initial side and OB,, OB,, and =
OB, represent successive positions of the

terminal side. 0o _/ A
B,

-

B, B,
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Angles generated by revolving the Y
generating line (OB) counterclockwise 4
are considered positive. Angles formed
by revolving the generating line in a
clockwise direction are considered / \
negative. Thus, angle AOB, is positive, 2N X

whereas angle AOB, is negative.
B,

B,

Any angle is said to be in the first
quadrant or a first quadrant angle if,
when in standard position, its terminal
side falls in quadrant I. Thus, angle
AOB is a first quadrant angle. In fact
any positive angle lying between 0°
and 90°, or any negative angle lying
between 270° and 360°, is a first
quadrant angle. Similarly, 120° is a
second quadrant angle, -120° is a
third quadrant angle, 225° is a third
quadrant angle, and 315° is a fourth
quadrant angle.

Indicate which quadrant each of the following angles is in:

(a) 330° quadrant
(b) 260° _ quadrant
(c) -45° ) quadrant
(dy 110° ____ quadrant
(e) -185" .. -.. = quadrant
(f) 95° quadrant

(a) fourth; (b) third; (c) fourth; (d) second; (e) second
(f) second
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2. Keep in mind that there are 90° in each Y
of the four quadrants. This fact gives BA
us four basic angles that can be used as X
points of reference: 90°, 180°, 270°, “\E’ =
and 360°, as shown in the figures at
the right.

Since the initial side is the same for
every angle in standard position, we
will not draw initial sides from now on. 4
Also, for the present we will designate
the angle of rotation by the Greek '/\

0]

letter ® (theta). 2
You can see that a 360° angle

involves one rotation through all four

quadrants. Hence for a 360° angle

(@ = 360°), the terminal side is 3

identical with the initial side. Two .

standard-position angles of the same e = 270°

size would, of course, have coincident /\

terminal sides. These are, therefore, \‘ 5]

called coterminal angles. For example,

30° and -330°, 10° and 370° are

pairs.of coterminal angles. There are

an unlimited number of angles that

B
Y
are coterminal with any given angle. o = 360°
The angles 0°, 90°, 180°, and 270°, &
> X
ﬂ/

L

and all angles coterminal with them
are called quadrantal angles.

Indicate whether the following angles Quadrantal angles
are coterminal, quadrantal, or both,

Y
or neither.
(a) 150° and -210° B e = --33WB
® =30
(b) 180° and 0° S - = =X
(c) —-90° and —270° \<’J

(d) -100° and 260° Coterminal angles
(e) -180° and 180° ___ ——

(f) 160° and 250°

(g) —-45°and 315°

(a) coterminal; (b) quadrantal; (c) quadrantal; (d) coterminal;
(e) coterminal and quadrantal; (f) neither; (g) coterminal
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In Chapter 5 the six trigonometric functions were defined only for acute

angles, that is, angles between 0° and 90°. Now, however, to express

the basic concepts in more general terms, we will formulate a new set of

definitions of the functions that will apply to any angle whatever and

which also will agree with the definitions already given for acute angles.
So, let’s select some angle, ®, whose vertex is at O, the origin of our

coordinate system, and whose initial side

lies along the X-axis — that is, an angle in Y

standard position. Now if we select a A Py

point, P, lying on the terminal side, we

can define its coordinates as (x,y) and a ¥

represent its distance from O by the \ X

letter r. Dropping a perpendicular from

P to the X-axis gives us a triangle whose

sides are the abscissa of the point P (x),

its ordinate (y), and its distance from O (r).
The six trigonometric functions are then defined in terms of the

ordinate, abscissa, and distance of P from O as follows:

i & = o;‘dlnate _ Eof & = absglssa _Xx
distance r ordinate ¥
abscissa x distance _ r

cos @ =777 =% sec @ = —/—m— = —
distance r abscissa X

rdinate i e

tan @ = 2nate d - =2 csc @ = ____dlst_anc =L

abscissa x ordinate ¥

Drawing our angle, ©, in each of the other three quadrants we get
these additional versions of the standard-position angle and their
resulting triangles.

Notice that in each case x and y are the sides of the triangle and r is
the length of the hypotenuse. And since the trig ratios of these 90° to
360° angles are identical to the trig ratios of their reference (0° — 90°)
angles, we can use our ordinary trig tables to determine their values.
However, the values of the trig functions in the first quadrant and those
in the other three quadrants may differ in one important respect.

Do you know what it is?

Their signs may differ.
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SIGNS OF THE TRIGONOMETRIC FUNCTIONS

4. As you learned in algebra, the abscissa is
positive in quadrants [ and 1V and negative
in quadrants II and III. Similarly the
ordinate is positive in quadrants I and II
and negative in quadrants III and IV.
Applying this information to our six trig
functions shown in frame 3, and keeping in
mind that the hypotenuse, r, is always
considered positive, we arrive at the follow- Rule for signs
ing algebraic signs for the functions in the
four quadrants.

Quadrant I — all functions positive

Quadrant II — sin and csc positive; others negative
Quadrant III — tan and cot positive; others negative
Quadrant IV — cos and sec positive; others negative

The sin and csc, cos and sec, tan and cot are bound to have the same

sign since they are reciprocals of one another. It will be easier to memor-
ize, therefore, if you simply remember
that: all functions are positive in the first

quadrant, the sin is positive in the second
quadrant, the tan in the third, and the cos
in the fourth quadrant. And so are their

reciprocals; all others are negative.

Just for practice write in the names of the
positive trig functions in the figure at the right

GRAPHS OF THE TRIGONOMETRIC FUNCTIONS

5. We are gradually working our way toward looking at some graphs of the
trigonometric functions. And if you’re wondering if it’s really worth
the trouble, be assured that it is, for one of the first useful things you
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are going to learn from it is how the values in the trigonometric tables
were derived.

To get into this we need first to examine
what are referred to as line representa-

Y
tions of the trig functions. This will show A
you how line lengths are used to repre-
sent the values of the various trig ratios. i p
We start by drawing what is known as «*
©

a “‘unit circle,” that is, a circle with a

radius of one (unity). Then we add O, o wm  *
which can be any given angle in standard
position, and drop a perpendicular from

P, the point where the terminal side of
® cuts the circle, to the point M on the
X-axis. This gives us the right triangle

OMP, whose hypotenuse is one. Then,

o MP
smG)—OP

or, since OP = 1,
sin ® = MP.

Thus the value of the sin is represented
by the length of the line MP. It is
apparent, therefore, that as the size of
® increases from 0° to 90° the length
of MP (and hence the value of the sin)
increases from 0 to 1.

What do you think will happen to the values of sin © as ©® moves through

the second quadrant?

1t will decrease from a value of 1 (at 90°) to O (at 180°).

6. Similarly, as the terminal side moves into the third quadrant (© increase
from 180° toward 270°), the absolute value of sin © will again increase
from O at 180° to 1 at 270°. And, as you would suspect, it will
decrease in the fourth quadrant from a value of 1 at 270° to 0 at 360°,
thus completing the full 360° cycle.
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Now let’s look at what happens to Y

the cosine. Here is our unit circle 4

and right triangle again in the figure p

at the right. What would you say is >

the value of cos ® when ® = 0°? Ke

! M i

. _OM z =

Hopefully you recognized that cos ® = OP but that since OP = 1,

cos ® = OM, hence cos 0° = OM = 1 (radius), and that as © approaches
90° the value of cos @ approaches 0. Thus the cosine varies in value
from 1 to 0, just oppositely to the sine.

et

7. Although we will not do so here, it is

possible to show how all the other func- B cot R

tions change in value as the terminal side e <9

of the standard position angle rotates 7

through the four quadrants (as © increases E

from 0° to 360°). However, the figure WA X
O % ME A

at the right shows the lengths that can
be used to represent the numerical R=1
values of the six trig functions. Sum-
marizing them we get:

Angle in first quadrant

MP _OM _ BR

Sln@=6§=MP COt@—w—E)E:BR
_om _ _OP _0Q _
cos @ = 0P oM sec O oM -~ OA oQ
_MP _AQ _ L OF _OF .
tan ® =0M " OA AR csc © MP - OB OR

Hence as P moves counterclockwise about the unit circle, starting at A,

© (L XOP) varies continuously from 0° to 360° and the function values
vary as shown following. (Remember, we read the symbol « as “infinity”
or “without limits.”)
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As©
increases | 0° to 90° | 90° to 180° | 180° to 270° | 270° to 360°
from
sin © increases decreases decreases increases
fromO0tol| from1to0 | fromOto-1 | from-1to0
— decreases decreases increases increases
from1toO| from0Oto-1| from-1to0 | from O0to-1
increases increases increases increases
tan © from 0 to from —e from O to from —oe
+ oo to 0 + oo to 0
decreases decreases decreases decreases
cot ©® from + o= from O to from + o from 0 to
to 0 — o0 to 0 —
increases increases decreases decreases
sec @ from 1 to from — o from -1 from + o
+ oo to-1 to — oo to1l
decreases increases increases decreases
csc © from + o from 1 to from — o from -1
tol + oo to -1 to— o

Looking at the above table, see if you can fill in the missing information

below.

(a) The sine and cosine can take on values only between

and

inclusive.

The tangent and cotangent can take on

values.

(¢) The secant and cosecant can take on any values whatever except

those lying between and

-land +1; (b) any; (c¢) -land+1

8. Now if the sin values for angles lying between 0° and 90° do in fact
increase from O to 1, then this is what our tables of natural trig func-
tions should tell us.

Let’s see if they do. Turn to the trig tables in the Appendix. What
values do you find for:
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(a) thesinof0°? (d) thesinof60°?
(b) thesinof30°? (e) the sin of 90°? S
(c) the sin of 45°?

(a) .00000; (b) .50000; (c) .70711; (d) .86603; (e) 1.0000

9. The results in frame 8 seem to confirm our findings in frame 7, don’t
they? Let’s see if the tables confirm our predictions for the cosine.
Turn to the trig tables in the Appendix again and check the values
shown there for the following.

(a) cos0°=__ (d) cos60°=__
(b) cos80°=__ (e) cos 75° =
(¢) cosdb’=__ (f) cos 90° =

(a) 1.0000; (b) .86603; (c) .70711; (d) .50000; (e) .25882;
(f) .00000

10. Again we seem to have confirmation of the function values. Now just
so you’ll have some assurance about what happens to the tangent, check
the following values in the trig tables.

(@ tan0°=__ (d) tan 89°59' =__
(b) tan45°=_ () tan90°=__
(c) tan 89° =

(a) .00000; (b) 1.0000; (c)57.290; (d) 3437.7; (e) o

PERIODICITY AND THE SINE WAVE

11. What we have just learned is going to help us to graph some of the
trigonometric functions. For example, we are going to see how to go
about graphing the sine ratio, generally known as a sine wave. The
graph of the sine ratio from 0° to 360° is the basic cycle of the
sine wave.

Sine waves are an important graphical model in basic science and
technology. For example, the graphs of such diverse phenomena as
alternating currents, radio and television waves, and the vibration of a
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spring are related to the sine wave in one way or another. When the
graph of a phenomenon is a sine wave, we say that the phenomenon is
sinusoidal (pronouned sigh-nah-soy-dal).

In order to find the graph of a trigonometric function such as the
sine, we assume values for the angle. The circular measures (that is,
measure of the angle in radians) of these angles are then taken as
abscissas, and the corresponding values of the function (found in the
trig tables) are taken as the ordinates of points on the graph.

Example: Plot the graph of sin x. _

Solution: Let y =sin x. It is easier to use degree measure of an angle
when looking up its function but necessary to use circular measure
when plotting. So the first thing we need is a table of values that in-
cludes all these necessary elements.

& y X y
| o 0o | 210° —76ﬁ _.50
30° | 2 50 | 240° %’” .86
60° % .86 | 270° %’—’ =100
90" | I | 1.00 | 300° %ﬂ _.86
120° z_g 86 | 330° l%—"f ~.50
150° %’1 50 | 360° | 2n 0
180° m 0

In plotting the points we must use the circular measure of the angles
for abscissas since we are dealing with circular functions. The most
convenient way of doing this is to lay off distances 7 = 3.1416 to the
right of the origin and then divide each of these into six equal parts.
The ordinate values will, of course, range between 0 and 1

(+ and -).
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12.

Y
A
101
/ ] | | | | | | | | ! ] > x
oL id T 3 2n
2 2
-1.0F

The final step is to draw a smooth curve through the plotted points.
The resultant curve is a graph of sin x for values of x between 0 and
2n. This is the sine wave or sine curve we referred to at the beginning
of this frame. Had we computed points for negative values of x we
would have gotten the continuation of this curve to the left of the
Y-axis.

Prepare a table of values for the cosine of x, similar to the one we pre-
pared for y = sin x, and plot the cosine curve. Use a separate sheet of
paper for your work.

_10 —

You will note from the graphs of the sine and cosine curves that the
points at which the two functions reach their maximum is 90°, (or
m
2
two curves are 90° out of phase. In the study of alternating current
electricity where current flow is essentially sinusoidal in nature, and
thus can be represented by curves such as the ones above, the matter of
the phase relationship between voltage and current is very important.
Therefore if you get into the field of electricity or various other aspects
of physics, you will find these concepts very useful.

radians) apart. One way of expressing this situation is to say that the
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Notice also from the graph of sin x in frame 11 that as the angle
increased from 0 to 2« radians, the sine first increased from 0 to 1, then
decreased from 1 to —1, and finally increased from -1 to 0. Had we
continued to plot the curve as the angle increased from 2r radians to
47 radians, you would have seen that the sine went through the same
series of changes, and so on. Thus the sine goes through all its changes
while the angle changes 2 radians in value. This fact is expressed by
saying that the period of the sine is 2m. Y

Similarly the cosine, secant, or
cosecant passes through all its i
changes while the angle changes i

|
I

27 radians, as shown by the "

1

table in frame 7 and also the i1 45 -3
figure at the right. -2n \

=
|
il

AR

o
]
mEm =iy
-~
=5
A e e

The tangent or cotangent, Secant curve
however, passes through all its
changes while the angle changes
by 7 radians, also shown in the |
table in frame 7 and the figure :
at the right. 1

Thus the period of the sine, }
cosine, secant, or cosecant is : g

| =
I
1
I
\
|
L
|

2n radians, while the period of

: -2r _ 8rm
the tangent or cotangent is -5
7 radians. As each trigonometric
function again and again passes
through the same series of values
(the angle increasing or decreasing
uniformly), we call them periodic
functions.

Tangent curve

Check yourself on a few key points by answering the following questions
about what we have just covered.

(a) The period of the sine function is _ ___radians.

(b) The term ‘“‘sinusoidal” means e S i,

(c) The angular difference between the points at which the sine wave

and cosine wave reach their maximum point is __radians.

(d) The period of the tangentis ___ radians.
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(e) The term applied to a trigonometric function that passes repeatedly
through the same series of values as the angle increases or decreases
uniformly is
(a) 2m; (b) like a sine wave; (c) %; (d) m; (e) periodic function
INVERSE FUNCTIONS
13. It is time we said a word about inverse trigonometric functions. To do

s0, let’s go back a little bit just to make sure you are clear on where we
are starting from.

The value of a trigonometric function of an angle is a function of
the value of the angle. Conversely, the value of the angle is a function
of the value of the function. Thus, if an angle is given, the sine of the
angle can be found. Or, if the sine is given, the angle can be expressed.

It is often convenient to represent an angle by the value of one of
its functions. Thus, instead of saying that an angle is 30°, we can say
what amounts to the same thing: that it is the least positive angle
whose sine is % We then consider the angle as a function of its sine,
and the angle is said to be an inverse trigonometric function, and is
denoted as

e, H1L .1 1
arc sin 2,0]‘.’ sin R

Either of the above expressions should be read as ‘““the angle whose sine
& 1 "
is 5.

In the second method of expressing this relationship it is important
that you understand that the —1 is not an algebraic exponent, but is
merely part of the mathematical symbol denoting an inverse trigono-
metric function. For example, tan™' a is not the same thing at all as
(tan @)~ !, which means the reciprocal of the tangent. That is,

-1 1
(tan a) ik

But it is because of the possibility of this confusion occurring that the

expression arc sin is used more frequently than sin™'.

Thus, the inverse of sin 30° = % would be are sin % = 30° or %

How would you write the inverse of: cos 60° = %?
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14.

How would you read your answer aloud?

arc cos % = %; The angle whose cosine is %

There is another important difference between a trigonometric func-
tion and its inverse, other than the way they are written. For example,
the trigonometric function x = sin y defines a unique value of x for
each given angle y. Thus, if y = 30°, x = %— But in the inverse when

the value of x is given, the equation may have no solution or many
solutions. If for instance x = 2, then there is no solution since the sine

of an angle never exceeds 1. On the other hand, if x = ‘?1,:, then there

are many solutions, such as y = 30°, 150°, 390°, and so on. We can
say, therefore, that:

The trigonometric functions are single-valued, and the inverse
trigonometric functions are many-valued.

Incidentally, referring to our example

x = sin y, if we wish to express y as a }(
function of x, we write: y = arc sin x.
The inverse trigonometric functions "
— &1

can, of course, be graphed, just as the
trigonometric functions can. Thus, the
graph of y = arc sin x is the graph of L
x = sin y and differs from the graph of
y = sin x (see frame 11) only in that
the roles of x and y are interchanged.
That is, the graph of y = arc sin x is a
sine curve drawn on the Y-axis instead o
of on the X-axis, as shown at the right.
The smallest value numerically of
an inverse trigonometric function is -1 0 1
termed its principal value. For example, if

tan x = 1, Y
then 1
= E = b T4+ X a
x=7 45 /_ .
. L | >
is the principal value of x. And the -13/10 1

general value of x is -a
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™
x=arctanl = nn + T
where n represents zero or any positive or negative value.

What is the principal value of cos x = %? =

RELATIONS BETWEEN THE TRIGONOMETRIC FUNCTIONS

15. We will not work with some of these concepts (such as inverse functions)
to any great degree. It is enough for now that you have been introduced
to them and hence will recognize and be prepared to use them when
they occur later on in your study.

Earlier we stated that there are many purely mathematical applica-
tions of the basic trigonometric concepts. We are going to consider
some of these now. Once again, to save space, we are not going into the
derivation of proof of the formulas stated (they are available in most
stancard textbooks). It is important, however, that you learn these
formulas! If not now, then certainly before you begin the study of
calculus. You can, of course, look them up when you need them, but
having them at your mental fingertips will save you an endless amount
of time.

In Chapter 5 you learned about the three primary trig functions
(sin, cos, and tan) and their reciporcals (csc, sec, and cot). Another
way of stating these reciprocal relationships is as follows.

. 1

Sl = SC ==
nX = s x CSC X = §in x

1 1

0s X = ec x =

< sec x S€C X = Cos x

_ 1
tan x cot x

Now, making use of the unit circle
shown at the right (and which you
first saw in frame 7 of this chapter),
we can derive five more very
important relations between the
functions. These are,

Angle in first quadrant
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cos X
cot x = —
sin X

sinx + cos’x =1

1 + tan’x = sec’x

1+ cot?x = csc’x
While in the figure shown the angle x has been taken in the first quad-
rant, the results hold true for any angle whatever. Based on the above
formulas, and grouping them according to the specific function involved,

we get the following formulas wherein each of the functions is expressed
explicitly in terms of other functions.

. = i
(1) sinx = T
(2) sinx =*v1- cos’x
_ 1
(3) cosx = =%
(4) cos x = V1 - sin*x
- |
(b) tan x = St

(6) tan x = tvsec’x — 1
sin x sin x +4/1 - cos’x

(7) tan X = e = " 1 = Sinzx = o
_ 1
(8) cscx = T
(9) cscx =%v1+ cot’x
(10) sec x = 1
cos x
(11) sec x = +*v1 + tan’*x
2
(12) cotx = Bh =
(13) cotx =+vesc’x — 1
{4y cobix _Ccosx _ cos x _ V1 - sin®x

sin x  ++/1 — cos?x sin x

By means of the above formulas it is possible to find any function in
terms of the other five functions.

Example: Find sin x in terms of each of the other five functions of x.

i
csc x

(a) sinx = from (1)
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(b) sin x = ++v/1 — cos?x from (2)
(c) sin x e
+v1 + cot’x

2 ae
b Al e SN substitute (3) in (b)
sec’x sec x

substitute (9) in (a)

(d) sin x =
i 1 tan x _ _
oosmxmT titut
* +\/1+*1 ++vtan’x + 1 substitute (12) in (c)
E tan® x

Now it’s your turn. Don’t be afraid of it; the practice will give you
confidence in your ability to work with these functions. Find cos x in
terms of each of the other five functions.

(a) cosx = upe from (3)
(b) cosx =%+1 - sin®x from (4)

1
G COS X B e
() +4/1 + tan®x

substitute (11) in (a)

2 —
(d) cosx = t\/l - Cscﬁx = i\/cjgci L substitute (1) in (b)
(e) cosx = L = L substitute (5) in (¢)

2
1‘/1+ 12 +v/cotZx + 1
cot® x

TRIGONOMETRIC ANALYSIS

16. We also have formulas (although we will not attempt to prove them here)
that enable us to find the trigonometric functions of two angles. The
principal formulas are as follows.

Addition Formulas
(15) sin(x + y) = sin x cosy + cos x sin y

(16) cos(x + y) =cos x cos y — sin x sin y

_ tanx + tan y
(A7) tan(x + y) = -4 — x tan y
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Subtraction Formulas
(18) sin(x — y) =sinx cos y — cos x sin y

(19) cos(x —y) =cosx cosy + sin x sin y

tan x — tan
(20) tan(x — y) = 1+ tan x tanyy

Let’s see how we can apply these formulas.

Example 1: Find sin 75° using the functions of 45° and 30°.
Since 75° = 45° + 30° we get, from (15),
sin 75° = sin(45° + 30°) = sin 45° cos 30° + cos 45° sin 30°
= 1 V3 1 1
— + e SN ]
2 22
-V3+1
2v/2
Example 2: Find cos 15° using the functions of 45° and 30°.
Since 15° = 45° — 30°, we get, from (19),
cos 15° = cos(45° — 30°) = cos 45° cos 30° + sin 45° sin 30°

~L.¥3 1.1
V2 o2 v2 2
_V3+1

22

Example 3: Find tan 15° using the functions of 60° and 45°.
Since 15° = 60° — 45°, we get, from (20)

i ) . tan 60° — tan 45°
tan 15" = tan(60° — 457) = 1 + tan 60° t:n 45°

B =
_1+\/§_2 V3

Apply the formulas similarly in working out the following problems.
(Try to work out your 30°-45°-60° function values as you learned to
do in the last chapter. If you get stuck, refer to frame 21, Chapter 5.)

(a) Find cos 15°, taking 15° = 60° — 45°, —

(b) Show that sin 15° = \/g\;gl , using the functions of 45° and 30°.

(¢) Verify: sin(45° — x) = QS—%—M (Let x = 45°, y = x.)
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(d) Find tan 15°, taking 15° = 45° — 30°. _

(e) Find tan 75° from the functions of 45° and 30°.

(a) cos15° = cos(60° — 45°) = cos 60° cos 45° + sin 60° sin 45°
st ¥3 1
V22 V2
-1 . V8 _1+43
2v2 242 22
(b) sin 15° = sin(45° — 30°) = sin 45° cos 30° — cos 45° sin 30°

1 V311
2

Il
= 0

[\

V2 NE
=\/§_ 1 =\/§—1
2B DD 24/2

(c) sin (45° — x) = sin 45° cos x — cos 45° sin x

=\_}§.Cosx~%’8inx
- Cosy sy
V2
. o _ opnoy . tan 45° — tan 30°
(@) tan 15" = tan(45" - 30°) = 7 e —ape

o il

ST IB _a-1

A1, V3+1
1+1(\/§)

VvV3-1) .(\/§—1)23—2ﬁ+1*
vV3+1) (3-1) 3-1
4 *22\@ =2-+/3
*Multiplying both numerator and denominator by (v/3 - 1) in
order to rationalize the denominator.

tan 45° 4+ tan 30°
— tan 45° tan 30°

= d
(

(e) tan 75° = tan(45° + 30°) = 1

1+

1- 1)

+

al-
o B
o
b5




TRIGONOMETRIC ANALYSIS 253

17. Having looked at the addition and subtraction formulas for functions
of two angles, let’s go on now to the formulas for double angles and
half angles.

Double-Angle Formulas

(21) sin 2x = 2sin x cos x

(22) cos 2x = cos’x — sin?x = 1 - 2sin*x = 2 cos’x — 1
_ 2tanx
(23) tan 2x = T—tanim

Half-Angle Formulas

(24) sinkx =+ [l=gosx

(25) cosyx = i@

, /l-—cosx _ _sinx _1-cosx (from frame 15)
v 1+ cosx 1+ cosx sin x m

(Note: Once again, if you are interested in seeing the proofs of any of
these formulas, consult any standard textbook.)

(26) tan%x

. . 2 : .
Example 1: Given sin x = —=, x lying in Y
3 V5 T /

the second quadrant, find sin 2x, cos 2x,
tan 2:x. Vb

=

. . . 2 o T
Solution: Since sinx =—=and x lies in

VB x
the second quadrant, we get, using the \
figure at the right, the following values -1 @
for the sin, cos, and tan:

V
ba

tan x = -2.

s'mx=\72_g, cosx=—%,

(cos and tan must be negative in the second quadrant.) Substituting the
sin and cos values in (21) we get,

sin2x=2sinxcosx=2-\7%_g —%)=—%

With the above as a guide, suppose you try finding cos 2x.
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Using formula (22),
= 2 — qin2 =—L2——42k2=l__4-:_§
cos 2x = cos’*x — sin’x (\/E) (\[5) 5B E
18. We still haven’t found the tangent in the last problem, so let’s do so

now — together. Stating our formula (23),

and substituting the value of tan x, (- 2),

2#=2 - 4

1-(-2° 3

Now it’s time to apply the half-angle formulas. Let’s start with the sine.

Example: Given cos 45° = % find sin 22%0.
Solution: From (24), sin %‘ ad fL= gos x

If we let x = 45°, then %c = 221°, and we get
1

V2
2

V2 -+/2

bpoj—

sin 223° =

Use formulas (25) and (26) to find the cosine and tangent of 223°.

from (25)
cos Ly =+ /1 +2czosx = /L3 %os 45
1
1+ =
V2 _ A2 +1
2 242
or rationalizing the denominator,

_V2+1 V2 _1
TTavE v OEVEYVE
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19.

from (26) 1
1 s V2
o= OB % - _
= sy V2 -1

1
an = x = -
tan 3x sin x

V2

TRIGONOMETRIC EQUATIONS

We are not going into the subject of trigonometric equations in any
great depth, so you need not be alarmed. Nevertheless, you should not
leave any introduction to trigonometry without being aware that there
are such things as trigonometric equations and what their solution
provides. :

Trigonometric equations are simply equations involving trigono-
metric functions of unknown angles. Basically, they are of two types:
identical and conditional.

Identical equations, or identities, are so termed if they are satisfied
by all values of the unknown angles for which the functions are defined.

Conditional equations, or simply equations, are trigonometric
equations that are satisfied only by particular values of the unknown
angles.

A solution of a trigonometric equation, such as sin x = 0, is a value
of the angle x that satisfies the equation. In this respect they are
similar to the linear and quadratic equations you studied in algebra.
Only now we are seeking an angular value as a solution rather than a
numerical value.

Incidentally, the solutions of sin x = O are x = O and x = 7. You
know this already from what you have learned about the value of the
sine function, namely, that it is zero only when the angle is 0° or 180°
(7). (Note: We will confine our discussion to angles between 0° and

360°, that is, 0 and 27.) When the angle is T (90°), its sine is 1; when
2

the angle is 3777 (270°) its value is —1. (Refer to frame 7 if you need to

review the function values.)

Like some of the situations you encountered in algebra (such as
factoring quadratic expressions, solving word problems, etc.) there are
various approaches — but no set procedure — for solving trigonometric
equations. Here are a few suggested approaches:

(1) The equation may be factorable. Thus, given the equation
sin x — 2sin x cos x = 0, by factoring, we get sin x(1 — 2 cos x) =
0, then setting each factor equal to zero, sin x = 0, hence
x=0,m;and1 - 2cosx = 0orcos x = %,hencex =%,53—”.
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(2)

(3)

The various functions occurring in the equation may be expressed
in terms of a single function. Thus, in the equation 2 tan®x +
sec’x = 2, replacing sec’x by 1 + tan?x (from frame 15), we

have 2 tan®?x + (1 + tan’x) = 2, or 3tan®*x = 1, and tan x = 1%.
From tan x =\—/1—§,x =%andzg—. From tan x =—%,x =%r

and %

Sometimes it’s possible to simply take the square root of both

members of the equation. For example, in the equation sin’x = 1,
n 3n

taking the square root we get sin x = +1, hence x = 39

Try using whichever of the above approaches seems to apply best in
solving the following problems. (Note: You may find it helpful to
draw a diagram such as that shown in frame 17 as an aid to visualizing
your angle solution values; also the table in frame 11 will assist you in
converting from degrees to radian measure.) Show only solution values

m

< 5.
2

(a)

(b)

(c)

tan?x =1

cos’x =

L L

2sin’x + 3cosx =0

2sin2‘x+ﬁcosx+ 1=0

Taking the square root of both members, tan x = +1; we are look-
ing for the angle (x) whose tangent is 1. And since we only want
first quadrant values (i.e., solution values equal to or less than

m
E)’ we ignore the minus sign. Even without the minus sign we

could still have two angle values for a function value of 1 because




TRIGONOMETRIC ANALYSIS 257

the tangent is positive in both the first and third quadrants. How-
ever, we’'re only interested in the reference angle (less than 90%),
and our table in frame 21 of Chapter 5 (or your recollection) will

tell you this is an angle of 45°, or 1—;— The answer, then, is x = %
(b) Again taking the square root of both sides we get cos x = %

(which we could write as x = arc cos —;—, that is, x equals the angle

whose cosine is %). And the angle whose cosine is —% is, of course,

60°. Therefore, x =

w|A

(¢) The sin®x in this equation is a clue that we might use the relation-
ship sin®x + cos®’x = 1, or, rearranging terms, sin’x = 1 — cos®x.
This would give us an equation in terms of just one function,
namely, the cos. Thus, substituting, 2(1 — cos’x) + 3 cos x = 0,
or 2 — 2 cos?x + 3 cos x = 0, from which 2 cos’x — 3cos x — 2 =
0, and factoring, (2 cos x + 1)(cos x — 2) = 0, 0or 2 cos x = -1 and
cos x = 2. (This result can’t be used since no cosine is greater than
1.) Thus, cos x = —-é—, and x = % is the value of the reference
angle.

The minus sign tells us that the terminal side of the standard
angle actually would lie in quadrants II and III, since the cosine is
negative in those two quadrants.

(d) Here again it looks as though we should try substitution. Since
sinx =1 - cos’x weget 2 — 2cos’x + v/3 cosx + 1 =0, o0r
2 cos’x — /3 cos x — 3 = 0, and since this is a quadratic in cos x,

__ V3

factoring we get (2 cos x + +/3)(cos x — +/3) or cos x = — 5

. ™ . .
from which x = 5 (cos x = +/3 can’t be used since cosine value

is never greater than 1.)

The minus sign tells us that the terminal side actually would
lie in quadrants II and III since the cosine is negative in those two
quadrants.

SOLUTION OF OBLIQUE TRIANGLES

20. As you are well aware by now, one of the principal uses of trigonometry
is in the solution of triangles. That is, given three elements of a triangle
(sides and angles), at least one of which is a side, the other elements
may be found. In Chapter 5 we developed some unique relationships
between the sides and angles of right triangles that enabled us to solve
for the missing parts fairly readily. Now, however, we are going to
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21

concern ourselves, not with the right triangle, c
but with the oblique triangle. In doing so we
will make use of some of the concepts and
trigonometric functions that evolved from
our work with right triangles.

An oblique triangle simply is one that
does not contain a right angle. Such a
triangle contains either three acute angles 4 B
or two acute angles and one obtuse angle 3 acute angles
(greater than 90° but less than 180°). c

As you learned from our study of
plane geometry in Chapters 1 through 4, N
when three parts (not all angles) are b
known, the triangle is uniquely deter-
mined. The four cases of oblique A c
triangles are: 1 oblique angle

Case 1 — given one side and two angles.

Case 2 — given two sides and the angle opposite one of them.
Case 3 — given two sides and the included angle.

Case 4 — given the three sides.

In other words, given the parts indicated in each of the cases above, we
could construct the triangle by geometric methods. The parts not given
could then be found by direct measurement with a scale of some kind
(such as a ruler) and a protractor (to measure the angles). But the
results would be rather rough. You will learn in this section, however,
how to find them with great accuracy by trigonometric methods.

Before we go on let’s make sure you are clear about what an oblique
triangle is. An oblique triangle:

(a) may contain a right angle. (True, False)

(b) may contain an obtuse angle. (True, False)

(c) must contain all acute angles. (True, False)

(d) must either contain an obtuse angle or else all acute angles.
(True, False)

(a) False — it would then be a right triangle, not an oblique triangle;
(b) True; (c) False — it may contain all acute angles, but not neces-
sarily; (d) True

Two important facts or geometrical properties common to all triangles
that you should bear in mind are these (they should be familiar to you
from geometry):
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The sum of the three angles equals 180°.
The greater side lies opposite the greater angle, and conversely.

Right triangles can, as we know, be solved directly by means either of

the Pythagorean Theorem or by means of the three primary trigono-

metric ratios (or their reciprocals). But since these methods apply

directly only to right triangles they cannot be used to solve oblique

triangles — directly. They can, however, be used indirectly to solve

oblique triangles. And we will look first into how this may be done.
Since we must have right triangles

in order to apply right triangle methods, c

in working with oblique triangles the |

basic procedure is to drop a perpendicu- b } a

lar from one vertex to the opposite side, :

thus dividing the oblique triangle into -

two right triangles, as shown in the A 1') B
figure at the right. We will see that R
solutions by this method require a c

two-step process.

Example: In the oblique triangle
ABC, if LA = 50°, LB = 30°, and
side b = 10", find side a.

Solution: Drawing the altitude h
divides A ABC into two right triangles,
AACD and ABCD.

In AACD, sin A = %,or h=bsin A
h = 10sin 50
= 10(0.766)
= 17.66"

Now, knowing the value of h we can use it to solve for side a in
triangle BCD.

In ABCD, sin/B = g,or a=

Apply this two-step approach in c
solving the following problem. In

oblique triangle ACB, altitude h b

is drawn and its length is given as I
10 ft. Also, angle ACD is 45° and
angle BCD is 60°. Find the
length of side ¢. (Hint: since

|

|

|

|

i
A ) B
LY i
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22.

side ¢ = AD + DB, find AD from Al and DB from AIIL, then add them
to find side ¢.)

side ¢c = AD + DB
AD

In Al, tan LACD = == or AD

h h tan LACD

= 10 tan 45°
10(1)

10 ft
DB

In AII, tan ZBCD = —— or BD = h tan . BCD

h
= 10 tan 60°
= 10(1.732)
= 17.32 ft
Therefore, side ¢ = 10 + 17.32 = 27.32 ft

[

]

As you can see, it is often, though not always, possible to use the
trigonometric functions in the conventional way to solve oblique
triangles, if those triangles can be divided into two right triangles in
some convenient way. However, as we
indicated earlier, there are some methods
of solving oblique triangles directly, and
we will consider two of them. b a
The first, known as the law of sines,
states that:

c

The sides of a triangle are proportional A
to the sines of the opposite angles.

a __b _ ¢
sinA sinB sin C’
relations (or their reciprocals) also can be
obtained readily from the above. a

_sinA b _sinB

sinB’ ¢ sin C°

Thus,

The following
C

sin C
sin A A c

a ¢ .
b a

The second law, known as the law of cosines, states that:

In any triangle the square of any side is equal to the sum of the
squares of the other two sides minus twice the product of these
sides and the cosine of their included angle.
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Thus, a®> = b* + ¢ — 2bc cos A
b? =¢* + a* — 2cacos B
¢ =ag® + b* -~ 2abcos C

Solving the above three equations for the cosines of the angles gives
us this additional set of expressions for the cosine law.

_-b2+c‘2_al

os A =
cos 2be
2 2 2
cosp=tt¢c - ¥
2ac
2+b2_7 2
T el

2ab

These formulas are useful in finding the angles of a triangle when
its three sides are given. The first group expressed in terms of the
squares of the sides of the triangle, can be used for finding the third
side of a triangle when two sides and the included angle are given. The
other angles can then be found either by the law of sines or by the
latter three formulas.

Now let’s see how we are going to apply these two laws. To do so we
will employ them, as appropriate, to

each of the four cases we mentioned

in frame 20.

Case 1 — given one side and two
angles.

Example: Suppose a, B, and C are

given. Thus,a = 7.07, B = 30°, and

C = 105°.

To find A we use A = 180° — (B + C)
= 180° - (30° + 105°)

=180° - 135°
= 45°
' b _sin B a sin B
To find b we use mh = ey
_ 7.07(sin 30°)
~ sin 45°
_17.07(0.5000)
- 707
=5
sin C _asin B

. & =
To find ¢ we use i Tand or ¢ A
_ 7.07[sin(180° — 105°) or 75°]
B sin 45°
_ 1.07(0.966)
707

= 9.66
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Now, you solve this practice problem.
Given: a = 50, A = 65°, b = 40°.
Find: C, b, and c.
To find C, use C = 180° — (65° + 40°) = 180° - 105° = 75°
. a _ b _asin B
To find b, use SnA _snB orb = S A
_ 50(sin 40°)
sin 65°
_ 50(0.6428)
0.9063
= 35.46
i a _ ¢ _asin C
To find ¢, use TnA - snC T sna
_ 50(sin 75%)
sin 65°
_ 50(0.9659)
0.9063
= 53.29
23. Now let’s consider the next case.

Case 2 — given two sides and the angle opposite one of them.

The solution of the triangle in this case depends upon the law of sines.
However, there is a built-in ambiguity in the solution that we need to
examine.

The difficulty is that, when given two sides and the angle opposite
one of them, we must first find the unknown angle that lies opposite
one of the given sides. But when an angle is determined by its sine, it
can have either one of two values which are supplements of each other.
Hence either value of the angle may be taken unless one is excluded by
the conditions of the problem.

Let’s see what this means. In the

triangle at the right, @ and b are the g

given sides and A (opposite the side a) .

is the given angle. If @ > b, then we b

know from geometry that A > B, and \

B must be acute regardless of the value A B

of A, since a triangle can have only one
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obtuse angle. Therefore, there is one, and only one, triangle that will
satisfy the given conditions, and there is no ambiguity here. On the
other hand, if @ = b, then, again from geometry, both A and B must be
acute, and the triangle is isosceles.

Now consider the triangle at the
right. If @ < b, then, from geometry,

A < B and A must be acute in order
that the triangle be possible. But

when A is acute it is evident that the
two triangles ACB and ACB' both A
will satisfy the given conditions,
provided that a is greater than the perpendicular CP. That is, provided
a > b sin A.

The angles ABC and AB'C are supplementary (since angles B'BC
and BB'C are equal). They are in fact the supplementary angles ob-
tained (using the law of sines) from the formula
b sin A
—Y

If ¢ = b sin A (that is, CP), thensin B = 1, B = 90°, and the
triangle is a right triangle. If, however, a < b sin A (that is, less than
CP), then sin B > 1 and the triangle is impossible.

You will probably be relieved to know that all of the foregoing can
be summarized as follows.

B

sin B =

Two solutions: If A is acute and the value of a lies between b and
b sin A.

No solution: If A isacuteand a < b sin A, orif A is obtuse
and a < b or a = b.

One solution: In all other cases.

The number of solutions usually can be determined by inspection on
constructing the triangle. When in doubt, find the value of b sin A and
test as above.

Since you will be applying the law of sines primarily to the “all
other cases” type of oblique triangle, let’s consider a single solution
situation.

Example: Given a = 40, b = 30, A = 75°. Find the remaining parts.
Solution: Since a > b and A is acute we know there is only one

. . a _ b
solution. By the law of sines, then, o T or

n B =bsinA _30(0.9659) _ 7944 and B = 46°25'.

a 40

Therefore, C = 180° - (A + B) = 180° - 121°25' = 58° 35’
. : c

To get ¢, using the law of sines, R i or

_asin C _ 40(0.8535) _
¢="GnA - 09659 _ 208
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24,

Use the law of sines to solve the following problem. Before starting,
check (using the summary above) to see how many solutions you should
expect. Problem: Solve the triangle when a = 119, b = 97, and

A = 50°. That is, find the missing parts.

Since a > b and A is acute, there is only one solution.
bsin A _ 97(sin 50°) _

g a _ b ; _ =
To find B we use sin A~ =n B> Orsin B = : 119
% = (0.62438. Therefore B = 38°38’.

Hence C = 180° - (50° + 38°38') = 91°22'.

Tofindcweuse.L g . orc=a—.§m—g =
sin C sin A’ sin 4

119(sin 91°22' = 88° 38'}= 119(0.99972) _ 155.3

sin 50° 0.766

Having considered the application of the law of sines to Cases 1 and 2,
we will go on now to Cases 3 and 4, which involve the application of
the law of cosines.

Case 3 — given two sides and the included angle.

Example: Given a = 132, b = 224, and C = 28°40’, solve for the
other parts of the oblique triangle.
To find ¢ we use ¢ = a®> + b* — 2ab cos C
= (132)? + (224)* - 2(132)(224) cos 28°40'
= (132)* + (224)* - 2(132)(224)(0.8774)
= 15,714
or ¢ = 125 (taking the square root of both sides, to the nearest three
figures).
For A we usesin A = a_s::n 4
_ 132 sin 28740’
- 125
132(0.4797)
125
0.5066

and A = 30°30'.
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25.

bsin C
C
_ 224 sin 28° 40’
B 125
_ 224(0.4797)
125
= 0.8596

For B we use sin B =

or B =120°40'.

Now try this practice problem. Given an oblique triangle with side a =
30, side b = 54, and angle C = 46°, find the remaining parts.

Your procedure should follow that shown in the example above.
A = 33°06', B =100°54', and ¢ = 39.56.

Now we come to the fourth and last case. Again we will use the cosine
law to solve the triangle.

Case 4 — given the three sides.

Example: Solve the triangle ABC, given a = 30.3, b = 40.4, and
¢ = 62.6.
2 2
For A we use cos A e o8, % - d
2be
- (40.4)* + (62.6)*> — (30.3)°
2(40.4)(62.6)
= 0.9159, and A = 23°40".
¢t + a* - b?
2ca
_ (62.6)> + (30.3)*> - (40.4)*
2(62.6)(30.3)
= (0.8448, and B = 32°20'.
a® + b* - ¢?
2ab
_ (30.3)* + (40.4)* — (62.6)*
2(30.3)(40.4)
= -0.5590, and C = 124°00'.
Check: A + B + C =180°.

For B we use cos B =

And for C, cos C
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26.

Try this practice problem. Given the following sides of the oblique
triangle ABC, use the cosine law to find its angles: a = 24.5, b = 18.6,
and ¢ = 26.4.

A =63°10', B = 42°40', C = 74°10'.

Here are a few additional problems that will give you practice in work-
ing with the sine and cosine laws. You will have to decide in each
instance which case is involved and then apply the correct law. Refer
to frame 20 if you need a summary of the four cases. In fact, it would
probably help if you kept a copy of it in front of you while you work
these problems.

Use a separate sheet of paper for your computations, as you solve
each of the following oblique triangles ABC, given:

(a) a =125, A =54°40, B = 65°10’
(b) b=2321,A =75"20", C = 38°30'
(¢) b=215, ¢ =150, B = 42°40'
(d) a =512, b = 426, A = 48°50’
(e) b=120,c =270, A =118°40'
(f) a=6.34,b="17.30,c =998

(g) Find the horizontal distance from a
point A to an inaccessible point B
on the opposite bank of a river.

AC, which is any convenient
horizontal distance, is given as

283 feet, angle CAB = 38°, and
angle ACB = 66°18'. Solve triangle
ABC for side AB.

I

(@) b=139,c =133, C=60°10" (Casel)

(b) a =339, c =218, B =66"10" (Case 1)

(¢) a=300,A =109°10", C = 28°10" (Case 2)
(d) ¢ =680,B = 38°50", C =92°20" (Case 2)
(e) a=234,B=17°50", C = 43°30" (Case 3)

(f) A =39°20, B = 46°50, C = 93°50' (Case 4)
(g) AB = 267.4ft (Casel)
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It’s time once again for you to check up on yourself and find out how much
you have retained from this chapter. Before taking the Self-Test that fol-
lows, you will find it helpful to review quickly the topics we have covered.
Also, don’t hesitate to look up any of the formulas you need during the test.
You would be quite exceptional if you had memorized them all at this point.

SELF-TEST

1. Indicate which quadrant each of the following angles is in — that is, in
which quadrant its terminal side falls.

@ 17 e d) 18° __
) 350° (e) -5° _
(c) 95° . (f) -95°

(frame 1)

9. Indicate whether the following angles are coterminal, quadrantal,
or both.

(a) -90° and 90° ___
(b) 0° and 360° __
(c) 80° and -330° (frame 2)

3. Draw the standard position angle for ® = 300°; show the reference
angle (angle between the terminal side and the X-axis) and the coordi-
nates of a point P at a distance r from the center O, located on the
terminal side. (frame 3)

4. Draw a diagram showing the signs of the six trigonometric functions in
all four quadrants. (frame 4)

5. Draw a unit circle with a standard position angle in the first quadrant;
show the point P where the terminal side cuts the circle, and the perpen-
dicular from P to the X-axis. Indicate the sides of the resulting triangle
that represent the sin and cos function values. (frames 5, 6)
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6. Complete the following,

(a) The cosine value increases from 0 at “tolat gh

(b) The sine value increases from 0 at _ tol at e

(c) The tangent value increases from 0 at °to at 90°.
(frame 7)

7. Using the table of natural trigonometric functions, find the following

values.
(a) sin15° =
(b) cos 65° =
(c) tan 80° = (frames 8, 9, 10)
8. Plot the graph of y = sin(x + %) at 30° (that is, %) intervals for values
of x between 0 and 2n. Use a separate sheet of paper for your figures.
(frame 11)

9. Complete the following.

(a) The period of the sine functionis ____ radians.
(b) The period of the tangentis _ radians.
(c) The period of the cosineis __ radians. (frame 12)

10. Show two ways of writing the inverse function of tan 45° = 1.

(frame 13)

11. The principal value of sin x = 1 is x = or

(frame 14)

12. Frame 15 listed five important relations between the trigonometric
functions and an additional 14 formulas derived from these. On a
separate sheet of paper, write down as many of these as you can recall
or derive and give yourself one point for each one that is correct.

(frame 15)
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13.

14.

15.

16.

14

18.

19,

Apply the addition and subtraction formulas for the trigonometric
functions of two angles to solve the following.

(a) Find sin 15°, taking 15° = 60° — 45°.
(b) Find cos 75°, taking 75° = 45° + 30°. (frame 16)

Given tan x = 2, x lying in the third quadrant, find sin 2x, cos 2x,
tan 2x. (Start by drawing a diagram of the reference triangle in the
third quadrant and finding the values for the sin, cos, and tan of x:)

(frame 17)
. . s ] . 6 o \/ﬁ
Find sine, cosine, and tangent of 15°, given cos 30" = 5 (Use the
half-angle formulas.) (frame 18)

ol i

Solve the following equation: sec’x = (Remember, the secant is

the reciprocal of the cosine.)

(frame 19)
Which of the triangles shown below are/is not oblique? i
(a) (b) (c) (frame 20)

Use the two-step method of solving an C

oblique triangle to find the length of

side a in triangle ABC. b =120

Given: A = 45°, B = 27°.

side b = 12.0 ft. A
(frame 21) ¢

Given ¢ = 25, A = 35°, and B = 68°
in the oblique triangle ABC, use the b
law of sines to find a, b, and C.
(frame 22) 35° 68°
4 c=25
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20. In oblique triangle ABC, if ¢ = 628, A
b = 480, and C = 55°10', find the
missing parts.
(frame 23)
21. In the oblique triangle ABC, given a = 20, ¢ = 26, B = 40°, use the
cosine law to find side b. (frame 24)
22. Given the following sides of the oblique triangle ABC, use the cosine
law to find its angles: a = 5.10, b = 4.60, ¢ = 4.90. (Express the angles
to the nearest whole degree.) (frame 25)
Answers to Self-Test
1. (a) second quadrant; (b) fourth quadrant; (c) second quadrant;
(d) third quadrant; (e) fourth quadrant; (f) third quadrant
2. (a) quadrantal; (b) quadrantal and coterminal; (c) coterminal
3. Y




TRIGONOMETRIC ANALYSIS 271
5. Y
A
P
A~
‘/
\(—) £~
X
O| cos M
6. (a) 90°,0° (b) 0°,90°; (c) 0°, e (that is, without limit)
7. (a) 0.25882; (b) 0.42262; (c) 5.6713
o« m [
8.y—sm(x+2) . x+% 5
As you might . R
expect, this curve 00 0 900 m/2 1.00
looks very much like 300 m/6 1200 2m/3 .86
since the sin x and 90 m/2 180 m 0
COS X curves are ].20c 2 ‘JT/3 2100 7 ﬂ’fﬁ -.50
o 150° | 57/6 | 240° | 4n/3 | -.86
exactly 90" (3) “out | 1g0° - 270° | 3m/2 | -1.00
of phase” with one 210° Tn/6 | 300° 57/3 -.86
another. 240° | 47/3 | 330° | 11x/6 | -.50
270° 3n/2 360° 2n 0
300° 5n/3 30° /6 .50
330° 11 7/6 60° m/3 .86
360° 27 90° m/2 1.00
. il -
1.0
| | | 1 1 I I I | > X
i 3
O z P ?” 27
-1.0
9. (a) 2m; (b) m; (c) 27
10. arcsinl = 45° orsin™' = 45°
11. 90° or =

2
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12. Refer to frame 15 to check your answers.
13. (a) sin15° = sin(60° - 45°)
= (sin 60°)(cos 45°) - (cos 60°)(sin 45°)

M(f ()

2\/_ 2\/5
_v3-1
2\/2
(b) cos 75° = cos(45° + 30°)
(cos 45°)(cos 30°) — (sin 45°)(sin 30°)

-G8

I

_ V3
242 2\T
_V3-1
2v2
14. Since tan x = 2 and x lies in the third Y
quadrant, we can draw the figure shown +
. sy on <t i
at the right, from which sin x = —=, ¥
VB 0
cos x = \;/__é—, and tan x = 2. Substituting _9
the sin and cos values in formula (21) we 4
get: sin 2x = 2 sin x cos x
REEY
v5/\ Vb
_4
B

cos’x — sin’x
1N 252

(%) (5
1 4

-(5) (5)

_.3

5

2 tan x

1 - tan’x
22

1- 2?2

and from formula (22): cos 2x

Finally, from formula (23): tan 2x =

Co| |
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15.

16.

147
18.

19.

20.

Since cos 30° = i—;, then from formula (24),
1-33 N
. o _ 3 = 2-v3 _1 B
sin 15" = 5 = 1 5 2 - /3
And from (25),
14 83 -
i _ 2 _ /2+3_1
cos 15~ = 5 = 1 5 2 + /3

Finally, from (26),

1-V3

2 2 -+/3

tan 15° ———
V3 2+ /3
1+

i, then sec x = 2 or cos x = \ﬁ, and x = 30° or =.
3 V3 2 6
Triangle (a)

First drop a perpendicular from C to side ¢ (call it h).
Then, sin A = b orh=bsin A

b
= 12(0.707)
= 8.48.
h
sin B
8.48
sin 27°
8.48
0.454
= 18.68
To find C: C=180° - (A + B) = 180° - 103° = 77°.
csin A _ 25 sin 35° _ 25(0.5736) _

Since sec’x =

. h
Hence sin B = = or a

Tofind a: = =G " sn 777 -~ 09744 - 1°
. _csinB _25sin 68 _ 25(0.9272) _
Tofind b: b == "5 sn 1T 0.9744 24
Since C is acute and ¢ > b, there is only one solution.

For B #in B = Q%f‘—c
_ 480 sin 55°10°
628
_ 480(0.8208)
628

= 0.6274, and B = 38°50".
For A: A =180° - (B + C) = 86°00".
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b sin A
sin B
_ 480 sin 86°
~ sin 38°50’
_ 480(0.99786)
~0.6271
= 764.
21. Using the known values we get:
b? =c* + a®> — 2ca cos B

Fora: a =

26% - 202 - 2(20)(26) cos 40°
676 — 400 — 1040(0.766)
= 279 or 280, and b = 16.7.

a® + b? - ¢?
22. For C: cos C = g
_(5.1)* + (4.6)* — (4.9)?
- 2(5.1)(4.6)
= 0.503, from which C = 60°.
2
For B: cos B =-—%az ko -
2ac
(5.1 + (4.9)* — (4.6)?
2(5.1)(4.9)
= 0.576, from which B = 55°,
For A: A =180° - (B + C) = 180° - (60° + 55°) = 65°.

This concludes our exploration into the subject of trigonometry, but
you will encounter many of these concepts later on. So don’t erase them
from your mind! Now, however, it is time for us to move on to the very
interesting subject of analytic — or coordinate — geometry.




CHAPTER SEVEN

Analytic Geometry

Analytic geometry — or coordinate geometry, as it is sometimes called — is
the study of geometry by means of the analytical methods of algebra. It
will, therefore, provide you an opportunity to discover how these two
branches of mathematics are connected. You will learn how to express
geometric figures and the facts about such figures in algebraic terms and how
to obtain results from equations rather than from the figures themselves.

The Euclidean plane geometry you studied in the first two chapters of
this book is called synthetic, meaning “put together” or “‘combined from
related parts.” The name is appropriate since the method of synthetic geo-
metry is to put geometric facts together, rather like building blocks. Thus
its primary definitions, axioms, and postulates are foundations, and its long
sequences of theorems, constructions, and corollaries are superstructures.
To reach any one of its higher propositions we are required to follow a step-
by-step path of reasoning, all the way up from the base. This approach
provides excellent training in logical, mathematical reasoning. It acquaints
the learner with a great many fundamental facts that are useful in themselves
and indispensable to further study.

For more advanced mathematical applications, however, the synthetic
method in geometry has certain practical disadvantages. One is that it
requires you to keep constantly in mind a very large number of previously
demonstrated propositions. Another is that it often requires elaborate con-
structions and indirect methods of deduction through many intermediate
steps.

The type of geometry we are going to study now, in preparation for
calculus, is called analytic, which means, literally, ““loosening up” or disen-
tangling. Again, the name is appropriate since the method of analytic
geometry is to separate out the essential elements in each new problem by
stating them in the form of equations, and then resolving the geometric
question by solving these equations algebraically.

An obvious advantage in this procedure is that to solve most practical
problems you need keep in mind only a few basic formulas. The greatest
advantage of the analytic method, however, is that it is more direct, quicker,
and more powerful!

When you have reached the end of this chapter you will be familiar with,
and be able to use, such concepts as:

275




276 GEOMETRY AND TRIGONOMETRY FOR CALCULUS

* determining the properties of lines and curves by means of
equations;

» rectangular Cartesian coordinates to define the positions of
points, lines, and curves;

» finding the distance between two points, the division point
of a line segment, the inclination and slope of a line, and
the angle between two lines;

¢ the locus of an equation, infinite extent of a curve, inter-
sections of curves, and translation of axes;

e the equation of a line, the point-slope form of the line
equation, its slope-intercept form, two-point form, intercept
form, and general form. '

BASIC DEFINITIONS AND THEOREMS

1. You should be generally familiar already with the use of the rectangular,
or Cartesian, coordinate system from your study of algebra. You used
this system to aid you in the graphic solution of linear and quadratic
equations, including the solution of pairs of linear equations. And of
course we used Cartesian coordinates in our study of trigonometry, so
we will not need to go into another complete explanation here.

However, just to make sure you haven’t forgotten how to locate points
on a rectangular coordinate system, get a piece of graph (cross-section
or quadrille) paper, draw a pair of X- and Y-axes, establish some con-
venient scale, and locate the following points.

(a) (4,2) (c) (-4,4)
(b) (-3,-3) (d) (3,-4)
______________ Y
i (LT,) 4» ;
3
2 (a)
1
4 -3 -2 -4 1 2 3 1 o0 X
2
-3
(b) |
111 : —4 v

(d)
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We didn’t really need a coordinate system in our study of geometry
because the properties of a given geometric configuration usually found
in Euclidean plane geometry do not in any way depend upon a related
coordinate system. Sometimes, however, the introduction of a coordi-
nate system helps to simplify the work of proving a theorem, especially
if the axes are chosen properly. And in our study of trigonometric
analysis the selection of a coordinate system in which the initial side

of the standard-position angle lay along the positive X-axis and the
vertex of the angle was located at the intersection of the two axes,
proved very useful indeed.

However, the use of a coordinate system is essential to the study of
analytic geometry; it is the method which connects the distances of a
point from two intersecting lines (the axes) by means of an equation.
Without a coordinate system, then, we would have no analytic geometry.

In the figure at the right, the plane Y
is divided into four quadrants, (I, II, III, I A I
and IV) by the two perpendicular lines
(axes X and Y) intersecting at O. The
arrowheads at the right end of the X-axis L
and at the top of the Y-axis indicate the -
positive direction of these axes. The 0
distance from the Y-axis is called the
x-coordinate or abscissa of the point, L
that from the X-axis the y-coordinate
or ordinate of the point, and the two 111 B v
distances taken together and enclosed N
in parentheses (x,y), the coordinates of the point. (x,y) is an ordered
pair. Sound familiar?

The abscissa is always written first. The origin O corresponds to the
zero of our real number system. Points to the right of the Y-axis have
positive abscissas, those to the left, negative. Likewise, points above
the X-axis have positive ordinates, those below, negative. Thus the
points (4,2), (-3,-3), (-4,4), and (3,~4) in the last problem are in the
first, third, second, and fourth quadrants respectively.

A concept already employed in our coordinate system is that of the
directed line segment. A line segment to which a positive or negative
direction has been assigned is called a
directed line segment. Thus, if AB (in the
figure at the right) represents the length of
the segment from A to B, then BA will
represent the length of the segment A
measured in the opposite direction. That
is, BA = -AB, or AB + BA = 0.

We used this idea in setting up our coordinate systems because, by
definition, an abscissa has positive or negative direction according to
whether it is measured to the right or left of the Y-axis. Also, an

B
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ordinate is positive when measured up from the X-axis and negative
when measured down.

If we now agree that any line
drawn parallel to one of the coordi- A B ¢
nate axes is to have the same direc- — e e
tion as that axis, we can derive a :
relationship that will be of great 0
importance in what follows. Shown
at the right are two arrangements B A F c
of three points, A, B, and C on a (a) B s L3
line parallel to the X-axis. In this
figure, o

AB + BC = AC (1)

in both cases. Do you know why? (b)

Think back about what you learned

about number lines and the number system and see if you can formu-
late an answer. Then compare your answer with the one below.

In (a), the segments AB and BC have the same sign and their sum is the
positive number AC. In (b), AB and BC are different in sign, but BC
is the greater, and again the sum is AC. There are four other possible
arrangements of A, B, and C and you might enjoy checking for your-
self that the given relation is valid in these cases also. Also, we could
revolve the line through 90°, the points then lying on a line parallel to
the Y-axis, and our equation would still be true.

3. In finding the distance between two Y
points, such as P, and P,, whose A
coordinates are (x,, y,) and (x,, y,)

respectively, there are two cases to Fileny 1_)___:____12(_’[23” )
consider. The first is when the given LN

points are on a line parallel to one of -

the coordinate axes, and the second, —t- 'O e ¥

when this is not the case. When P,
and P, are on a line parallel to the
X-axis, as shown at right, we know
that y, = y,, and therefore relation (1), established in the preceding
frame, shows us that the distance from P, to P, is
PP, =P,N + NP, = NP, — NP, (where N is the Y-intercept) for all
positions of P, and P,. But NP, = x, and NP, = x,. Therefore
P,P, = x, — x,. Similarly, if the points are on a line parallel to the
Y-axis, PP, =y, — y,.

We can state these results as follows:
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The distance between two points on a line parallel to the X-axis is

the abscissa of the terminal point minus the abscissa of the initial
point. If the points are on a line parallel to the Y-axis, the distance
between them is the ordinate of the terminal point minus the ordinate
of the initial point.

Let’s apply what we have just learned. Here are the relationships
again: P, P, (the directed distance) = x, (abscissa of terminal point) —
x; (abscissa of initial point).

Example: Find the directed distance from P, (-5,2) to P, (3,2).
The fact that the y-coordinate (2) is the same for both points tells us
that the points lie on a line parallel to the X-axis. Therefore,
P1P2=XQ7x1=3_(_5)=3+5=8.

Now try these problems. Find the directed distance from:

(a) (-3,3)to(3,3) —
(b) (0,4) to (4,4) -

(¢) (4,2)to (-2,2) .
(d) (6,5)to (2,5)

(a) 6; (b) 4; (c) —6; (d) —4. Distances between points on a line
parallel to the Y-axis would, of course, be found in the same way, using
the ordinate values of the points.

The figure at the right represents the v

second, and general, case where the

points P, and P, may be located L

anywhere in the plane. -
To find the distance, d, between = Py (x2,y2)

the two points, we draw a line through [ 4 |

P, parallel to the X-axis, and a second /'!

line through P, parallel to the Y-axis. W I L x

These lines meet at the point @ whose o] +

coordinates are (x,,y; ). Using our Pixiy) f Qx2,¥1)

results from the last frame we have

PQ=x, —x,,and QP, =y, — ¥:-

From which, using the Pythagorean theorem, we get

d? =(P1Q)2 + (QP2)2 = (x, ‘x1)2 + (¥2 _yl)z
d=vV(xs —x.)* + (y2 — ) (2)

And since we are interested only in the numerical value of the dis-
tance, the radical is taken with the positive sign.
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Notice that since (x, — x;)* and (y, — y,)? are always positive
(because they are squared), either (x,,y, ) or (x,,y, ) may be taken as
the initial point when using this formula to find the distance between
points.

Example: Find the distance between the points (3,-8) and (-6,4).
Using equation (2) we get d = V(3 + 6)* + (-8 — 4)? =+/81 + 144 =

£/ 225 = 15.
Try this problem. Find the distance between the points (2,8) and
(5,-3).

d=vV(2-52+ (8+ 3)=+/9 + 121 =+/130

5. The coordinates of the point dividing
a line segment P, P, in the ratio
r, /r, can be found as follows.

In the figure at the right P, is the
initial point and P, the terminal
point, with coordinates as shown.
P, , with coordinates (x,,y,) is the
point on the line joining P, and P,
such that

P\Py _ 1y
P,P, ry’

We then draw in the segments M, P,, M, P, and M, P, , and through P,
and P, draw the lines P, ST and P, R parallel to the X-axis. As a result
we have P, S = x, — x;, PoR =x, — x4, SP, =¥y, — ¥,, and

RP, =y, — y,. Since triangles P, SP, and P, RP, are similar, we can

write

P]S:Plpo Orxo_xl r
PQR P()P'z, Xy — Xg rz.

Or, solving for x,,

X1l + X,1y
ry +rg

(3)
Similarly we can get

=ylr2+y2rl (4)

Yo 1"1+J"2
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In the case considered above, P, lies between P, and P,. That is,
P, P, and P, P, have the same sign. If P, did not lie between P, and
P, , but fell upon P, P, extended, thus dividing it externally, P, P, and
P, P, would differ in sign and the ratio r, r, would be negative. When
the division point P, is the midpoint of the segment P, P, and therefore
r, =r,,equations (3) and (4) reduce to
X+ X _y1+yz. (5)

X ——2-—,andyo = 5

Now let’s try using these formulas.

Example 1: Find the coordinates of the point that is two-thirds of the
way from (—3,5) to (6,—-4).

P, , then, is (-3,5) and P, is (6,~4). Therefore, if P, is the desired
point,

P, P,

r, _ 2 (ie., 3 the distance from P, to P,)
P, P,

r, 1 (i.e.,5 the distance from P, to P,)

Thus, from equation (3)

- (3)A) + (6)(2) _ 4
0

X

24 1
and (4),
_5)A) + 4)(2) _ 4
g 2+ 1 ’

Hence the coordinates of the point P, are (3,-1).

Example 2: Find the coordinates of the midpoint of the segment joining
(2,6) and (8,-4).

2 =

= ; 8 . 5, and y, = 5% . 1. Therefore

2
the coordinates of the midpoint are (5,1).

From equations (5), x, =

Here are some practice problems that will help you learn to use these
equations for finding the coordinates of the division point of a line
segment.

(a) Find the coordinates of the midpoint of the line segment joining
(—5,8) and (2,-4).

(b) Find the coordinates of the point that is three-fifths of the way
from (—4,-2) to (4,4).
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(¢) Find the coordinates of the point that is three-fourths of the
distance from (6,-2) to (2,6).

(@) (-3.2) (b) (£,12); (c) (3,4)

6. You probably are familiar with the terms “slope’ and ““inclination” in
a general sense. We speak of a road having a steep slope or a high angle
of inclination. Highway engineers also use the word ‘“grade” in referring
to the angle a road makes with the horizontal. For example, if a road
rises six feet in each 100 feet of horizontal distance, it is said to be a 6%
grade. Thus, percentage is one method of measuring slope. In analytic
geometry we need to (and are able to) define the concepts of inclina-
tion and slope rather precisely. Thus,

the angle, less than 180° and measured counterclockwise, which a
line makes with the positive direction of the X-axis is called the
inclination of the line. The tangent of this angle is called the slope

of the line.
If we designate the angle by « Y
(alpha) and the slope by the letter fk
m, then m = tan a. L h

Notice in the figure at the right
that I, makes an acute angle, o, ,
with the positive direction of the r\ s
X-axis. Hence m, = tan «, is %o 7 X
positive, and [, is said to have a
positive slope. Similarly, since a,
is obtuse, m, = tan a, is negative,
and [, is said to have a negative slope.

We can say, therefore, that a line that rises from left to right has a
positive slope, and one that descends from left to right has a negative
slope.

Since, as you will recall from Chapter 4, tan 0° = 0 and tan 90° is
undefined, a line parallel to the X-axis has zero slope, and a line per-
pendicular to the X-axis has no slope or,

if you will, infinite slope. The slope of a Y
line through two points, such as P, and

P, in the figure at the right, can be ex-

pressed in terms of the coordinates of

those points as follows:

= _CP, _y, -y,
m = tan «a P.C x, - x, (6) s \

provided x; # x,.

> X
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Yo N1 _ MY
X2 — X X1 — X»
the slope is positive or negative. We can say, therefore, that

The relation is always true, regardless of whether

the slope of a line not parallel to the Y-axis and passing through the
points P; and P, remains the same whether the line is directed from
P, to P, or from P, to P,, and is equal to the difference of the
ordinates divided by the corresponding difference of the abscissas.

Now let’s try combining some of the concepts we have been dis-
cussing in a problem that will require us to use the proper formulas to
solve for the unknown values.

Example: If the points A, B, and C, Y

with coordinates (—2,3), (5,8) and

(7,-4) respectively, are the vertices B(58)

of a triangle, find:

(a) the slope of the side AB,

(b) the length of the side BC, and

(c) the coordinates of the point A
two-thirds of the distance from  {-2.3)
B to the midpoint of the
opposite side (AC).

(a) From (6), the slope of the line
AB is given by

e Sy o B8 5 C(1,-4)
X, —x; 5-(-2) T

Notice that whereas this value was found by taking the direction from
A to B, we know, from what we have just learned in this frame, that
the slope is the same if the direction is taken from B to A. Let’s verify
this by trying it. Taking the direction of the line from B to A we get

X -x, -2-5 -7 T
(b) The length of the side BC we can find by using equation (2), thus,
BC=vV(x; —x)" + (y2 — 3 )
=+/(T-5)2 + (-4 - 8) =/ + 144 = 2/37.

(c) Before we can find the coordinates of the point two-thirds of the
distance from B to the midpoint of AC, we first must find the coordi-
nates of the midpoint of AC itself. Using equation (5) we get

i Ve 3=8 B8

X tx, 2417
2 2
i TN Bl

yD 2 2

Xo = &, and

DO po|on
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Therefore, the coordinates of M, the midpoint of AC, are (3,-3). And
if P is the point two-thirds of the way from B to M, then

BP _ 2 (two-thirds of the distance)
PM = 1 (one-third of the distance)
from equations (3) and (4) as follows:

The coordinates of P can be found

— X1, + X2 I", - (5)(1) + (%)(2) & 1_0
T "+ 2+ 1 3
ity _ B+ (D@ 7
Yo "o+ 2+ 1 3

Thus the coordinates of point P, the point two-thirds of the distance
from B to M, are (-3, Z).

In summary, then, we used equation (6) to find the slope of AB;
equation (2) to find the length of side BC; equation (5) to first get the
coordinates of the midpoint of AC, and then equations (3) and (4) to
find the coordinates of the point P, two-thirds of the distance from B
to M. So although it may have seemed to you as though we were
having to write down an awful lot of letters and numbers to arrive at
our solutions (and there were quite a few since we really combined
three problems in one), the procedures themselves were quite straight-
forward. Try not to be too concerned about how much writing you
have to do in mathematics. The more explicitly you state things, the
clearer you will be about what you’re trying to do.

Here are a few practice problems for you. Do your computations on a
separate sheet of paper.

(a) Find the slope of the lines joining the following pairs of points:
(3,4) and (5,9); (-3,2) and (2,-4); (1,-2) and (6,8); (2,5) and
(3,-6); and (-5,-4) and (2,-3).

(b) Find the slope and inclination of the line joining (a,b) to (¢,b).

(c) Show that the line through (1,1) and (-2,3) is parallel to the line
through (3,2) and (-3,6). Draw a figure. (To prove them parallel,
prove that they have the same slope.)

(d) Prove by means of slopes that the points (0,3), (2,6), and (-2,0)
lie on the same straight line.

A N §
(a) 5! 552a 11!7
(b) From (6), m = 22— Y1 = A=t A 0. And since m represents the
X, -X;, c-—a

tangent of a (which we could write as arc tan a = 0), then a = 0°.
That is, the angle whose tangent function value is 0, is the angle 0°.
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_3-1_ 2 ¥

(ol —2-1 3 \lﬁ

_6-2 4 2 \g

B TTF-3 8 g -
PR [ — X

(0]

pojco

(d) m =5=( =M =232 1%5 ™ g%

[S]

Problem (c) above brought out the fact that if two lines have the same
slope, they are parallel. And in problem (d) there was the implication
that if three (or more) points lie on v

the same line, then their slopes (taken A
between any two of the points) are
equal. In general we can state that

If two lines with slopes m, and m,
are parallel, their slopes are equal;
and conversely.

Thus, in the figure at the right, if [,

is parallel to [,, then @; = o, and

m, = tan «, equals m, = tan a,. or,

conversely, if m; = m,, then

a; = a, and the lines are parallel.
We also have this relationship:

If two lines with slopes m, and m, A
are perpendicular, their slopes are \ I,
negative reciprocals; and conversely.

Thus, in the figure at the right, /, and 90°
[,, with slopes m, =tan «; and m, = o

tan a,, are two lines that meet at right 0
angles. Since each exterior angle of a

triangle equals the sum of the two

opposite interior angles (Chapter 2, frame 17), we can write
a; =90° + a,. Thus, tan a, =tan(90° + a;) = — cot a; =

=2

_
tan (¢ 3]

and therefore
m=~—Lormm =-1 (7)
2 m! 1 2 »
Let’s look at an application of this relationship.

Example: Show that the line joining the points (5,3) and (2,-4) is per-
pendicular to the line joining the points (-4,2) and (3,-1).
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Solution: Using equation (6) to find the slopes of the two lines we get
m, ) 3 m, ence m,

m;’
and the lines are perpendicular.

—4— 3 T

Now try this problem. Show that the line joining the points (3,5) and
(-=2,3) is perpendicular to the line joining the points (2,~1) and (-4,14).

oot d o ~lodd 36
EFER T e T 6
the lines are perpendicular.

bo| Ov

. Thus m, = fmi, and

8. The methods of analytic geometry also
make it possible to find the angle between
two intersecting lines that do not meet
at right angles.

Thus, in the figure at the right, if we
let /, and I, be the two lines, and § (beta)
be the angle (measured counterclockwise)
from I, to I,, thena, = a; + B, or
B =a; — a;. And from this we can /
write (using the equation for the tangent
of the difference of two angles, from
frame 16 of Chapter 6),

tan a, — tan o,
1+ tanea, tan a,’

tan g = tan(a, — a,; ) =

But tan a; = m; and tan a, = m,, hence the equation may be written

m, —m

tanﬁ=1 + myom,

(8)
The sign of tan § in equation (8) tells us whether we have found the
acute or the obtuse angle between the lines. If tan is positive, the angle
is acute; if it is negative, the angle is obtuse.

Knowing §, the supplementary angle can be obtained by subtracting
it from 180°. In this connection it is important to note that 8 is
measured from I, to l,, hence m, is the slope of the line that is the
terminal side of the angle.

Except in specified cases, however, it is immaterial which line is
designated as [, if we remember that once our choice is made, the acute
angle § remains fixed.
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Now let’s see how to apply equation (8).

Example: Find the acute angle
which the line joining the points
(1,-2) and (—4,1) makes with the
line joining the points (2,4) and
(6,5).

Solution: Plotting the points as
shown at the right we see that
m, is the slope of the line
through the points (2,4) and
(6,5). Therefore,

_-2-1_ 3
L B 5
_5-4_1

T g9 4
1 3
tan=_é————+g—ﬂ—l
3 17 -
1-36

and § = 45°. (If you have forgotten why the tangent of 45° = 1, refer
to frame 20, Chapter 5 for a quick review.)

Now suppose we hadn’t plotted the points and had chosen the line
through (1,-2) and (—4,1) as the terminal side of the angle. Then

i _5-4_1
' 6-2 4
= 2-1_ 38
1+ 4 5*
_3_1
5 4 17
tan-—lhrg_— 17~ 1Y
20

and § = 135° (since the tangent is negative in the second quadrant). We
can now obtain the desired angle from the relation 180° — 3, that is,
180° — 135° = 45°.

Now it’s your turn again. Find the acute angle which the line joining
the points (—3,2) and (4,4) makes with the line joining the points
(—2,-1) and (1,2). (Note: Be sure to plot these points and draw in the
lines before attempting to solve the problem. The answer you get for
tan g will not be a nice, round number this time. It will instead be a
decimal fraction which you will have to look up in the table of Natural
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Trigonometric Functions in order to find the value of 3. Just select the
nearest whole-degree value of the angle as your answer.)

[, is defined by the points (—3,2) and (4,4).
[, is defined by the points (-2,-1) and (1,2).
_4-2_2 o 1

Therefore, m, = 4+ 3 =7, and m, 1+ 2 i
2 T =2
1-3 7 5
Hence tan g8 = 5 =T T8 g 0.55555
138 <
and g = 29°.
Y

9. Here is another problem for the brave of heart. (Handle it just as you
did the last problem, except that you need not plot it. It will require
some persistence in handling the algebraic solution of the tangent func-
tion, particularly since it will contain a square root term. But if you
stay with it, it reduces very nicely to a simple answer.) Find the acute
angle between the line joining the points (-1,3) and (3,5) and the line
joining the points (-2,8) and (—3,5+/3).




ANALYTIC GEOMETRY 289

10.

I, is defined by the points (-1,3) and (3,5).
I, is defined by the points (-2,8) and (-3,5/3.

_b6=3_1 _8-5v3 _,_

m=gyri ™ _g+3 O 5V3.
(B=ByE) ==
Hence tan g = 2
2+ (8- 53
_2(8-53)-1
2+ (8 - 5v/3)

3 - 23 o .
=== t

2 - /3 or, rationalizing the denominator,

= m \/Tga
from which g = 120°, hence the acute angle = 180° — g = 60°.

EQUATIONS AND LOCI

The term ““loci” is simply the plural of the word locus which we worked
with in Chapter 4, frames 15 and on. ‘The two fundamental problems

in analytic geometry are concerned with the concept of locus. These
are, the locus of an equation and the equation of a locus. We can state
these two problems as follows:

(1) Given an equation, find the corresponding locus and its
properties.

(2) Given a locus defined geometrically, find the corresponding
equation.

You may recall (from Chapter 4) that the word locus, in Latin,
means location. Thus, the locus of a point is the set of points, and only
those points, that satisfy given conditions. And in your study of
algebra you learned to use plotted points for the purpose of drawing
the graph of a simple equation, either linear (first degree) or quadratic
(second degree). Now we are going to extend these ideas a bit in order
to become thoroughly familiar with the fundamental concepts of
analytic geometry. Let’s start by extending our definition of “locus”
to read as follows:

The locus or graph of an equation in two variables is the curve
(including straight lines) that contains all of the points, and no
others, whose coordinates satisfy the given equation.

And by “satisfy”’ we mean, as you will again recall from algebra, that
they will reduce the equation to an identity (that is, the same value on
both sides of the equal sign).

While the above definition is perfectly correct, you should be aware
that it is equally correct to think of a curve as the path traced by a
moving point, in which case we can define it as follows:
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If a variable point P(x,y) moves in such a way that its coordinates
must always satisfy a given equation, then the curve traced by P is
called the locus of the equation: that is, the curve is the locus, or
place, of all points (and no others) whose coordinates satisfy the
equation.

The following examples should help clarify the concept of the locus
of an equation.

Example 1: Suppose we decide to choose coordinates such that they
must satisfy the equation x = 2. Here the value of y is not restricted
and may assume any value whatever. The points of this locus will,
therefore, lie on a straight line 2 units to the right of the Y-axis and
parallel to it, and no points not on the line will satisfy the equation.
The line is known, then, as the locus of the equation, and x = 2 is the
equation of the line.

Example 2: If the values of the x|y

coordinates x and y are restricted by —ol 0 Y
the equation x — 2y + 2 = 0, then ol A
notice that for each arbitrary choice B
of a value for x, the value of y is 2|2 4:
definitely determined. Thus, if we 4|3 3l
write the equation in the form 6|4 2+

hY =%x + 1 and substitute x = 2, 0 M}«
we find that y =5(2) + 1 = 2. 375

The other points in the table are -
computed similarly, just as you did

when plotting linear curves in

algebra. As you can see, when we plot these points we find that instead
of falling at random over the plane (that is, the surface of our coordi-
nate system), they lie on a definite curve which appears to be a straight
line, and this curve is the locus of the equation x — 2y + 2 = 0.

[
I

Example 3: Plot the locus of the o2 Y
equation 4y? — 9x — 18 = 0. -2 0
Solving the equation for y — just -1| +15
as you learned to do when work- T ol B
ing with quadratic equations in . |2 B3
algebra — we get %|2a

3 o 3 |:£3.35
y =% 5Vx + 2. Assigning T]t45
arbitrary values to x we get the L X

y values shown in the table. -2
Plotting these points and con-
necting them by a smooth curve

gives us the locus of the equation.
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Using coordinate paper draw the locus of the following equations by
plotting points.

(a) y=x-2 (d) x? =4y - 12
(b) 2y=x-6 () »¥» +2x-4=0
(¢) 2x-3y =6
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(d) x* =4y - 12 x| v
X+ 12 S| 7
¥ 4 2| 4
0 3
2 4
4 7
(e) y*+2x-4=0 . , g
y =+4/4 - 2% > O
0 +.2
-3 *.3;16
-6 + 4

11. The graph of an equation when drawn by plotting separate points
usually is an approximation since we cannot possibly plot all the points,
and the position of a point cannot be drawn precisely. However, there
are a few ways to check the geometric properties of a particular equa-
tion that will help verify our graphing. And since these are useful to
know we will discuss them briefly.

The first property of an equation we will consider are its intercepts.
This, again, is a term that should be familiar to you from your work in
plotting from algebra. The intercepts of a curve are the directed dis-
tances from the origin to the points where the curve cuts the coordinate
axes. Thus, to find the x-intercept, we let ¥ = 0 in the equation of the
curve and solve algebraically for x. This will give us the x-coordinate
of the point where the curve cuts the X-axis. Similarly, to find the
y-intercept, we substitute x = 0 in the equation and solve for y. This
gives us the y-coordinate of the point where the curve cuts the Y-axis.
Of course, in order for a curve to cut an axis the intercept on that axis
must be real. That is, the equation must have real roots (i.e., not
imaginary), as we learned in algebra.
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12.

Example: Examine the curve Y
y? = 4x + 4 for intercepts.
For x = 0 we get y = £2 as the
y-intercepts.

For y = 0 we get x = —1 as the

x-intercept.

What are the x- and y-intercepts
of the equation x? = 2y + 2?

¥
X y
-3 %
-2 1
=1 -1
0 _.1 x-intercept x-intercept
l ity
X
2 1 y-intercept
3 N

Another interesting and useful property
often associated with curves is that of
symmetry. We say that two points are M
symmetrical with respect to a line, PR e
called the axis of symmetry, if that line
is the perpendicular bisector of the
segment joining the two points. Thus,
in the figure at the right the points P
and P’ are considered to be symmetrical \ /
with respect to a line (the Y-axis)
because that line (the Y-axis) is the
perpendicular bisector of PP', the
segment joining the two points.

Two points are symmetrical with respect to a third point, called the
center of symmetry, if this third point is the midpoint of the segment
joining the two points. Thus, in the above figure, P and P’ are sym-
metrical with respect to the midpoint M.

A curve is said to be symmetrical with respect to a line as an axis of
symmetry, or with respect to a point as a center of symmetry, if each

o

Y
b
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13.

point on the curve has a symmetrical point with respect to the axis or
center which is also on the curve.

Thus, referring once more to the figure above, not only the two
points P and P’, but the entire curve is symmetrical about (or with
respect to) the Y-axis, since for every point on the right side of the
curve there is a symmetrically-positioned point lying on the left side of
the curve.

Stating this a little more explicitly we can say that in order for a
curve to be symmetrical about the Y-axis (for example) to each point
of the curve in the first, or in the fourth, quadrant, there must be a
symmetrical point in the second, or in the third, quadrant which is also
on the curve. All of which leads us to the following tests for symmetry:

(1) If an equation remains unchanged when x is replaced by —x, the
locus is symmetrical with respect to the Y-axis.

(2) If an equation remains unchanged when vy is replaced by -y, the
locus is symmetrical with respect to the X-axis.

(3) If an equation remains unchanged when x is replaced by —x and
y 1s replaced by —y at the same time, the curve is symmetrical
with respect to the origin.

Thus, x + y2 =5, x% + y = 5,and x* + y = 0 are symmetrical with
respect to the X-axis, the Y-axis, and the origin, respectively.

In frame 11 we used as an example the equation y* = 4x + 4. Apply
the above three tests for symmetry and indicate your conclusions.

If we replace x by —x, we have y* = —4x + 4, which is not the same
equation as the original, hence the curve is not symmetrical about the
Y-axis. Replacing y by —y gives us (-y)? =y? = 4x + 4 and therefore
leaves the equation unchanged, therefore the curve is symmetrical about
the X-axis. If both x and y are replaced by their negative opposites,
the equation is not the same, which tells us that the curve is not sym-
metrical about the origin.

The third property of an equation we will discuss is that of extent.
When we consider an equation in two variables it is natural to ask if
there are values of one of the variables that will cause the other to
become imaginary. We might call these excluded values since they do
not give points on the curve. To find these values we begin by solving
the equation for y in terms of x, and for x in terms of y. If either
solution produces radicals of even order, the values of the variable that
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14.

make the expression under the radical sign negative must be excluded,
since the corresponding values of the other variable will be imaginary.
Thus, in the equation y* — x + 4 = 0, solving for y gives us
y =+/x — 4. This is an even-order radical because it is the square root
(rather than the cube root, for example, which would be of an odd
order). And since values of x less than 4 would result in a negative
value under the radical, such values must be excluded because corre-
sponding values of y would be imaginary.

Shown at the right is the graph of the
equation y? = 4x + 4. This is the
equation we first saw in frame 11 and
which we used to illustrate the con-
cepts of intercepts and symmetry in
an equation. Examine this curve for
extent, using the procedure we have
just discussed, and see what conclu-
sions you can draw.

Solving the equation for y gives us y = £2+/x + 1, which shows that
the expression under the radical is positive or zero for x > —1. This
means that vy is real for any value of x > -1, or that the curve lies
entirely to the right of the line x = —1.

Try putting it all together now by examining the curve 9x*> + 25y* =
225 for intercepts, symmetry, and extent, and then draw the curve on
graph paper. Refer to frames 11, 12, and 13 only as you need to for
assistance. (Note: If a curve is symmetrical about both axes and the
origin, it is a closed curve.)

(a) When y = 0 we have x = £5 as the x-intercepts; when x = 0 we
have ¥ = +3 as the y-intercepts.

(b) The equation remains unchanged when x is replaced by —x, when
y is replaced by —y, and when both x and y are replaced by —x
and —y at the same time. This means that the curve is symmetrical
about both axes and the origin.
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(c) Solving the equation for y we have y = g\/ 25 — x*. This shows
us that in order for y to be
real, x must not be greater
than 5 or less than —5. Y
A
Similarly, x = gv 9 — y? {ﬁ

These facts indicate that the

curve is closed and that it lies ”
wholly within the rectangle [y= \
bounded by the lines x = =5
and y = +3,

shows us that only values of (-x . B ~ P(x,y)

y from -3 to 3, inclusive, N K—_—_ ﬂx 5

will give real values to x. A7 Y X
i //1

15. Now we need to say a word about the matter of the infinite extent of a
curve. It often happens that one of the variables of an equation
becomes infinite for a finite value of the other variable. In such cases
the tracing point of the curve recedes into infinity and, generally, we
have two or more branches of the curve. Since it is important to know
such values of the variables in discussing and graphing an equation,
we’re going to consider a method for finding them when they exist.

Example: Draw the graph of the equation xy + x - 3y — 4 = 0.
Solving this equation for y in terms of x and for x in terms of v we get

_4-x _ 3y + 4
1) » xﬁ3and{2)x Y F1
3, ¥ becomes infinite and therefore the tracing point of the curve recedes
to infinity for this value of x. Likewise

. In (1) observe that as x approaches

in (2), as y approaches —1, x becomes Y
infinite and the curve recedes to infinity ‘} ‘
for this value of y. By drawing the |
lines x = 3and y = —1 first, and then ol |
computing a table of values, we get lk

From the foregoing, then, we can
state this rule for finding the infinite

the curve shown at the right. i) N - X
|
extent of a curve: |

Solve the equation for x and, if the

result is a fraction, place the denominator equal to zero and solve
for y; solve the equation for y and, if the result is a fraction, place
the denominator equal to zero and solve for x.

In general, the values found by equating the denominators to zero will
represent lines along which the curve recedes to infinity.
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16;

Find the lines of infinite extent and plot the graph of the equation
xy — 2y = 8.

x = 2ﬁ3iyi§, from which we get y = 0 as one of the lines.
¥ from which we get x — 2 = 0, or x = 2 as the other line.
X y Y
6 2
4 4
3 8
2| o
! -8
0 -4
-2 2
-6 | -1

The first fundamental problem of analytics — that of finding the locus
of an equation — we have just discussed. The second problem which we
mentioned in frame 10 is that of finding the equation of a locus, or
curve, which is defined by means of a geometric property common to
all points on the locus, and to no other points. That is, we are given the
condition under which a point P(x,y) moves in tracing a locus and are
asked to find an equation in terms of the variables x and y that is
satisfied by the coordinates of all points on the locus and by those of
no other points. Such an equation is called the equation of the locus.

Although there are no specific rules for finding such an equation,
the following steps often prove useful:

(1) If the coordinate axes are not determined by the statement of a
given problem, choose them in such a way that the resulting
equation will have a simple form. This choice of axes is permis-
sible since the locus is independent of the axes to which it is
referred.
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(2) After constructing the axes, place the point P(x,v), whose locus
you wish to determine, in a representative position.

(3) Express the condition which P must satisfy in terms of x,y and
any other constants involved in the definition of the locus. The
equation thus obtained (or its simplified form) is the equation
of the locus if it contains no variables except x and y and is
satisfied by the coordinates of all points on the locus, and by
those of no other points.

(4) Properties of the locus may be obtained by studying the equa-
tion thus obtained.

Let’s see how this works.

Example 1: Find the locus of a point that is Y
always equidistant from the extremities of
the line segment joining the points (-1,4)
and (2,2).

Here the coordinate axes are given since the
points are located with reference to the
X/Y coordinate system. So if we let the
tracing point be P(x,y), the geometric
condition states that PA = PB. Expressing
this condition in terms of coordinates we
get (using equation (2) from frame 4 for
the distance between two points),

Ve + 12 + (v-4)?% =vV(x-2)?2 + (y - 2)°

which, when simplified, becomes 6x — 4y + 9 = 0. Plotting this equa-
tion we find the locus to be a straight line, the perpendicular bisector
of the given segment. We encountered this fact first in Chapter 2,
frame 15, where it was discussed as a distance principle of geometry.

Example 2: A point moves so that the v
sum of its distances from the points A
(4,0) and (—4,0) is 10 units. Find the
equation of the locus.

Again we’ll let P(x,y) be the tracing
point and let F and F' represent the
given points. Then the geometric
condition on the point P is that

PF' + PF = 10. Then

PF' =~/ (x + 4)? ¥ y? and -
PF =+/(x — 4)> + y?. Hence

Vix + 42 + ¥ + Vix - 47 + y* = 10.

Transposing the second radical to the right side and then squaring both
sides we get




ANALYTIC GEOMETRY 299

% ¥ 8% 4 16+ 3°
=100 - 20V (x — 4)* + y* + x? — 8x + 16 + y?,

which, although it looks rather long and involved, reduces to
4x - 25 = -5V (x — 4)* + ¥2.

Squaring again, and reducing, gives us the even simpler form
9x? + 2by?* = 225.

By drawing the graph of this equation we find it is the symmetrical
curve, or ellipse, shown above.

Apply this general approach in solving the following problems. Sketch
the figure where possible and do your computations on a separate sheet
of paper.

(a) A point moves so that it is always 4 units distant from the point
(-2,3). Find the equation of its locus.

(b) Find the equation of the locus of a point that moves so that it
always is equidistant from the line x = —2 and the point (2,0).

(¢) If a point moves so that its distance from (2,0) is twice its distance
from (—2,0), what is the equation of its locus?

(a) Plotting the points and identifying
them as shown, using formula (2) and
the conditions of the problem we get
PC=V(x+ 27+ (y-3?*=4or G
(x + 2)* + (y - 3)* = 16, and the =23)
locus equation is
x* + y? + 4x — 6y — 3 =0, which of
course represents a circle,

(b) Sketching the situation described in
the problem and identifying the parts ]
as shown at the right we can establish
that PM =+ (x + 2)* + (y — ¥)? M4————A P(x,y)
and PF =V (x — 2)* + y? or, since (=2.7) ]

PM = PF, and squaring both sides, \

(x + 20 = (x - 2)* + »*, 0 F(2,0)
from which we find the equation
of the locus to be y* = 8x.

=

P(x,y)

\
b

F T TALT

o]

(c) Letting P(x,y) be the moving point, F, be the fixed point (2,0)
and F, the fixed point (-2,0), we can define the distances as

PF, =+ (x - 2)* + y? and PF, =+ (x + 2)* + y%.
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And since PF, = 2(PF,), then v/ (x — 2)> + y2 = 2v/(x + 2)? + y?2,
or squaring both sides gives us

x —dx + 4+ yr =4(x* + 4x + 4 + y?),

from which we get the equation of the locus,

3x? + 3y? + 20x + 12 = 0.

In finding the equation of a curve, the coordinates of the tracing point
are, of course, referred to a set of coordinate axes. If these axes are
moved, not only will the coordinates of any fixed point change, but the
equation of any fixed curve likewise will change.

Sometimes it is desirable to change the axes to which a curve is
referred in order to simplify the equation of the curve. When such a
change is made and the new axes are drawn parallel to the old, the
transformation on the coordinates is known as a translation.

To obtain the relations that exist between the coordinates of a point
referred to one set of axes and the coordinates of the same point referred
to a second set of axes, parallel to the original set, we proceed as follows.

Let OX and OY be a set of coordi-
nate axes, and O'X and O'Y' bea v
second set parallel to the first. Then A
each point in the plane will have two Y
sets of coordinates: (x,y) with reference i A
to the original axes, and (x',y") with B
reference to the new axes. If we let SF———- ————
(h,k) be the coordinates of the new B (h,k) i B
origin with respect to the old axes, and R i
let P be any point in the plane, then L1 L
x =8P, x' = AP, h = SA, y = NP, 2 M N
y' = BP, and k = NB, as shown in the
above figure. But SP = SA + AP and NP = NB + BP, and therefore

x=x'+handy=9% + k. 9)

These formulas, known as translation formulas, are true for any position
of the point P, or of the axes, so long as the two sets of axes are parallel
to one another.

Example 1: Transform the equation y

3x — 2y + 6 = 0 by translating the A Y

origin to the point (2,6). - A

In this case the formulas of transla- B (2,6) ,
tion become x = x' + 2 and Ao "

y =y + 6. Substituting these
values in the equation of the given
line we get
3x'+2)-2y+6)+ 6=0,

or 3x' — 2y" = 0 as the equation of

— MR T
T

)
b
Do
w
&l
Y
b
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the line referred to the O'X’ and O'Y' axes. This transformation

leaves the line unaltered but, by moving the frame of reference, changes

the equation of the line.

Example 2: Transform the equation Y
x2+y*+ 6x+ 4y - 3=0hby A
translating the axes to the new origin -
(-3,-2). T T
The translation formulas thus become 1
x=x-8and y =y — 2. Substi- B
tuting these values in the equation / _\ﬁ
we obtain (x' — 3)? + (y' — 2)? T G
+6(x'-3)+4(y'-2)-3=0,0r [ \

x'* + y'? =16. Asyou can see, o'
the transformation changes the

form of the equation but not of the /

locus. This equation represents a
circle of radius 4 and center (0,0)
with reference to the new axes, or a circle of radius 4 and center
(—8,~-2) with reference to the original axes.

Apply this approach in the following problems.

(a) Find the new coordinates of the points (2,4), (-2,2), and (-2,0) if

the axes are translated to a new origin at

(1) (4,4)
(2) (2,2)
(3) (0,-4).

(b) Find the equation of each of the following curves if the axes are

translated to the new origin indicated.

(1) 2x- 3y =6;(4,1)
(2) x* + y* - 6x+ 4y - 12 =0; (3,-2)

(3) 3y —-12y - Tx—-2=0; (-2,2)

x=x"+ hor2=x"+ 4, from which x" = -2, and
y=y + kor4

coordinates are (—2,0). Similarly the new coordinates of
(-2,2) and (-2,0) are (-6,-2) and (—6,-4) respectively.
(2) (0,2), (—4,0), and (—4,-2).

(3) (2,8), (-2,6),and (-2,4).

]

y' + 4, from which y' = 0; hence the new
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(b) (1) x=x"+ 4andy =y + 1. Therefore,
2(x' +4)-3(y' + 1)=6,0r2x' - 3y' - 1=0.
(2) x'2 +y'? = 95,
(3) 3y'? —7x' =0.

18. A very important use of the translation formulas is to simplify the equa-
tion of a given curve by some suitable choice of axes. Two methods of
simplification are shown in the following example.

Example: Simplify the equation x> + y*> — 10x + 4y — 7 = O by
removing the first degree terms.

First Method: Substitute x = x' + h and y = y' + k, expand the
equation (that is, square the binomials and perform the indicated multi-
plications), and collect like terms. Thus,

(x"+ h)? + (y + k)? -10(x' + h) + 4(y' + k) — 7 = 0; or

%+ 2x'h+ B + ¥'? + 2y'k + B> - 10x' - 10h + 4y + 4k - 7 = 0.
From which, collecting like terms, we get

x4+ ¥+ (2h-10)x" + (2k + 4)y' + (h* + k* — 10h + 4k - 7)=0.
To remove the x' and y' terms it is necessary that the coefficients of
these terms become zero, that is, 2h — 10 = 0, or h = 5, and

2k + 4 =0, or k = -2. Substituting these values in the equation gives
us x'? + y'? = 36 as the equation of the locus with reference to the
new axes, chosen in such a way as to remove the first degree terms.

The new origin, then, is the point (5,-2).

Second Method: Another procedure that often can be used is that of
completing the square. (If you have forgotten how to do this, you
should refer to your favorite algebra text for a short review.) Thus, to
complete the square of x> — 10x we need to add +25. To complete
the square of y* + 4y we need to add +4. But if we add them to the
left member, we also must add these values to the right member as well
to maintain the equality. Doing so — and moving the —7 to the right
side—weget (x — 5)* + (y + 2)> =7+ 25 + 4 = 36. Now if we let
x - 5=x"and y + 2 = y', the equation becomes simply

x'? + y'? = 36, where, again, the coordinates of the new origin (h,k)
are (5,-2).

The above two methods of determining the new origin give the same
results, but the second method would be preferable in the present case.
Incidentally, this second method should not be used with an equation
that contains an xy-term.

Now you should practice using these methods. Remove the first degree
terms from the following equations by translating the axes, using the
first method.

(a) 4x? + 4y? + 12x -4y -6=0
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19.

b) 2 +y*+10x-y+3=0

Use the second method to simplify the following equations by removing
the first degree terms for translation.

() x4+ vy +5x+3y—-4=0

(d) y* - 8x? -8y + 40=20

(@) x'2 + y'2 =4; (b) 4x'2 + 4y'? =89; (c) 2x'* + 2y"? = 25;

THE STRAIGHT LINE

We can define the equation of a straight line as an equation in x and y
that is satisfied by the coordinates of every point on the line and by the
coordinates of no other points. The form of a straight line equation
will depend upon the information used to determine the line. Thus, if
two points are used to determine the line the equation assumes one
form. However, if one point and a direction are used, the equation will
have a different form.

The essential facts about a straight line are that it is determined by
two independent conditions, that+ts equation is of the first degree in
the coordinates x and vy, and that it may be expressed in several stan-
dard forms.

When a line is parallel to either axis
its equation can be determined directly Y
from a figure. Thus, as shown at the 4
right, if the line L, is drawn parallel to
the Y-axis and a units distant from it,
then x = a for every pointon L, . L, L v=¢b

Since the equation x = g is satisfied -
by the coordinates of every point on ol
the line and by those of no other point, B
it is the equation of the line. The line I IR [
lies to the right or left of the Y-axis oL a
according to whether a is positive or u
negative. Similarly, y = b is the
equation of L,, a line parallel to the
X-axis.
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Now let’s consider what is known as Y
the point-slope form of the equation of
a line. Specifically, we will seek to find
the equation of a line L that passes
through a fixed point P, (x,,y, ) with
a given slope m. Taking P(x,y) as any
other point on the line, since (x,,y;)
and (x,vy) are on the same line, we can
write its slope as

m=y"y1.
x_xl

Clearing fractions we get
Y-y =mx - x;). (10)

This equation is true for any position of the point P on the line. We
can, therefore, consider P as a tracing point since, as it moves, its coordi-
nates will vary but will always satisfy the equation. This first degree
equation is called the point-slope form of the equation of a line and
should be used to write the equation of any straight line that passes
through a fixed point with a given slope. If the coordinates of the given
point P, are (0,0), equation (10) becomes y = mx and represents a line
through the origin with the slope m.

Example: Find the equation of the line Y

that passes through the point (2,—-2-) with

the slope —%.

To draw the figure, we plot the given . =

A Ol

point P, (2,—%) and then obtain a second

point B by measuring from P; four units
to the left and three units up (remember,

the slope is = that is, a ratio of 3:4,

4
and negative). The equation of the line through B and P, is then, from
(10), y + 2 = - 3(x - 2), which reduces to 3x + 4y + 4 = 0.

This equation can (and should) be checked by plotting its graph
from a table of values to show that the line actually satisfies the given
conditions.

Write the equations of the lines that pass through the following points
with the indicated slopes.
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20.

@ 82.m=3

(b) (2,4),m=3_

(©) (-476),m=2

7

(a) 2x - 3y + 12 =0; (b) 3x-y-2=0; (c) bx-Ty—-22=0

Now let’s consider another form of the
equation of a line — the slope-intercept
form.

If the y-intercept of a line is b, the
coordinates of the point of intersection
of the line and the Y-axis are (0,b). To
express the equation of a line in terms
of its y-intercept b and its slope m, we
write the equation of the line through
the point (0,b) with the slope m, using
(10). This givesus y — b = m(x — 0),
which reduces to

y=mx + b

(11)

This is the slope-intercept form of the equation of a line. Note particu-

larly the form of this equation. It not only allows us to write down the
equation of a line when the y-intercept and slope are known, but it also
enables us to find the slope and the y-intercept when the equation is

given.

Example: Find the slope and y-intercept
of the line whose equation is

2x + 3y - 12 =0.

We first solve the equation for y, which
changes it to the slope-intercept form

y = _%x + 4. By comparing this equa-

tion with the standard form y = mx + b
(11), we find that the slope is

m = —% and the y-intercept is & = 4.

Using these two quantities the line can

A

-

-3
b=4

0

be easily drawn by measuring 4 units on the positive Y-axis and then

constructing an angle whose tangent is —% , as shown in the figure above.
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Try it and see how easy it is. Find the slopes and y-intercepts of the
following lines.

(a) 3x-5y—-10=0

I
o

(b) 4x + 3y - 18

(¢) B3x+y=1

(a) 3x—-5y—-10=0ory-= g.ac — 2. Therefore, from y = mx + b,

5
.
(b) m=—%,b=6
() m=-3,b=17

21. To find the equation of a line determined by two points, we use a
method which we developed in the v
last frame. First, we find the slope
of the line through the two points.
Then by substituting this slope and
one of the points in the point-slope
form, we get the required equation.
Thus, if P, (x,,v,) and P, (x,,y,)
are the given points, the slope of the
line is

m=3’1 Y2
xl _xz

and by using this slope and one of the points, say (x,,y, ), in (10), we
get the equation

- =f{d1L " Y2 .
Y —:¥ (xl _x2>(x xp).
This equation can be written

y'—y1=y17}’2 (12)
X — X X1 — X,

and is called the two-point form of the equation of a straight line.

The above figure shows that the formula can be derived by using
similar triangles. Thus, taking P(x,y) as any point on the line, we can
write
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MP =M1P| Or}’*yl = Vg My
P]M Png’ x—xl X1 _le

Example: Find the equation of the line Y

determined by the points (—2,-2) and A

(5,2). il

By finding the slope first, we can then i (5.2)

use the point-slope equation. Thus, _ '

from (10), -

| | 1 i 1 11 L J_.-r._ X
-2-2 -4 _4 o~

m=g=5 1T e’
(-2,-2)

Hence, using this slope with one of the
points, say (-2,-2), we get the equation

y+2=%(x+2),or4x—7y*6=0.

This same result can be written directly by using the two-point form.

Thus, from (12),
yh2 2=8 _
x+2 -2-5

y + 2
x4+ 2

— or
#7 ’
and finally

4x - Ty — 6 =0.

Once again, it is a good idea to test the accuracy of your work by sub-
stituting the coordinates of the given points in the final equation of
the line.

Use formula (12) to write the equations of the lines determined by the
following pairs of points.

(a) (2,3) and (—3,5).

(b) (%g) and (%3)

(c) (—3%,5%) and (4,-6).

(a) From the given points (2,3) and (-3,5), y; =3, ¥2 = 5, x, =2,
= 2 y-3_3-5__2
and x, 3. Hence, from (12), o8 "o x5 E Of

5(y — 3) = -2(x — 2), from which we get 2x + 5y — 19 = 0.
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22.

(b) 6x-11y + 12=0
() 23x+ 15y -2=0

In the last frame we developed the two-point form of the equation of a
line. This equation (12) was, as you will recall,

Y= ¥i - ¥1r —¥>

X=X Xp—%s
Now if our two points should happen to be intercepts of the X- and
Y-axes, then we can call the x-intercept a and the y-intercept b, in
which case the coordinates of the points of intersection of the line and
the axes are (a,0) and (0,b). Substituting these values in equation (12)
we get

y—-—b _b-0 y—>b b

= or ==,
x—0 0-—g? x a

This last equation can then be reduced to
bx + ay = ab, or, dividing both sides by ab,

X b Lo
a+b 1, (13)

which is the intercept form of the
equation of a line.

Example: Change the equation 4x — 5y — 8 = 0 to the intercept form.
By transposing the constant term to the right side and dividing the equa-

tion by it we get %c = 5—83’ = 1. Expressing this in the intercept form we
have

R L

5 + 3 1.

5

Another method of accomplishing the same result would be to find
the intercepts directly from the equation and then substitute them in
the intercept form. Thus, setting x and y alternately equal to zero in
the equation 4x — 5y — 8 = 0, @ = 2 for the x-intercept and b = —%
for the y-intercept. Substituting these values in the general intercept

form gives us the same result we obtained above.

Use whichever procedure seems easiest to you to change the following
equations to the intercept form.

(a) 4x+ 3y-12=0
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23.

(b) 2x-5y-10=0

—_
o
S
9%
=2
|
=]
<
|
o2}
I
(=]

We will conclude our discussion of the various forms for the equation of
a line with a word or two about the general equation of a line.

The most general form of the equation of the first degree in the
variables x and y is, as you no doubt have observed,

Ax + By + C=0, (14)

where A, B, and C are any constants, including zero, but with the
restriction that A and B cannot be zero at the same time. Thus we
have the theorem (which we will not attempt to prove here) that:

Every equation of the first degree in x and y is the equation of a
straight line (and conversely).

From our general equation we can arrive at the following interesting
and helpful conclusions:

(1) If C = 0, the line passes through the origin.
(2) If B = 0, the line is vertical.
(8) If A =0, the line is horizontal.

(4) Otherwise, the line has the slope m = —% and the y-intercept
e
b= B

Based on the above information, what can you conclude about these
equations:

@ dx+ 8y=0- 0o ... .
(b) 4x-12=0 __ =

€ 3y=0
(d) 4x+ 3y-12=0 __

(a) The line passes through the origin.
(b) The line is vertical.
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(c) The line is horizontal.
(d) The line has the slope m = —%; b =4

Since we have considered several forms of the equation of a line, let’s
review them briefly in order to help you fix them in your mind.

Point-Slope Form. Here we seek to find the equation of a line that passes
through a fixed point with a given slope (m). From frame 19, the equation
(10) is

Y- ¥ =mx - x)
Slope-Intercept Form. In this case we know the slope (m) and the y-intercept
(b). From frame 20, the equation (11) is

y =mx + b.

Two-Point Form. We use this form of the equation when we know the coor-
dinates of two points that the line passes through. From frame 21, the
equation (12) is

YN _Yi Ty
X — X X — X,

Intercept Form. This form is used when we know, or can calculate, the x-
and y-intercepts (a and b) of the line. From frame 22, the equation (13) is
LN

a b
General Form. From frame 23, the general form of the equation of a line is
Ax + By + C=0

Briefly, then, in this chapter we have considered the nature of analytic
geometry, how we go about determining the properties of lines and curves
by equations, the relation of Euclidean geometry to analytic geometry, basic
definitions and theorems, equations and loci, and several forms of the equa-
tion of a straight line. Now it is time for a review test.

SELF-TEST

1. Using graph paper draw a pair of coordinate (X, Y) axes, establish a
scale, and plot the following points.

(@) (=3,-5) (¢) (-2,5)
(b) (2,-4) @ (5,1) (frame 1)
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|

10.

11,

Find the directed distance from:

@Y (8.2 (12 — - (¢) (-6,4)to(-2,4)

(b) (1,2)to(3,2) — (d) (-2,3)to (-6,3) .
(frame 3)

Find the distance between the points (-2,3) and (4,-3). —
(frame 4)

Find the coordinates of the midpoint of the line segment joining (- 3,4)

andi(=0,2) - - - - .. (frame 5)

Find the coordinates of the point that is two-thirds of the way from
(=5;8) to:i(7,7), — o (frame 5)

Find the slope of the line joining (-7,-3) and (1,5). —
(frame 6)

Show that the line through (-1,-4) and (4,2) is parallel to the line

through (-3,-2)and (24). "_ =,
(frame 6)

Show that the line joining the points (5,-2) and (7,4) is perpendicular

to the line joining the points (-3,4)and 9,0). —
(frame 7)

Find the acute angle which the line joining the points (-4,-2) and (2,3)
makes with the line joining the points (—4,~-1) and (4,1), to the nearest

whole degree. " (frame 8)

Draw the locus of the equation 4x + y — 8 = 0. (frame 10)

Find the x- and y-intercepts of the equation x> +y—-9=0.

(Fame11)
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12. Apply the three tests for symmetry to the equation 4x? + y?2 — 16 =0

and state your conclusions. N

(frame l—g)

13. Examine the equation x> + y — 9 = 0 for extent and see what conclu-

sions you can draw. __ _ il

(frame —f?j)

14. Examine the curve 9x* - 4y? = 36 for intercepts, symmetry, and

extent and state your conclusions. . e S

(frame 15

15. Find the lines of infinite extent and plot the graph of the equation
xy + 3x = 6. (frame 15)

16. Find the equation of the path traced by a point that moves in such a
way as to remain equidistant from the points (-2,4) and (4,-2).

(rframe l—t?)

17. Find the equation of the curve y? = 4x if the axes are translated to the

new origin (1,0). S R : _
(frame 17)

18. Transform the equation 9x? + 4y* - 54x + 32y + 1 =0 by translat-

ing the axes to the new origin (3-4).

(frame 17)

19. Remove the first degree term from the equation 9x2 — y2+ 2y-10=0

by translating the axes. = B I
(frame 18)
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20.

21.

22.

23.

24.

U

Write the equation of the line that passes through the point (7,-9) with

the slope m = 4. _

(frame 1—9)

Find the slope and y-intercept of the line whose equation is

2x + y=8. ____

(frame 20)

Write the equation of the line determined by the pair of points (0,6)
and (—2,-3). o e

(frame 21)

Change the equation 12x + 5y + 50 = 0 to the intercept form.

(frame 22)

What can you conclude about the equation 3x + 2y — 6 = 0?

(frame 23)

Answers to Self-Test

(d)

(b)

(a)

(a) 4; (b) 4; (c) 4 (d) 4
62
(-4,3)
(3,3)
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6. m=1
6
7- i = m, = g
8 m; =3, m, =- %;since m, = ,mL’ the slopes of the lines are negative
reciprocals of one ancther and the lines are perpendicular.
9. g =26
10. y =8 - 4x ¥
A
A
% y 10
0| 8 &
1| 4 ?
2 | o o
3 —-4 %
4 | -8 T2 46810
_2 —
-4+
_6 -
_S -
,10 L
11. Whenx =0,y =9; wheny =0, x = +3.
12. Since the equation remains unchanged when x is replaced by —x and y
is replaced by —y, the curve is symmetrical with respect to the origin.
13. Solving for x gives us x = +4/9 — v, hence values of y > 9 must be
excluded since they make x become imaginary.
14. (a) Wheny =0, x = +2 as the intercepts; when x = 0, y becomes
imaginary (i.e., the curve doesn’t intersect the Y-axis).

(b) Since the equation remains unchanged when x and y are replaced
simultaneously by their negatives, the curve is symmetrical with
respect to both axes and the origin.

(c) Sincey =+ gfz ~ 4, only values of x > +2 will yield real values

3 _ L2 o
of y. And since x = 15\/5 + 9, ¥ can assume any positive or
negative values and x will remain a real value.

15. x = 0 and y = -3 are the lines of infinite extent.
16. x-—y =0
17. "2 =4x" + 4
18. 9x'? + 4y'? — 144 =0
19, 9x'? =92 =g
20. 4x-y-3837=0
21. m = -2; y-intercept is b = 8.
22, 9x -2y +12=0
x Yy _
23. ~35/6 + ~10 1
24. The line has the slope = and the y-interceptis b = 3.

2




CHAPTER EIGHT

Conic Sections

The curves we will be studying in this chapter all are curves we have met
briefly before in previous chapters, although they were not always identified
by name.

The conic sections (sections of a right circular
cone), or simply conics, consist of the circle, the
parabola, the ellipse, and the hyperbola.

By definition, a right circular cone is the sur-
face generated by rotating one straight line about
another straight line, intersected at an oblique
angle. The fixed line is the cone’s axis. The
possible positions of the generating line in its
rotation are the cone’s elements. The common

intersection points of all the elements is the cone’s “’
vertex. And the two symmetrical parts of the
generated surface on each side of the vertex are
the nappes of the cone.

When an intersecting plane cuts through both Hyperbola
nappes of the cone the resultin g curve has two
parts and is called a hyperbola. When the inter- 4

secting plane is at right angles to the axis the
curve is a circle. When the intersecting plane
cuts completely across one nappe at an oblique
angle to the axis, the curve is an ellipse. When
the intersecting plane is parallel to an element
the curve is a parabola.

Although the Greeks studied conic sections
for their aesthetic properties, it is more conve-
nient to study these curves, by modern analytic
methods, as loci. For by defining curves as
loci we can more readily derive the equations
that are their analytic equivalents.

Our overall objective in this chapter will,
therefore, be to gain a working familiarity
with the equations of the conics, be able to ‘

Parabola

“know one when you see one,” and be able

%
v

315
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to plot and interpret these curves. A knowledge of the conics not only is
important because they are encountered so frequently in every branch of
engineering and science, but also because it is essential in the study of
calculus.

Specifically, when you have completed this chapter you will be familiar
with and able to use the following:

e definition, standard and general equation of a circle, its
determination by three conditions, circles through the
intersection of two given curves, and the radical axis of
two circles;

o the definition and construction of a parabola, its equation
and method of plotting, and other equations of the
parabola;

e definition, equation, and construction of an ellipse, its
special properties, and other equations of the ellipse;

* definition and equation of the hyperbola, construction,
asymptotes, conjugate hyperbolas, equilateral hyperbola,
and other equations of the hyperbola;

e lines associated with second degree curves, applications
of the conics;

¢ polar coordinates.

The circle, parabola, ellipse and hyperbola all are represented by second
degree (that is, non-linear) equations. We are going to approach our study of
equations of the second degree from the point of view of finding the equa-
tion of a locus. That is, the law governing the motion of a point in a plane
will be given as the definition of a curve, and from this definition we will
find the algebraic expression that describes the path traced by the moving
point. And, as before, since all the points, lines, etc. used to define these
curves lie in the same plane, they are called plane curves.

THE CIRCLE
Y
1. A circle is the locus of a point that A
moves in such a way that its distance
from a fixed point is always constant. P(x.3)

The fixed point is called the center,
and the constant distance is, of
course, the radius of the circle.

To consider its equation let’s
look at the figure at the right. Let
C(h,k) be the fixed point, P(x,y) the = X
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moving or tracing point, and CP = r the constant distance. Thus, using
the distance formula we get V(x — h)*> + (y — k)® =r, or

(x = h) + (v - k) =1 (1)

Since this equation is satisfied by all points on the circle and by no
other points, it is called the equation of a circle with center (h,k) and
radius r.

If the center is at the origin, h = k = 0 and our equation becomes

x2 + y? =r?.
However, in order to develop a general equation for the circle we need
to return to (1) and expand the binomial. Doing so and transposing r,
this expression becomes

x + y2 - 2hx — 2ky + R* + R* —r? =0,
But this is of the form
x? +y* + Dx+ Ey+ F=0 (2)

if we make the substitutions D = ~2h, E = -2k, F = h*> + k* —r?.
Therefore, we can say that it’s always possible to write the equation of
a circle in the form (2).

We also need to be able to show that the converse of the above is
true. That is, that every equation of the form
x> + y2 + Dx + Ey + F = QO represents a circle. To do so we trans-
pose the constant term F to the right side and complete the square on
each set of terms, x* + Dx and y* + Ey, thereby obtaining

2 E‘Z D2 E 2

D
2 2 o
x+Dx+4+y +Ey+4 g T F,
D? E?
where &7 and 3 have been added to the right member to preserve the

equality. An equivalent (binomial) form of this equation is

2 2
(x+1—2)) +(y+12'3) - 3(D* + F* - 4F),

which is the algebraic expression of the condition that a tracing point

(x,y) remain at a constant distance % D? + E* — 4F from a fixed

point (—g,ﬁg). Hence it is the equation of a circle with center

D _.E) S S g
( 55 g and radius 2\/D + E? - 4F.

Since the radius is expressed as a radical, the following three cases
may arise:

(1) When D? + E® — 4F < 0, the radius is imaginary and there is no
real locus. The circle is called imaginary.
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(2) When D? + E? — 4F = 0, the radius is zero and the circle shrinks
to a point, the center. In this case it is sometimes termed a point
circle.

(3) When D? + E? - 4F > 0, the radius is real and we have a real
circle.

Since ax* + ay® + bx + cy + d = 0 (where @ # 0) can be reduced to
the form (2) by dividing through by a and substituting

D=2 -
a

Q0

, F= g, we can say that:

Every equation of the second degree in x and y, in which the xy
term is missing and the coefficients of the x? and y? terms are the
same, is the equation of a circle.

And since the symbols chosen to represent the variables are a matter of
choice, the above statement is true when x and y are replaced by other
letters.

Now let’s see how we can apply this information.

Example: Find the center and radius of the circle

4x® + 4y* - 12x + 4y - 26 = 0, and draw the figure.

Solution: Dividing through by 4 in order to reduce the equation to the
13

generalform(Z),wegetx2+y2—3x+y—?=0. Hence, D = -3,
N - _13 D_3 E__1
E=1,F 2,and 5 53 2,and
r=%\/D2+E2—4F=%\/9+1+26=3.

Y

As the figure at the right shows, this is a

P
T

circle with center (g,—%) and r = 3.

T

This problem also can be solved
directly, without the necessity of remem- / LN ooy
bering the formulas for center and radius, Q .

by completing the squares on the x and y
terms. After dividing through by 4, the
equation can be written

x24+y? -8x+y= 1—233 Hence, by completing

9 1 13 9 1
2 v 2 = = i del = =
the squares, x 3x+4+y +y+4 2+4+4 9, or
3 2 1 2
( = 5) + (y + 5) = 9. By comparing this with
(x = h)* + (y — k)?* =r? we see that the center is at (g,ﬁ%) and the

radius is r = 3.
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Now it’s your turn. Write the equations of the following circles and
draw the figures on a sheet of graph paper.

(a) Centerat (0,0); r=4
(b) Center at (2,-2); r=6

Find the center and radius of each of the following circles.

() x* + vy —2x+ 4y—-11=0

(d) 4x* + 4y* —4x+ 8y +5=0

(@) From (1): (x — 0)> + (y - 0)* =(4)* orx* + y* =16
(b) From (1): (x — 2)> + (y + 2)* = 6% or
x2 —4x + 4+ y* + 4y + 4= 36 and
x? + y? —4x + 4y - 28 =0.
(c) Completing the square,
x2 - 2x+1+y* +4y+4=11+1+ 4 or
(x — 1)* + (y + 2)* = 16, and by comparison with (1), h =1,
k = -2, r = 4. Coordinates of center are, therefore, (1,-2); r = 4.

(d) Dividing through by 4 gives us x? + ¥y —x+ 2y = —%, and com-
pleting the square we get
‘ 5 1

2 _ 1. .2 . 1
X x+4+y +2y+1 4-&-14-401r

2
(x = %) + (y + 1)* = 0, from which the coordinates of the

center are (%,# ) and r = 0.

If we examine the standard forms of the equation of a circle,

(x —h)* + (y— k) =r*,and x* + y>* + Dx + Ey + F = 0, we see
that each contains three arbitrary constants. Therefore, in order to
obtain the equation of a particular circle we must be able to set up
three independent equations from which the values of these constants —
h, k, r or D, E, F— can be found. Such equations are the analytical
expressions of conditions that the circle must satisfy. And since in
general three such conditions will lead to three independent equations,
we speak of a circle as being determined by three conditions.

While it often is true that the given conditions determine just one
circle — as, for instance, ‘““three points not in the same straight line
determine one and only one circle’” — this is not always the case since it
may happen that several circles satisfy the same conditions.
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The usual method of solving problems of the type considered here
is to decide which of the standard forms of the equation of a circle is to
be used and then set up the three independent equations in the con-
stants involved. And since it is easier to show than to talk about, let’s
look at a couple of examples.

Example 1: Find the equation of the v
circle through the points (1,2), (-2,1), A
and 2,-3). B

Selecting the standard form
x* +y?* + Dx+ Ey+ F=0to
represent the circle, we reason that
since each point is on the circle, then
the coordinates of the given points
must satisfy the equation.
Substituting the coordinates of
the three known points in the above
equation, we obtain the following
three equations:

1+4+D+2E+ F=0
4+1-2D+ E+ F=0
4+ 9+ 2D-3E+ F=0,

which when solved* for D, E, and F yield the values D = - ,1) E = g,

and F = - % Substituting these values in the general equation gives us

2x* + 2y —x+ 3y-15=0

as the equation of a circle through the points (1,2), (-2,1), and (2,-3),
with center at (%,f g) and r = %\/130. As usual, it is a good idea to

check the accuracy of your work by substituting the coordinates of the

given points in the final equation. ¥y

Example 2: Find the equation of the
circle passing through the points
(1,-2) and (5,3) and having its center
ontheline x -y + 2 = 0.

Choosing (x — h)* + (y — k)* =r? as
the standard form, we substitute the
given points and obtain

(1-h) + (-2 - k) = r?
5-h?+(8-Fk)? =r?

*If you have forgotten how to do this, review (from algebra) methods
of solving systems of linear equations.
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as two of the equations in h, k, and r. The third equation is found by
substituting the coordinates of the center (h,k) in the equation of the
line x — y + 2 = 0, since this line passes through the center. Doing so
gives us

h-k+ 2=0.
Solving the three equations simultaneously for h, k, and r we find that

h = %, k= %, and r = %m . Therefore the required equation of the

circle is

IV L (y-BY .82
=78 2 4
x* +y* —x—-5y—-14 =0.

Problems of this kind offer you a good opportunity to exercise
your ingenuity and knowledge of basic geometry. For although the
solutions above are perfectly valid, it often is possible to devise a shorter
and better method of attack by considering the geometry involved in a
particular problem.

Try exercising your ingenuity on the following problems. Find the
equations of the circles satisfying the following conditions. You might
want to use a separate sheet of paper to do your computations, draw a
figure for each case, and check your results.

(a) Passing through the points (0,0), (-2,-1), (4,5)

(b) Passing through the points (-1,3), (7,-1), (2,9)

(c) Having intercepts of 2 and 3 on the X-and Y-axis respectively,
and passing through the origin

(d) Passing through the points (5,0), (0,~-3) and having its center on
theline x —y =0

(e) Passing through the points (-3,2), (1,5) and having its center on
the line x = 5.

(a) Substituting the coordinates of the three points in the equation
x* + y?* + Dx + Ey + F = 0, we get the following three
equations:

(1) F=0
(2) 4+1-2D-E+ F=00r5-2D-E=0
(3) 16 + 25+ 4D+ 5E+ F=0o0r4l1 + 4D+ 5E=0
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(b)
(c)

Multiplying (2) by 2 and adding (3) gives us

10 - 4D - 2E =0
41 + 4D + 5E = 0
51

51 +3E=0,andE=—?

Substituting this value of E in equation (2) we get

5-2D~-E =0, or
5-2D + 17=0,and D = 11,

=-17

Finally, substituting the values of D, E, and F back in our original
equation for a circle produces the answer, namely,

x? 4+ y* +11x- 17y = 0.

x* +y? -9x-8y+5=0

The coordinates of the three points would be (2,0), (0,3), and
(0,0), hence the equation would be x> + y*> — 2x — 3y = 0.
Substituting the values of the two points in the equation

(x — h)* + (y — k)* = r? and restating the coordinates of the line

gives us the three equations
(1) 25 -10h + h® + K% =r?
(2) h2 + 9 + 6k + k? =2
3) h—-k=0

From which we find (by simultaneous solution) the values h = 1

k =1, r* = 17. Substituting these values back in the original
equation gives us our answer: x> + y? — 2x — 2y - 15 = 0.
(e) x* +y? —10x+9y-61=0

THE PARABOLA

A parabola is the locus of a point that
moves so that its distance from a fixed
point is always equal to its distance
from a fixed straight line. The fixed
point is called the focus and the fixed
line the directrix of the parabola.

To see what this looks like, consider
the figure at the right. If we let F be

the given point (focus) and DD’ the
given line (directrix), we can then draw
a line through F perpendicular to DD’
at C and let V be the midpoint of the
segment CF. Since V is equidistant
from C and F, it is, by definition, a
point of the parabola. D
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To construct other points we proceed as follows: Through any
point @, lying on the line through C and F and to the right of V, we
draw a line LL' parallel to the directrix DD'. Then with F as a center,
describe (swing) an arc of radius CQ, intersecting LL' in P and P'.
Since FP = CQ = MP, the point P is equidistant from the focus and the
directrix, hence it lies on the parabola. Likewise P’ is a point on the
curve.

The line through C and F, which is seen to be a line of symmetry,
is called the axis of the parabola. The point V, where the curve inter-
sects its axis, is called the vertex of the parabola. These are a few new
names for you to learn. But it will be worth the effort because you will
encounter them frequently in calculus.

Just to make sure you remember the key reference elements of a
parabola, complete the following.

(a) The focusi® e . . -
(b) The directrixis

(¢) The axis is .

(d) The vertexis

(a) the fixed point of a parabola

(b) the fixed line of a parabola

(¢) the line of symmetry of a parabola

(d) the point where the curve intersects its axis

The simplest form of the equation of

a parabola is obtained by using one 3
of the coordinate axes as the axis of e
the parabola and taking the vertex at -
the origin. Thus, in the figure at the M
right we let F have the coordinates

(p,0) and take V at O. Then the c

equation of the directrix is
x + p = 0, since V is the midpoint
of CF.

From frame 3 we know that for
any point P(x,y) on the curve we
have, by definition, FP = MP or, by
squaring both sides, (FP)* = (MP)?.
However, (FP)? = (x — p)* + y*, by the distance formula, and
(MP)?* = (MN + NP)* = (p + x)*. Therefore,

(x — p)* + ¥y* =(p + x)*, or simply

= 4px. (3)

yz
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This is the equation we want because, as we have just shown, it is true
for every point on the curve. Equally important is the fact that it is
not true for any other point, since for a point not on the curve

FP+# MP, (FP)* # (x - p)* + ¥*,(x — p)* + ¥ # (p + x)?, and
finally, y? # 4px.

Looking at the equation y* = 4px we can see that it consists of
only two terms — the square of y and a constant times x. Therefore it
is satisfied by x = 0, y = 0, and remains unchanged when y is replaced
by —y. This tells us that the locus of the equation passes through the
origin and is symmetrical about the X-axis.

If we reduce the equation (take the square root of both sides) to
the form y = +2+/px, we see that p and x must be of like sign in order
for y to be real and that for each value of x there are two values of y
numerically equal but opposite in sign, these values of y increasing as x
increases. Hence the curve opens to the right or the left according to
whether p is positive or negative and extends indefinitely away from
both coordinate axes.

When x = p, we find that y = £2p. Therefore the length of the
chord through the focus, perpendicular to the axis of the parabola, is
4p, the coefficient of x in the equation y* = 4px. This chord is called
by the fascinating name of the latus rectum and is shown in the figure
above by the line LR.

If the focus is taken at the point (0,p) on the Y-axis and the equa-
tion of the parabola derived, we get

= 4py, (4)

which represents a parabola with the origin as its vertex, the Y-axis as

its axis, the point (0,p) as its focus, and the line ¥ + p as the equation

of its directrix. It opens up or down according to whether p is positive

or negative. (It would be good practice for you to derive equation (4)).
We can plot either equation (3) or (4) by computing a table of values.

However, if we just want a sketch we can obtain it by drawing the curve

through the vertex and the ends of the latus rectum. Let’s see how this

is done.

x2

Example: Discuss the equation

y* = —6x and sketch the curve.

The equation is satisfied by (0,0) and
remains unchanged when —y is sub-
stituted for y. Hence the curve
passes through the origin and is sym-
metrical about the X-axis. By
comparing the equation with the
standard form y? = 4px we see that

4p = -6,o0r p = —g and, therefore,

the curve has its focus at (f g,O) and opens to the left.
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The equation of the directrix is x — % = 0,or2x — 3 = 0. When

x == %, y = 3, hence the coordinates of the ends of the latus rectum

are (f % % 3). The length of the latus rectum is 6 units. With these

facts known, the curve can be readily drawn, as shown above.

Use this general approach to guide you in solving the following prob-
lems. For each of these parabolas, find the coordinates of the focus
and ends of the latus rectum, and the equation of the directrix.
Sketch each curve.

(a) y*=8x
(b) y* =-4x
(c) 4x? = by
(a) Since y* = 8x,then4p =8, or p = 2. Y
Hence the coordinates of the focus ﬂl
are (2,0). Substituting the < - (2,4)

x-coordinate of the focus, 2, into the
equation of the curve gives us
y? = 8-2 = 16, hence y = £4. There-
fore the coordinates of the latus
rectum are (2,+4). Substituting the
value of p, 2, in the equation
x+ p=0,weget x + 2 = 0asthe
equation of the directrix. Your
sketch of the equation should look
generally like the one at the right.
(b) (=1,0);(-1.x2);2 - 1.=0.

x+ 2=

e e s e e i et
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b 5 b5
(c) (0, #); (t—,—); 16y + 5= 0. Y
16/°\'8°16 A
b 2-—=— 55
i (g-16)
1 1 1 I-; X
123
(888
Fi6y + 5=0

5. Now let’s try an applied problem so you will get some feel for the way
in which parabolas can appear and be solved in a real-life situation.

Example: A parabolic reflector is to be Y

designed with a light source at its focus,

27 inches from its vertex. If the reflec-

tor is to be 10 inches deep, how broad

must it be and how far will the outer

rim be from the source?

Solution: .

(1) Draw a diagram of the situation
with the vertex of the reflector’s
parabolic cross-section at the origin
and the focus at (21;,0) as shown
at the right.

(2) The standard equation for the
cross-section is, from (3), y* = 4px, but since p = 2%, then
¥? = 4(3)x = 9x, hence the equation of the parabolic cross-section
is y? = 9x.

(3) Since the reflector is to be 10" deep, we can designate a point on
its outer rim as (10,k). Substituting these coordinate values in the
equation y* = 9x we get k* = 9(10) = 90, or k = 9.486", and
the total breadth is 2k = 2(9.486) = 18.972".

(4) To find the focal radius (that is, the distance of the point P from
the focus F) since, by the definition of a parabola, the focal radius
to any point on the curve is equal to the distance of the same point
from the directrix, we can use the relationship

FP=x+ p=10+ 2% = 12.25".

Apply this approach to the following problems. Use a separate sheet of
paper for your computations.
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(a) Compute the breadth of the parabolic reflector in the example
above if it is designed to be 5 inches deep. What is the length of
the focal radius to the rim of the reflector?

(b) Compute the breadth and focal radius if the reflector is designed
to be 15 inches deep.

(a) Breadth = 64/5 inches;

—

focal radius = 7+ inches

Ql m M ww o

(b) Breadth = 6+/15 inches; focal radius = 17+ inches.

-
=

P(15,k
12 )
11

10

Q| ~ Mt s =
T T
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THE ELLIPSE

6. An ellipse is the locus of a point that moves so that the sum of its
distances from two fixed points is a constant. The two fixed points are
called foci (plural of focus) and the midpoint of the line segment join-
ing them is known as the center of the ellipse.

To obtain a simple form of the

equation of the ellipse, let’s take the ¥

foci on the X-axis and the center at 4 P(x,y)

the origin, as shown at the right. /\

Then, if the distance between the } i

foci F' and F is assumed to be 2¢ F/ e x
units in length, the coordinates of (-¢,0) 0 (c.0)
these points are (—¢,0) and (c,0),

respectively. Furthermore, if the
sum of the distances of any point
P(x,y) on the ellipse from the foci is denoted by 2a, we have by defini-
tion F'P + FP = 2a.

By looking at the triangle F'PF we can see that 2a > 2¢ for any
point not on the segment F'F, since the sum of two sides of a triangle
is always greater than the third side. This being true, we will consider
a > c in the discussion that follows.

Expressing the above relation in terms of coordinates, we have

Vi + el +y2+V@-c)P +y? =2q, (5)

which, by transposing the second radical (although we could have used
the first radical with the same results), squaring and reducing, becomes

a* —ecx =avi(x - c)? + yi.
Squaring again and simplifying, we get
(@ — c¢*)x* + a*y? =a®(a® - ¢?).

But a* - ¢? is a positive number since a > ¢, hence a®* > ¢?. Let’s
call this number b?, where b is real, and make the substitution
b? =4a? - ¢*. Our equation then becomes

b x? + a’y? =a’b?, (6)
or, dividing both sides by a2 b2,

x2 2

Tt =1 (7)

Now, what have we accomplished with all of the above? What we
have done so far is to show that every point that satisfies the condition
F'P + FP = 2aq has coordinates that satisfy equation (7). It is quite
possible to prove the converse, namely, that every point whose coordi-
nates satisfy equation (7) must also satisfy equation (5) and therefore
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be a point on the ellipse. But we’re going to spare you that. If you are
interested in seeing this proof you can find it in any good textbook on
analytics.

In summary, what we have shown is that the equation of an ellipse
with center at the origin, foci at (+ ¢,0), and having 2a as a constant, is

2 2
X i = 2 2
az+b2—-1,whereb2—a = B

Are you still clear as to what an ellipse is? Let’s see. Complete the
following definition.

An ellipse is the _ . - of a point that moves so that

the = of its distances from two fixed points is

locus; sum; a constant.

Now let’s take a closer look at the equation we have just derived and
see what more we can learn about it. The ellipse represented algebra-
ically by equation (7) is symmetrical about both coordinate axes and
the origin. How do we know this? By virtue of the tests for symmetry
we learned in frame 12 of Chapter 7. Thus, the equation remains
unaltered when x is replaced by —x, y is replaced by —y, and finally,
when both x and y are replaced by —x and —y simultaneously.

Solving the equation of the ellipse for y in terms of x, and for x in

terms of y, we find that y = iEVaz —x* and x = ¢ %\/bT—?

The first of these equations
shows that the only values of

x that give real values of y are v =b BA{O b)

those for which x> < a®. Like- s . .
wise, from the second equation, I / a 0
values of y such that y* < b* e b ¥

are the only ones that give real ik I < ) L4 > X
values of x. Hence, as shown (%O\(e0 O (,0) }(a,0)

at the right, the curve lies \ /
between the lines x = *a and yi==b
y = +b. If x = +a we find that B'(0,-b) I

y=0,andify =2b, x = 0.

Therefore, the curve cuts the X-axis at (+a,0) and the Y-axis at (0, b).
The line segment V'V, of length 2a, passing through the foci is

called the major axis, while the chord B'B, of length 2b, passing through

the center perpendicular to the major axis is called, not surprisingly,
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the minor axis. The lengths @ and b are called the semi-major and
semi-minor axes, respectively. The end points, V' and V, of the major
axis are known as the vertices of the ellipse.

From the Pythagorean Theorem, the relationship between the
constants a, b, and ¢ is expressed by the equation a®> = b* + ¢?. Inter-
preted geometrically this means that a line drawn from a focus to an
end of the minor axis has the same length as the semi-major axis.

The chord through either focus perpendicular to the major axis is
called the latus rectum, a name that should sound familiar to you from
our study of the parabola. Its length is found by substituting x = ¢ or

x = —c in the equation of the ellipse and solving for y. This gives us
2

y=1t i—J\/a2 - =% %, since a* — ¢* = b?. Hence the length of the
2

latus rectum is 2(%) since it is the double ordinate (twice the length
of the ordinate to the curve at that point) at a focus.
The value of the ratio g indicates the shape of the ellipse, since for

a of fixed length the curve flattens out as ¢ -+ a and approaches a circle
of radius a as ¢ -+ 0. The ratio takes values between 0 and 1 since
¢ < a. It is called the eccentricity and is designated by the letter e,

that is, e = s
a

The equation of an ellipse with major axis along the Y-axis and foci
at (0,x¢) is given by

:  x

2
+?=1. (8)

2

Q
)

Check your understanding and recollection by completing the following.

(a) The line segment V'V, of length 24, passing through the foci is

calledthe S,

(b) The chord B'B, of length 2b, passing through the center is called
the o

(¢) The lengths a and b are called the _ _ and

___axes respectively.

(d) The end points, V' and V, of the major axis are known as the

- _of the ellipse.
(e) The chord through either focus perpendicular to the major axis is

called the

(f) The ratio e = g iscalledthe ___ of the ellipse.
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(a) major axis; (b) minor axis; (c) semi-major, semi-minor;
(d) vertices; (e) latusrectum; (f) eccentricity

Just for a change of pace, let’s try a little construction task. Specifically,
we’re going to talk about how to construct an ellipse. So get out your
drawing compass and some graph paper.

An ellipse can be constructed by means of points in the following
way.

(1) Lay off the major axis V'V (as 5
shown at the right) and locate ’
the foci F' and F. v({FM FA\v

(2) Let M be any point on the line
segment F'F.

(8) With the foci as centers and a
radius MV, draw arcs above and below the major axis. With the
same centers and a radius MV', draw arcs intercepting those just
found. This will give four points of the ellipse; others can be
found by varying the position of M.

Now, why does this work? We can check the validity of this construc-
tion by calling one of the points P, and observing that MV = F'P, and
MV' = FP,, hence F'P, + FP, = MV + MV' = V'V, which is the
length of the major axis. And since this length remains constant (that
is, V'M + MYV always = V'V), the sum of the distances from the foci
to any point on the curve is constant.

If you are only required to make a sketch of the ellipse, however, it
is enough just to draw a curve through the x and y intercepts and the
extremities of the latera recta (plural of latus rectum). But let’s see
how all this happens.

Example: Find the semi-major and semi-minor axes, the coordinates of
the foci and vertices, the length of the latus rectum, the eccentricity,
and sketch the ellipse 9x% + 4y? = 36.
Solution: First, in order to reduce the equation to standard form we
2 2

will divide both sides by 36. This gives us '% + % = 1. Since the
larger of the two numbers 9 and 4 appears in the term containing y?,
this tells us that the major axis lies along the Y-axis. And since, from
(8), a*> = 9 and b* = 4, we now know that the length of the semi-major
axis is @ = 3 and of the semi-minor axisis b = 2. The coordinates of
the vertices are, therefore, (0,£3) and those of the ends of the minor
axis are (£2,0).

From the relation ¢? = a®> — b* (frame 7), we find that ¢ = 5,
hence the coordinates of the foci are (0,£+/5). And since we found
(again in frame 7) that the length of the latus rectum is given by the
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2b? N Y
formula a substituting the values @ = 3

and b = 2 we find the length of the latus

rectum in this instance to be %, hence the
coordinates of the extremities are
(+%,+4/5). The eccentricity is

e 3%, and the sketch of the figure
is as shown at right.

e =

DI(‘J"

Here are a couple of problems for you
to practice on. Find the semi-axes, the
foci, the vertices, the latus rectum, and
the eccentricity of the following ellipses, and sketch the curves.

4.

(a) x? + 2y°

(b) 3x2 + y? =12

]

2 2
(a) x? +2y? =4, or L + L =1,

4 2
a®* =4, b* = 2, hence v
a=20b=+2
(semi-axes). (0./2)

c2=ag?-p2=4-2=2, (-V2.,1)

hence ¢ = /2 and the p (/3

foci are (£/2,0).

From a = 2, the

vertices are (+2 0)
2

15 20 )

+/2,1)
F(+/2,0)

—%\/é.

D
mlﬂ
o r|

Q6
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(b) 38x? + y? =12,0r ¥
2 2

xT Y -
1 + 12 1. Since the

larger number, 12, is in
the term containing the
y?, the major axis lies
along the Y-axis.
a=2v3,b=2

foci are (0,+2v/2)
vertices are (0,£2+/3) (=2,0)
latus rectum = 3+/3
(after rationalizing the
denominator)
eccentricity, e = /6. (-3V3,-2v2)

THE HYPERBOLA

9. A hyperbola is the locus of a point that moves so that the difference of
its distances from two fixed points is a constant. Does this definition
sound a bit like that of the ellipse? It differs from it by only one
word — difference rather than sum. You will recall that the ellipse
represents the locus of a point that moves so that the sum of its dis-
tances from two fixed points is a constant. With the hyperbola it is the
difference in these distances that is constant.

If you have had any military experience with the LORAN (LOng
RAnge Navigation) system, you probably are aware that it is based on a
series of hyperbolic curves representing the loci of points at which the
time difference between signals received from two transmitting stations
is constant. By using maps overlaid with these hyperbolic curves and a
LORAN receiver to measure the time differential, the navigator can
plot his position (actually two such lines of position are required to
establish a “fix’’). This is just another indication that the conic curves
have many useful and very practical applications.

The two fixed points of a hyperbola v
are called foci, just as with the ellipse, A
and the midpoint of the line segment P(x,y)
joining them is called the center of the
hyperbola.

A simple forrg of the equ_ation of the F/
curve can be obtained by taking the foci
on the X-axis and the center at the (-c,00 O (¢,0)
origin. Thus, in the figure at the right,
if the coordinates of the foci F' and F

Y
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10.

are (—¢,0) and (c,0), respectively, and if P(x,y) is any point on the
hyperbola such that the difference of its distances from the foci is 2a,
we have by definition F'P — FP = 2a. In terms of coordinates this
condition becomes

Vix + ¢)? +y2-V(x-c¢c) + y? =2q,

which can be reduced to the form

(CZ = a2)x2 7(12}/2 =32(C‘2 — a2)

by following the steps used to find the equation of the ellipse in frame 6.
Since the difference of two sides of a triangle is always less than the

third side, we have for triangle F'PF (of the figure above),

F'P - FP < F'F, or 2a < 2c. Hence a < ¢ and ¢ - a? is a positive

number. If we let b? represent this number, where b is real, and make

the substitution b? = ¢? - a2, our equation then assumes the form

b2x2 " azyz = g% b2
or, dividing through by a®b?,
xl 2
S

=1 (9)

=}
3

where, as with the ellipse, b? = a? — ¢?2.

What we have shown above is that every point on the hyperbola has
coordinates that satisfy equation (9). The converse is, of course, also
true: that every point whose coordinates satisfy equation (9) lies on
the hyperbola.

Just to make sure you understand what a hyperbola is, complete the
following definition (without looking back to the beginning of this
frame, if you can help it).

A hyperbola is the locus of a point that moves so thatthe

of its distances from is a constant.

difference, two fixed points

As in the corresponding case of the ellipse, the hyperbola that is repre-
sented algebraically by equation (9) is symmetrical about both axes and
the origin.

Solving equation (9) first for y and then for x, we get

y = 151—)\/.762 -a*and x = * %\/y2 + b*. From the first of these equa-

tions we can see that in order for y to be real, x must take values such
that x? > a?; that is, no values of x between x = —g and x = a will give
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a point on the curve. The second
equation shows that x is real for all
real values of y. If y = 0, we find
that x = tg,andif x =0, y is
imaginary. Hence the curve (shown
at the right) cuts the X-axis at
(+a,0) but does not intersect the
Y-axis. It consists of two branches
lying outside of the lines x = *a
and extending indefinitely away
from both coordinate axes. The
line through the foci is called the
principal axis and the segment

V'V, of length 2a, is called the
transverse axis. The line segment on the Y-axis between the points
(0,b) and (0,-b), of length 2b, is called the conjugate axis.

The lengths a and b are called the semi-transverse axis and semi-
conjugate axis, respectively. The points V' and V, at the ends of the
transverse axis, are called the vertices of the hyperbola.

From the relationship ¢ = a* + b*> we can see that the distance
from the center to a focus is the same as the distance from a vertex to
an end of the conjugate axis.

The chord through a focus perpendicular to the principal axis is

— X

2
called (familiarly) the latus rectum. Its length, a:—, is found in the
same way as for the ellipse.
The eccentricity, e = %, is seen to be greater than 1 for the hyper-

bola since ¢ > a. Its value indicates the shape of the curve.
The equation of the hyperbola with transverse axis along the Y-axis
and foci at (0,* ¢) is given by

(]

yZ
2

(10)

Q
IR
I
[y

Check your understanding and recollection of the above by completing
the following (refer to the figure as necessary).

(a) The line through the foci is called the .
(b) The segment V'V, of length 2a, is called the B

(c) The line segment on the Y-axis between the points (0, ) and

(0,-b), of length 2b,iscalledthe . y
(d) The length a is called the E—
(e) Thelength b iscalledthe
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(f) The points V' and V at the ends of the transverse axis are called
the _of the hyperbola.
(g) The chord through a focus perpendicular to the principal axis is
called the -
(a) principal axis; (b) transverse axis; (c) conjugate axis;
(d) semi-transverse axis; (e) semi-conjugate axis; (f) vertices;
(g) latus rectum
11. Now let’s find out how we would go about

constructing a hyperbola. A point-by-point

construction of a hyperbola is quite similar B
to that of an ellipse. First, locate the foci,
F' and F, and the vertices, V' and V, as
shown at the right. Then, with the foci as
centers and a radius MV, describe arcs
above and below the principal axis. With
the same centers and a radius MV',
describe arcs intersecting those just drawn.
The four points thus found lie on the hyperbola. Other points may be
constructed by varying M where M may coincide with F’ or F, or may
fall to the left of F' as well as to the right of F. We can see the con-
struction is correct from the following argument, where P, represents

a typical point located as described above: MV' = F'P, and MV = FP,,
therefore F'P, — FP, = MV' — MV = VV', the length of the transverse
axis, and a constant value.

Very shortly we're going to be looking at an example of how to go
about finding the various elements of a hyperbola and sketch the curve,
but first we need to introduce a final and very important concept,
namely that of the asymptotes of a hyperbola.

We have seen from our discussion
in frame 10 that the hyperbola
b*x? — a’y? = a® b? consists of two
branches opening outward to the
right and left of the Y-axis. Now
let’s draw a line through the origin
intersecting these branches in the
points P and P’', as shown at the
right. If y = mx is the equation
of this line, we obtain, by solving
it simultaneously with the equation
of the hyperbola,

Fl\v v F M
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ab
as the abscissas of the points of intersection of the line and the curve.
As P moves to the right along the curve, or P’ to the left, the numerical

value of x increases without limit, and therefore, since a and b are fixed
numbers, the denominator of the above fraction approaches zero.

X=%

When b? = a*m? = 0 we have m = ig, and the equation y = mx

becomes y = igx, or bx * ay = 0. Hence, there are two lines,

bx — ay = 0 and bx + ay = 0, passing through the origin with slopes
aQ and ,Eb’ respectively, which the hyperbola gradually approaches as
the numerical value of x increases.

If we define an asymptote of a curve as a straight line such that the
perpendicular distance from the line to a point on the curve becomes
and remains less than any positive value we can assign to it, as the point
on the curve recedes indefinitely from the origin, then the lines
bx + ay = 0 are asymptotes of the hyperbola b*x? — a?y? = a?b?.

An easy way to find the equations of the asymptotes is to make the
right member of the equation of the hyperbola zero and then factor.

2 2
Thus, 'z—2 = %}—2 =0, or b2x? — a%*y? = 0 factors into bx — ay = 0, the
equations of the asymptotes.

If the equation of the hyperbola is b?y* - a*x? = a? b?, showing
that the foci are on the Y-axis, the equations of the asymptotes are
by £ ax = 0.

Asymptotes are very useful in sketching a hyperbola. Let’s take the
transverse axis 2a¢ and the
conjugate axis 2b as shown
in the figure at the right,
and construct a rectangle
with its center at the center —1
of the hyperbola and sides
2a and 2b parallel to the FNy < bl F
transverse and conjugate
axes, respectively. Since

the diagonals of this rec- / ~_ | 7
tangle have slopesa2 and —ag’

they become, when produced

(extended), the asymptotes of the hyperbola. Thus to sketch a hyper-
bola we first draw the asymptotes and then use them as guidelines for

the curve that is drawn tangent to the rectangle at a vertex and passing
through the extremities of the latera recta.

——
Q
-
Y
]
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Notice that a circle having the diagonals as diameters will pass through
the foci of the hyperbola.

Now we will look at an example that should put it all together
for you.

Example: Find the values of a, b, ¢, the coordinates of the foci,
vertices and ends of the latera recta, the length of a latus rectum, and
the equations of the asymptotes for the hyperbola 49y? - 16x? = 196.
Also sketch the curve.

Solution: Reducing the above equation to standard form by dividing
through by 196 (the value of the right-hand member), we get

2 2

¥ _ X =
i 19 1.
4
Hence a = 2, b = % c=va® + b2 =1./65,and e = g =1./65.
Since the term containing v
y is positive, we know ik

that the transverse axis is
along the Y-axis. Hence
the coordinates of the
desired points are: foci,
(0,£3+/65); vertices,
(0,£2); ends of the latera

recta, (7% ,+5+/65). The \ 0| ™>b=3; )

length of a latus rectum %

. 2b% _ 49 V'1(0,-2) &

s == =7 Theequa-  ~ -~ ° }_ ol gt T 4’*0
tions of the asymptotes F'| (0,-3V65)

can be found by factoring
49y* — 16x* = 0. They
turn out tobe 7y — 4x = 0and 7Ty + 4x = 0. The figure above shows
the sketch.

Using the above example as a guide, find the values of a, b, ¢, and e,
the coordinates of the foci, of the vertices and of the ends of the latera
recta, the length of a latus rectum, and the equations of the asymptotes
for the following hyperbolas, and sketch the curves. (Remember to use
equations (9) and (10) to help you determine whether the transverse
axis lies along the X-axis in each case.) Use a separate sheet of paper
for your work.

(a) 9x* — 16y? = 144
(b) 81y? — 144x* = 11,664
(c) y* -x* =16
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(a) To solve for the required values we proceed as follows.
2 2
(1) Divide through by 144, giving us ”{—6 e -% = 1. Comparing
this with (9) and noting that the term containing the x term
is positive tells us that the transverse axis is along the X-axis.

(2) Thena®? =16,0ra=4;b> =9,0rb=3;¢c=+Va* + b,

orc =+ 42 +§2,fromwhichc=5;e=§—%.

(3) Since ¢ = 5, the coordinates of the foci are (+5,0).

(4) Since a = 4, the coordinates of the vertices are (+4,0).

2

(5) Length of latus rectum = % = %

(6) The ends of the latera recta have as their coordinates
(+5,£%), the x-coordinate being that of the foci and the y-
coordinate equal to one-half the length of the latus rectum.

(7) By setting 9x* — 16y? = 0 and factoring we find the equations
of the asymptotes to be 3x + 4y = 0.

v
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(b) a=12;b =9; c =15;

e = 3; foci (0,£15); vertices
(0,£12); length of latus

rectum = 27 ends of latera

—2“;
recta (+ 1 +15); equations

of the asymptotes are
‘4x £ 3y = 0.

(c) a=4;b=4;
¢ = 4v/2;
e =+2;
foci (0,£4+/2);
vertices (0,£4);
length of latus
rectum = 8; ends
of latera recta
(4,£4/2;
equations of
asymptotes are
xty=0

12. Before leaving the subject of the hyperbola there are two special pairs
of hyperbolas we should talk about. The first of these is conjugate
hyperbolas.

Two hyperbolas are said to be conjugate when the transverse axis of
each is the conjugate axis of the other.
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xZ y2 y2 x?.
Thus the equations o> R 1 and 5 g 1 represent conjugate

hyperbolas. Because a?> + b? has the same value in both cases, it is

Y
bx +ay =0 A bx —ay =0

Y
b

4
{—c.m[ (-a,0) O

evident that the foci are equidistant from the center. Also, the two
hyperbolas have common asymptotes since the left member of each
equation, when set equal to zero, factors into bx + ay = 0. All thisis
shown in the figure above.
. NE a2 X2 iyt .
And since o e e 1 is the same as s -1, we can write

2 2
the equation for the conjugate of the hyperbola ;C—z = % = 1 by chang-

ing the sign of the constant term.
The other interesting hyperbola is the equilateral hyperbola.

When the transverse and conjugate axes are of the same length, the
hyperbola is said to be equilateral.

From our study of the ellipse we know that the locus becomes a circle
when the major and minor axes are equal. In the corresponding case of
a hyperbola we have an equilateral hyperbola. Thus

b*x? - a®>y? = a*b? becomes x* — y? =ga?

when b = g, and the second equation x+y=0%*x-y=0
represents an equilateral hyperbola

with center at the origin and foci on
the X-axis.

Since the asymptotes of an equi- i “ 4
lateral hyperbola meet at right angles, : 0 } X
such a hyperbola often is called rectan-
gular. Notice that the rectangle associ- ~t
ated with a hyperbola is now a square.

—+

—T

Y
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13.

Make sure you understand the difference between conjugate and equi-
lateral hyperbolas by completing the following definitions.

(a) Two hyperbolas are said to be conjugate when the _

axis of each is the axis of the other.

(b) When the SRSRRRRR, - 1 4 (s |

axes of a single hyperbola are
the hyperbola is said to be equilateral.

(a) transverse, conjugate; (b) transverse, conjugate, of equal lengths

LINES ASSOCIATED WITH SECOND DEGREE CURVES

In working with curves of the second degree — the circle, ellipse, para-
bola, and hyperbola — we have found it useful to define and use certain
lines, such as the directrix, the asymptote, and others. Now we are
going to consider two more lines associated with second degree curves,
namely, the secant and the tangent. The tangent is by far the more
important of the two.

You may recall that in frame 1 of Chapter 2 we defined the secant
of a circle as a line that intersects a circle at two points. Similarly, we
defined the tangent of a circle as a line that touches the circle at only
one point. From Chapter 5, frame 6, we also have our trigonometric
definitions of the secant and tangent as ratios of the sides of a right
triangle. However, although both definitions and applications are valid,
we are mainly interested in the geometric concepts of these two lines
at the moment.

Let’s assume we have a curve and a
secant through points P and @ on that Q
curve, as shown at the right. As point
@ moves closer to point P, the secant
approaches the tangent as a limiting
position, that is, the position at which
the secant and tangent coincide.
Stating this somewhat more formally
we can say that

a tangent PT at a point P of a curve is defined as the limiting position
of a secant PQ as @ approaches P along the curve.

This definition applies to any curve that has a tangent, and the methods
of differential calculus are used to find the slope and hence the equation
of PT.

Since our study is limited to second degree curves, we can use a
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special method rather than the general ¥
method of calculus in finding the equa-
tions of tangents. To be specific, let’s
suppose we wish to find the equation
of the line of slope m that is tangent to
the parabola y?= 4px. When a straight
line y = mx + k cuts the parabola

y? = 4px at the two points, P and @,
we find the coordinates of these points
by solving the equations of the line

and the parabola simultaneously. That
is, by substituting y = mx + k in the
equation y? = 4px, we get m*x? + 2mkx + k? = 4px, or

m?x?* + 2(mk - 2p)x + k* =0, (11)

y=mx+ k

which, solved for x, will give the abscissas of P and @. The ordinates
can be found by substituting these values of x back in the equation
y=mx + k.

If the two points P and @ coincide, the line is said to be tangent to
the parabola.

In this case it turns out, from what we know about quadratic equa-
tions, that the discriminant of equation (11) must be zero. (The
discriminant, in case you have forgotten from algebra, is the quantity
b? — 4ac for the general quadratic equation ax* + bx + ¢ = 0.) Thus,
for our equation the discriminant has the value 4(mk — 2p)® - 4m?* k2.

Setting this equal to zero and solving we find that & = %, hence the

equation of the tangent in terms of the slope m is given by
R P
y=mx+ =, (12)
which is true for all finite values of m except m = 0.

Similarly, the tangents to the other second degree curves are found
to be

y =mx t rV1+ m?, (13)
when the curve is the circle x* + y* =r?;
y=mxt m, (14)
when the curve is the ellipse b?x* + a?y? =a?b?; and
y = mx + Va®m? - b2, (15)

when the curve is the hyperbola b%x?* — a?y? = a?b2.
Now let’s see how all of this will help us in some useful way.
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Example: Find the equations of the
tangents to the circle x? + y? = 16
that have slope —7 .
Solution: In order for the line

= —%x + k to be a tangent to the
given circle, the discriminant of the
quadratic equation in x must be
Zero, so =
x* + (-3x + k)* = 16 (substituting =
-3x + k) for y, or
Bx? — dkx + 4k* - 64 = 0. From ™~
the last equation, a = 5, b = -4k,
and ¢ = 4k? — 64. Therefore, the discriminant b* — 4ac becomes
16 k* — 20(4k* — 64) = 0 and k = +2y/5. Hence y = —3x + 24/5
are the equations for the tangents.

You may be relieved to know that, since it is not really important
at this point that you be able to solve problems by use of the secant/
tangent concept, you are not going to be given any to work here. (But
if you are one of those individuals who feels compelled to try out every
new concept, you will have no difficulty in finding appropriate prob-
lems for the exercise of equations (11) through (15) in any good text-
book on analytics). What is important for you to be aware of, however,
is this notion that a tangent can be thought of as the limiting position
of a secant. That is, when the points P and @ on our parabola coincide,
the straight line connecting them (the secant) becomes tangent to the
parabola. As mentioned earlier, this is a very fundamental concept in
differential calculus and provides one of the classic examples of its
application.

In the next chapter we will go into the matter of limits, so keep in
mind what we have just discussed; it should help prepare you for a
fuller investigation of the subject.

To make sure you've caught this new definition of a tangent, complete
the following definition.
A tangent PT at a point P of a curve is definedasthe

- ofa__  PRas@
approaches P along the curve.

limiting position, secant
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14.

APPLICATIONS OF THE CONICS

Let’s relax for a moment from the hard thinking you had to do in the
last frame and reflect (reflect is a very appropriate word in this case) on
some of the applications of the conics. Since a detailed discussion of
many of the scientific applications requires a knowledge of calculus,
we’ll stick to a few basic uses.

The cable of a suspension bridge uniformly loaded along the hori-
zontal hangs in the shape of a parabola. (If this same cable were sup-
porting only its own weight, it would assume the shape of a different
curve called a catenary.) The path of a projectile fired at an angle with
the horizontal is a parabola, if air resistance is neglected. Arches of
buildings and bridges often are parabolic in shape. Parabolic reflectors
and reflecting telescopes make use of parabolic mirrors, these mirrors
being formed by revolving a parabola about its axis. Such reflectors
are highly effective since light emanating from a source placed at the
focus will strike the parabolic surface and be reflected in parallel rays,
giving a beam of light that can be controlled by turning the mechanism.
This is the principle used in designing headlights, searchlights, and the
like.

This same type of mirror is used in reflecting telescopes where the
rays of light, coming from a distant source, strike the mirror in parallel
lines and are collected at the focus. The design of a burning glass also
is based on this property of the parabola. In this case the rays from the
sun strike the convex surface of the glass and, after passing through it,
are collected at the focus on the other side. In fact, it seems likely that
the word focus was coined from this use of the parabola since the Latin
meaning of the word is hearth or fireplace.

The conic sections have their application in more aspects of astron-
omy than simply the design of reflectors for telescopes. They are, in
fact, used to describe the motion of celestial bodies such as planets,
comets, and asteroids. Thus, in the middle of the sixteenth century
when Copernicus completed his work on celestial orbits he concluded
that planets revolve in circular orbits about the sun. (This was a depar-
ture from the Ptolemaic Theory that the sun and planets revolved
around the earth.) However, the idea of uniform circular motion caused
his results to be at variance with some of the known facts about plane-
tary motion. Accordingly, about fifty years later, Kepler, after much
computation, concluded that the planets move in ellipses with the sun
at one focus. This was later confirmed by other astronomers and
mathematicians, including Newton, who showed that the law of gravi-
tation conforms to such a theory.

Ellipses are also used in architecture and bridge design. The
Colosseum at Rome is in the shape of an ellipse, and many beautiful
stone and concrete bridges have elliptical arches. The design of whisper-
ing galleries is based on the ellipse, where a sound from one focus may
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15.

be heard at the other but is inaudible between these two points.
Elliptical gears are used in such machines as power punches and planers,
where a slow but powerful stroke is required.

A hyperbola, referred to by its asymptotes as axes, can be used to
express Boyle’s law of a perfect gas. This equation also is used in the
study of economics and in locating a source of sound, as in range
finding. The use of hyperbolas in position-finding (navigation) systems
such as LORAN was mentioned earlier.

You will come across these and many other applications if you
continue your study of science and mathematics, and you will find
many ways in which to extend your knowledge of the conics when you
study calculus. But now let’s proceed to one final topic before leaving
our brief investigation of analytic geometry and the conic sections.

POLAR COORDINATES

In this chapter and the previous one we have discussed equations of the
first and second degree using rectangular coordinates to show their
corresponding graphs. Now we are going to introduce a new system of
coordinates, called polar, and you will see that many equations assume
a simpler form when expressed in terms of such coordinates.

In polar coordinates the position of a point is determined by a
direction and a distance (rather than by two distances as in rectangular
coordinates) and the frame of reference consists of a point and a
directed line.

Thus, in the figure at the right,let O  p(r0)

be a fixed point, called the origin, or

pole, and OX be a fixed directed line, ;

called the initial line, or polar axis.

The position of any point, P, is deter- ]

mined by two numbers, the angle # o
XOP = ©, and the distance OP = r.

The coordinate r is called the radius vector and © the vectorial angle.
(You may find it helpful at this point to turn to Chapter 5, frame 22,
and review some of the things we learned about vectors.)

The usual convention of signs used in trigonometry applies to the
vectorial angle. That is, a positive angle is generated by a counterclock-
wise rotation and a negative angle by a clockwise rotation of the initial
side. The radius vector r is positive when it is measured from the pole
along the terminal side of the angle, and negative when measured in the
opposite direction.

Since the position of a point is determined by direction and distance,
to plot a point, the angle is first drawn in the proper direction, thus
locating the terminal side, and then the distance r is measured either
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16.

along the terminal side, if positive, or along the terminal side produced
through the pole, if negative.

Notice that one pair of polar coordinates will determine one, and
only one, point in the plane, but that any given point may have an un-
limited number of polar coordinates. If the angle is restricted to values
between 0° and 360°, any given point may be designated by four
different pairs of polar coordinates, as shown below. Here the points
(2,120°), (—2,300°), (-2,-60°), and (2,-240°) all determine the same
point Q.

Q(2,120°) Q(-2,300°) Q(-2,-60°) Q(2,-240°)

.
X \\ \\
X X
0 0
0 60°
-240°

For a little practice in using polar coordinates, plot the following points,
using the same pole and polar axis (you will need the aid of a protractor
to measure angles and will, of course, need to establish some convenient
scale).

(a) (5,30%) (d) (2,90°)
(b) (-3,15%) (e) (6,-180°)
(c) (8,-60%) (f) (-5,45%)
(d) (a)
(e)
- — = 1 1 | 1 1 1 1 | 1 .7_ X
(b)* 0
rd
(f)

(c)

If r and © are connected by an equation, values may be assigned to @
and corresponding values for r calculated. We then will have a table of
values for points that may be plotted and joined by a curve, thus describ-
ing the locus of the equation.
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Example: Construct a table
of values and plot the curve
r=2(1- cos©).
Solution: Computing the
table of values shown below
and with the aid of a sheet
of polar coordinate paper
(which is nearly indispens-
able for plotting polar
coordinates), we plot the r
values for the selected
angles and obtain the curve
shown at the right.

In plotting equations in
polar coordinates it is help-
ful to be aware of the

symmetry of the curve. e — 1 — case #
Thus, if we can replace ©

by —© and obtain the same 0° 1.000 0.000 0.00
value of r, then the locus 30° 0.866 0.134 0.27

is said to be symmetric with 60: 0.500 0.500 1.00
respect to the polar axis. Or 90 0.000 1.000 2.00

if we can replace r by —r 1202 -0.500 1.500 3.00
for the same value of ©, 150 | -0.866 1.866 3.73
then we say the curve is _}80 -1.000 ?'000 4.00

symmetric with respect
to the pole. Because of the symmetry of the cosine function we do not
need to compute values of © from 180° to 360° in the above example.

With the aid of polar coordinate paper found in the Appendix, construct
a table of values and plot the curve r = 3 cos ®. (Cos function values
to two decimal places is adequate.)

Assigning values to ©® and calculating the corresponding values of r

we get:
C] cos © = 3cos0® 90° - 60°
— 300
0° 1.00 3
30° .87 2.61
60° .50 1.50 0°
90° 0 0
120° -0.50 -1.50
150° -0.87 —2.61 e
180° -1.00 -3 -60°
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14.

The simplest problem of tracing polar curves is the case in which there
is only one value of r for each value of ©, such as the equation

r = 5 cos 20. Such curves are called single-valued functions. On the
other hand, the case in which r? is expressed as a function of ® yields
two values of r for each value of ® and is called a double-valued func-
tion. An example of this would be an equation such as r* = 25 sin 20.

There are many interesting and even beautiful curves represented by
various polar equations and often having intriguing names, such as the
Lemniscate of Bernoulli, Limagon, Spiral of Archimedes, Conochoid of
Nicomedes, With of Agnesi, or Cissoid of Diocles. If you are interested,
look up the equations of some of these in one of the referenced text-
books and have some fun plotting them.

Now, having discussed both rectangular and polar coordinates in
our work thus far, we need to find some way of relating these different
sets of coordinates so that we can convert from one to the other as the
occasion requires.

If the pole, in our polar coordinate
system, coincides with the origin in
our rectangular coordinate system,
and the polar axis OX is taken as the
positive X-axis as shown in the figure
at the right, then any point P may be
considered as having rectangular coor-
dinates (x,y) and polar coordinates YO
(r,@). The relations between the two o x
systems can be taken directly from
the figure. Thus,

P(x,y)
(r,©)

x =rcos0, y =rsin0©;

r? =x* +y%, and © =tan™’ 3—;

(16)

See Chapter 6, frame 3 if you need to review the derivation of these
relationships.

By means of these relations we can transform an equation in polar
coordinates to one in rectangular coordinates, and vice versa.

Example 1: Transform the equation r = 5 cos © into an equation in
rectangular coordinates.

Solution: Substituting r = Vx? + y* and cos® = ? from the formulas
above (16), we get

Vil ¥ 37 = =22
VTR

or x? + y2 - bx = 0.
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Example 2: Transform (3 — 2 cos ®)r = 2 into an equation in rectan-
gular coordinates.

Solution: Performing the indicated multiplication in the left member
we can write the equation as 3r — 2r cos ® = 2. Then by substituting
r=vx? + y? and r cos ©® = x, we get

3vx? + 2 - 2x = 2,

Transposing —2x, squaring both sides, and combining terms, we finally
have 5x* + 9y* - 8x — 4 = 0.

Example 3: Transform r = 4 sin 20 into rectangular coordinates.
Solution: By using sin 20 = 2 sin © cos @ (the double-angle formula
from frame 17, Chapter 4), we can write the equation as

r = 8sin ® cos ®. Then by substituting values of sin © and cos ©, we

have r = SrZ -%, orr® = 8xy. But r =+vx? + y?, hence we can write
3
(x* + y?)2 = 8xy, or (x* + y?)® = 64x2y?,

Example 4: Transform x* + 2y? = 8 into polar coordinates.
Solution: Substituting x = r cos ® and y = r sin © we get
r’cos’® + 2r%sin’© = 8, or r2(1 + sin?@®) = 8.

Try a few of these transformations just for practice. Transform the
following equations into rectangular coordinates.

(a) r = 8sec® (remember that sec ® =

cos(-))

-0
(b) =%

() r=3cos0®

Transform the following equations into polar coordinates.
d) x+y=0

(e) x? + y* =186
(f) x* +y2 —-4x-4y=0
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(a) x=8,orx—-8=0.
(b) x-3y=0.
(c) x* +y> —3x=0.
(d) sin® + cos® = 0.
(e) r=z4.
(f) r=4(cos® + sin O)

Now it is time for us to take a look back over what we have covered in
this chapter. The following Self-Test is, as usual, intended to assist you with
your review and check-up.

SELF-TEST

1. Write the equation of the circle whose center is at (—4,2) and which
touches the Y-axis, and draw the figure on graph paper. (You know
the radius, r, from the fact that the abscissa of the center is —4 and the

circle touches the Y-axis.)

- (Tframe 1)

2. Find the center and radius of the circle whose equation is

3x2 4+ 3y + 8x+4y=0.__

(frame lj

3. Find the equation of the circle that touches both axes and passes through

the point (6,3).

(frame 2)

4. Complete the following:
(a) The fixed point of a parabola is called the
(b) The fixed line of a parabola is called the _
(c) The line of symmetry of a parabola is called the

(d) The point where the parabola intersects its axis is called the

(frame 3)
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5.

Find the coordinates of the focus and ends of the latus rectum and the
equation of the directrix of the curve y? — 2x = 0. Sketch the curve.
(frame 4)

We know that when a cable suspends a load of equal weight for equal
horizontal distances it assumes a parabolic shape. The ends of such a
cable on a bridge are 1000 feet apart and 100 feet above the horizontal
road bed, while the center of the cable is level with the road bed. Find
the height of the cable above the road bed at a distance of 300 feet
from either end. (Use the sketch below to help you. What you need to
do is compute the value of y in the equation x*> = 4py when

x = 500 - 300 = 200. But in order to do this you must first find the
value of 4p by inserting the coordinates of the end of the cable in the
above equation for the parabola. Then insert this value back in the
equation when x = 200 feet and solve for the value of y.)

(frame 5)
Y
(-500,100) (500,100)
(-500,0) o W\wﬂo,o;
200’ 300’
“ v
500’
An ellipse is the locus of a point that moves so that the ___ T——
of its distances from two fixed pointsis ____ P
(frame 6)
The long axis of an ellipse is called the _axis.
The short axis is called the ___axis, The equation
e=% represents the __ of an ellipse.
a
(frame 7)

Find the semi-axes, the foci, the vertices, the latus rectum, and the eccen-
tricity of the ellipse 8x* + 4y? = 32. (frame 8)
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10.

11.

12.

13.

14.

15.

16.

A hyperbola is the locus of a point that moves so that the

of its distances from ___is a constant.

(frame 9)

In the figure at the right, the
line through the foci (X-axis
in this case) is called the

The line seéﬁ;ent Vv’ V: of
length 2a, is called the

- > X
The line segment on the

Y-axis between the points
(0,b) and (0,-b), of length

2b, is called the

(frame 10)

Find the values of a, b, ¢, and e, the coordinates of the foci, vertices
and ends of the latera recta, the length of a latus rectum, and the
equations of the asymptotes for the hyperbola x> — y* = 64.

(frame 11)

Two hyperbolas are said to be conjugate if the transverse axis of each is
the conjugate axis of the other. (True, False) (frame 12)

A hyperbola is said to be equilateral if the transverse and conjugate axes

are of the same ___ . (frame 12)

The tangent at a point P on a curve may be defined as the limiting

position of a o _ P@ as @ approaches P along
the curve. (frame 13)

In polar coordinates the position of a point is determined by a

s = et = MARGR. e = o (frame 15)
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17. Write three other pairs of polar coordinates for the point (2,30°).
(frame 15)
18. Construct the table of values and plot the curve r = 5 cos 20. (Use
polar coordinate paper in Appendix.) (frame 16)
19. Transform the equation r = 5 — 8 sin © into rectangular coordinates.
(frame 17)
20. Transform the equation y? = 8x into polar coordinates.
(frame 17)
Answers to Self-Test
1. x* +y? + 8x -4y + 4=0. Y
1 i1 [ - X
2. (—5,~3hr=3vE
3. x> +y* -6x-6y+9=0,x% +y? - 30x — 30y + 225 = 0.
4. (a) focus; (b) directrix; (c) axis;, (d) vertex
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5.

10.
11.
12.
13.
14.
15.
16.
17.

18.

5,0); G,x1); 2x + 1=0. Y

Standard equation of the parabola is x> = 4py. Since the parabola
passes through the point (500,100), we can substitute these values for x
and y to obtain (500)° = 4p(100), or 4p = 222090 = 2,500, There-
fore our equation for the parabola is x> = 2,500y, or y = .0004x?.
Hence, when x = 200, the value of y becomes y = .0004(200)* = 16
feet as the height of the cable above the road bed at a distance of 300
feet from either end.

sum, constant

major, minor, eccentricity

2v2; 2; (0,£2); (0,£2v/2); 2v2; 72

difference, two fixed points

principal axis; transverse axis; conjugate axis.

8; 8 8VZ; v2; (x8v/2,0); (+8,0); (8v/2,£8); 16; x £y = 0.
True

length

secant

distance, direction

(-2,210°), (2,-330°), (-2,-150°)

C] 20 r=5cos@®
0° 0° 5
15° | 30° 3V3
223° | 45° 2V2
30° | 60° :
45° | 90° 0

You can see that as © varies ftom 45° to
90°, 20 will vary from 90° to 180°,
hence we will obtain the negative values of r in reverse order from the
above table. Plotting the points we get half-loops 1 and 2. Note also
that the curve is symmetric with respect to the polar axis. Continuing
for all values of ® up to 360° and using the symmetric property we
obtain the entire curve shown above. Note the order of the half-loops.




356 GEOMETRY AND TRIGONOMETRY FOR CALCULUS

19. x* + y* + 39y + 2x292 + 16x%y + 16y® — 25x2 = Q.

20. r=8cot® csc®. Thus, ¥y = 8x becomes (rsin®)* = 8(rcos®) or
cos @ 1

sin® sin O’ e

r*sin’@ = 8r cos ©, from which r? = 87 -

r=28cot® csc®




CHAPTER NINE

Limits

Even though, in the last chapter, we touched on the definition of a tangent
as the limiting position of a secant as it approaches a point along a curve,
you may very well wonder what the subject of limits is doing in this book.
It’s a good question and one that deserves an answer.

As I'm sure you are aware, the major goal of this Self-Teaching Guide is
to enable you to become generally familiar with the basic mathematical
concepts you will need for the study of calculus. And calculus is, as we have
mentioned before, very much concerned with the subject of limits. In fact
calculus was invented by Leibnitz and Newton (separately, nor cooperatively)
because of mathematicians’ need to find some method of solving problems,
including calculation, that simply couldn’t be solved by any mathematics
they knew. But, like many other useful inventions, the development of
calculus methods had to await other mathematical developments. An impor-
tant example of such a development is the analytic geometry of René
Descartes we studied in the preceding two chapters. This was a necessary
prelude to calculus. But just what were these puzzling problems that cried
out for a method of solution?

In the half century B.C. the Greeks took an important step forward when
they managed to separate mathematics from purely applied problems and
began an abstract exploration of space based upon a study of points, lines,
and figures such as triangles and circles. Interest in mathematics turned to
logical reasoning rather than facts found in nature. It became a blend of
mathematics and philosophy, since the Greeks were mainly interested in
geometry as a means of advancing logical reasoning.

Even at this early date, however, these “philoso-maticians™ ran into a
number of puzzling problems. Some of these are embodied in the paradoxes
of Zeno (495-435 B.C.). One of these involves a mythical race between
Achilles and the tortoise. Even if the tortoise begins the race with a 100-
yard start, if Achilles could run ten times as fast as the tortoise, it seemed
perfectly apparent that he would overtake the tortoise. Not so, said Zeno.

The problem was to disprove Zeno’s “proof” that the tortoise would
always be ahead. He reasoned that while Achilles is covering the 100 yards
that separates them at the start, the tortoise moves forward 10 yards. While
Achilles dashes over this ten yards the tortoise plods on a yard and is still a

357
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vard ahead. When Achilles has covered this one yard, the tortoise is still one-
tenth of a yard ahead. Thus, by dividing the distance run by Achilles into
smaller and smaller amounts, Zeno argued that he would never pass the
tortoise. The fact that an infinite set of distances could add up to a finite
total distance was the unknown element that made Zeno’s “proof’’ appear
plausible. It was not until a better understanding of limits was developed
that it became possible to demonstrate the fallacy in Zeno’s logic, as we shall
see later.

But there were other problems as well arising from this lack of an under-
standing of limits. Most of these involved calculating the measures of curved
figures: the area of a circle or of the surface of a sphere, the volume of a
sphere or of a cone, and similar problems. Problems of this kind were treated
by what came to be known as the Method of Exhaustions, actually a method
of limits wherein the circle was regarded as a limit of a series of inscribed
polygons. This method enabled Archimedes (287-212 B.C.) to arrive at very
close approximations of the correct values in many cases. A related method
of limits, much more general in form, is one of the essential features of
calculus today.

Not until the advent of calculus were these proximate methods replaced
by a precise method. The problem of continuous motion was also the
subject of much speculation. The Greeks made important conceptual contri-
butions toward an understanding of motion (partly because of Zeno’s
paradoxes, no doubt). But not until the development of calculus was there
available a workable, systematic method for describing in both qualitative
and quantitative terms such things as velocity and acceleration, and for
making analytical studies of various particular motions.

Perhpas you see, now, why you need to start doing some thinking about
the subject of limits in preparation for your study of calculus. In this chapter,
therefore, you will learn:

¢ some new things about limits;

* how our intuitive notions about limits can help us begin to
understand and appreciate the mathematical concept of a
limit;

e why, in a function, as one variable approaches zero, the

other variable can approach some definite numerical value
as a limit;
e how we find the limiting value of a function such as
f(x) = x; : 11 when x approaches 1[i.e., (x - 1) approaches
zero] as a limit;

* the meaning of an expression such as lim f(x) = L;
x—>a
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» about sequences, both finite and infinite, what arithmetic
and geometric progressions are and how to solve problems
involving progressions, and how to find the sum of an
infinite progression;

+ what we mean by the term series and why series are impor-
tant in calculus;

 how we go about finding the instantaneous velocity of a
free-falling body or the “instantaneous’ slope of a curve at
a particular point on a curve.

AN INTUITIVE APPROACH TO LIMITS

Let’s begin with what you already know about limits. Did you ever feel
you were reaching the “limit of your patience?” This thought is based
on the notion (which we won’t debate here) that each of us has only a
fixed supply of patience and that circumstances can make a person feel
he has just about used up his allotment. A mathematical way of saying
this would be to say that one’s reserve (remaining amount) of patience
is approaching zero as a limit. And using standard mathematical sym-
bols we could express this situation symbolically as:

0.

Patience

(In case you have forgotten, the arrow means approaches.)

Similarly, when we speak of reaching the “limit of our endurance”
we really are referring to the fact that our supply of energy is fast
approaching zero as a limit. Thus,

0.

Many of us have been faced with the dilemma of having the amount
of gasoline remaining in our gas tank “‘approach zero” at an inopportune
moment. We also know about military limits (being “off limits’’), speed
limits, the ground being the limit for a falling ball, and so on.

Endurance

All these examples have something in common. Can you tell what it is?
Try putting it into words, then check your answer with the one given

below.

The concept of a quantity or of the distance from some fixed position
approaching zero as a limit.
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2. Wasn’t the distance between Achilles and the tortoise fast approaching
zero as a limit? Examples of this kind are fine for developing an intui-
tive notion of limits. But in order to be able to use this concept to
solve the kinds of problems that concerned Newton, Leibnitz, and
other early mathematicians back to the days of the Greeks, we will
need to examine it more closely.

If your normal weight is 150 pounds and you decide you are not
going to let it exceed 160 pounds, then you have set a limit. When you
weigh 151 pounds you will be nine pounds from your limit. When you
get to 155 pounds you will be only five pounds from your limit. And
as you reach 156, 157, and 158 pounds, the difference between what
you weigh and the maximum weight increase you will accept is rapidly
approaching zero. Thus, although your actual weight is approaching
160 pounds as a limit, the weight increase you will accept is approach-
ing zero as a limit! There is a subtle difference between thinking in
terms of total quantity versus thinking in terms of difference in
quantity. We need to be aware of this in our discussion of limits. In
mathematics we are interested primarily in the difference between some
quantity and the limit zero.

Consider this idea with relation to a specific speed limit such as 35 mph.
Usually we would say that as our car speed increases it approaches 35
mph as a limit. How could you express this situation in terms of the

difference between your speedand 3 mph? .

As your speed increases, the difference between your speed and 35 mph
approaches zero as a limit. (Do you see the difference?)

3. As we commonly use the word “limit” we are chiefly interested in the
magnitude or size of a quantity as it gets nearer and nearer to some
limit. In mathematics it is more efficient to discuss the difference in or
distance between the quantity and its limit. Relating these two notions
we can say that as a quantity approaches a limit, the difference between
the quantity and its limit approaches zero as a limit.

In order to get used to seeing what this kind of relationship looks
like in mathematical shorthand, let’s try expressing it symbolically. We
will suppose, for example, that you are filling your car’s gas tank. As
the Quantity of gasoline in the tank approaches 16 gallons (the tank’s
capacity), the Space remaining in the tank approaches zero. We can
express this as follows:

as @, 16, S, 0,
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where @, represents the Quantity of gas (in gallons) and S, represents
the Space remaining. Obviously all we have done is to use the little
arrows to mean ‘“‘approaches” and invented a couple of letter symbols
to represent the values involved. Not very technical and not very formal
mathematics, certainly, but it says what we want it to say and that is
the basic purpose of any mathematical symbol.

Now suppose you make up some symbols of your own and try repre-
senting the situation where your car speed is approaching the posted
speed limit of 35 mph. When you have something that looks right to
you, check it against the symbology shown below.

as S 35, Dy 0.

Here S, was used to represent the speed of the car as it approaches 35
mph, and D, stood for the difference between the speed of the car and
the speed limit of 35 mph. Whatever symbology you used is just as
good as long as it represents the same values.

No doubt you could think of many other examples similar to those we
have used here, but even these few are sufficiently typical to allow us
to arrive at some kind of a general statement about such situations.

We might say, for example, something like this: As the value of any
quantity approaches some limit, the difference between the value and
its limit approaches zero. Symbolically expressed our statement would
look something like this:

L, (V~ L)

The little sine-wave shaped symbol between V and L means ‘‘difference
of.”” V, stands for the value of the quantity (whatever its nature —
gallons, miles per hour, inches, oranges, light years), L represents the
limit which the value is approaching, and V ~ L stands for the amount
by which the value differs from its limit at any given moment.

as V, 0.

Now suppose you were climbing a mountain and your objective was to
reach a height (h) of 5,000 feet above sea level (L). How would you
interpret, in words, the following symbolical representation — or
mathematical model — of this situation?

h L, (h~ L) 0.
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As your height above sea level approaches the goal (limit), the difference
between your height above sea level and your goal (limit) approaches
Zero.

5. Your interpretation of the meaning of the symbols in the above exer-
cise should have been generally similar to that shown in the answer.
We could, of course, have used 5,000 (feet) in place of the symbol L
(for limit, in this case) since we happen to know the numerical value
of the limit in this instance. In this case we would write

h 5,000, (h ~ 5,000) 0;;

If you are saying to yourself that these examples are absurdly simple,
you are quite right. However, you will perhaps remember this fact with
gratitude when we get to some that are not quite so obvious. Let’s
consider, for example, the idea of a limit as applied to a function. A
function, as you will recall from your study of algebra, is a set of
ordered pairs such that no two ordered pairs have the same first element.
A common notation for a function f is f(x,y), where each ordered pair
is of the form (x,y). Sometimes x, the first element, is called the
independent variable, and the second element, y, the dependent variable.
The element y also often is called the value of the function. Or the
value may simply be represented by f(x), which we read *f ofa”

You have encountered a number of important kinds of functions
thus far in your study of mathematics — polynomial, logarithmic,
exponential, and trigonometric functions. However, we are concerned
now only with relations between the elements x and vy represented by
linear or higher degree algebraic equations.

2

Consider, then, the function, f(x) = 3;: =k . Suppose we wish to

-1

evaluate this function for various values of x. If we let x = 2, we have
no difficulty arriving at the value f(x) = 3. Nor do we have any diffi-
culty if we substitute greater values of x than 2. But what happens

when we substitute the value x = 1?2 o

-1 _1TF=3 _10
= = — :—-:‘)
flx) == 1 °9°°

6. This meaningless result doesn’t tell us much. And yet if we factor the
numerator of our function and divide out the like binomial terms in the
numerator and denominator, we get
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_x? =1 fe-~AixE1y.
f(x)_x_l = (x"l) _x'+'1

This result would lead us to suspect that for x = 1 the value of the func-
tion should be x + 1 = 2. Why is it we can’t get this result from our

original equation?
2

Strictly speaking the function . has no definite value when

¥ A
x = 1, that is, it has no value that can be deduced from any of the
principles of which we so far are aware. Obviously, however, we would
like to see the rule maintained that a function has a definite value
corresponding to every value of the dependent variable.

We are also guided by the principle of continuity that prompts us to
2

seek a value of J—CJ-C—:—%, when x = 1, that differs very slightly from the

x?

value of - et when x differs only slightly from 1. With these thoughts

=1

in mind, let’s prepare a table of values of the function a0

as x varies from 2 towards 1. i *
Notice in the table at the right that as x 2 3

approaches 1 as a limit, f(x) appears to be approaching 1.5 2.5
92 as a limit. And as long as x # 1, no matter how 1.4 2.4
little it differs from 1, we can perform the indicated 1.3 2.3
division, and we have the identity 1.2 | 2.2
x2 -1 1.1 2.1
=x + 1.

x—1

In the table above we let x vary from 2 towards l J
1. To substantiate our conclusions about what 1 2

happens to the value of f(x) as x approaches a
value of 1, let’s come toward 1 from the other side.
That is, let’s allow x to assume successive values
between 0 and 1. x f(x)
The table at the right shows the results of doing

so. Again it is apparent that the closer x gets to a 0 1
0.5 1.5
value of 1, the closer f(x) approaches a value of 2.
0.6 1.6
We can see, therefore, that for values of x
B ¢ 0.7 1.7
differing very little from 1, the value of 08 1.8
T ; ;
£ 11 differs very little from 2. It is apparent, 0.9 | 1.9
then, that by bringing x sufficiently near to 1, we l ‘
2 _
can cause xx 1 to differ from 2 by as little as 1 2
we please.
x* -1

The value of pom as thus defined, is termed the limiting value,
2 e
xx = 11 as x approaches 1 as a limit. Or (in light of our

or the limit of
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previous discussion) we could also say that the difference between the
value of x and 1 approaches zero as a limit! We can write this, using
symbols, as below, where ““lim” stands for limit.

2 .
nm(’“ 2N =g
x—1
x =1

Generalizing a bit from the above example we can say that, when,
by causing x to differ sufficiently little from a (i.e., the difference
approaches zero as a limit), we can make the value of f(x) approach as
near as we please to L, then L is said to be the limiting value, or limit,
of f(x) when x = a; and we write

lim f(x) = L.
x—a

Now we haven’t really proved anything as a result of the foregoing
exercise, but we have intuited several interesting concepts and defined
some terms. Remember, we are not attempting to take a rigorous
approach to the subject of limits. We mainly are trying to become
acquainted with some of the basic concepts associated with limits and
gain some ““feel” for a few of the ways in which we can go about finding
the limit of a function when our known methods of evaluation fail.

Before going on, we’d better make sure you remember what some of
the basic terms and symbols mean.

(a) A function is

(b) f(x) means —

(c) The abbreviation “lim” stands for

(d) x> ameans__

(e) Putinto words what lim f(x) = L means.
Xl

(a) aset of ordered pairs such that no two ordered pairs have the
same first element

(b) afunction of x; for example, in the equation y = x2, yisa
function of x, and we could substitute f(x) for y

(c) limit

(d) x approaches a as a limit

(e) The limit of the function, f of x, approaches the value L as x
approaches the value a as a limit.
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SEQUENCES, PROGRESSIONS, AND SERIES

Having taken a first, intuitive look at the general concept of limits and
considered a brief example of how to find the limiting value of a func-
tion, let’s turn our attention now to another important application of
limits — number sequences, progressions, and series.

Incidentally, even though we make no attempt in this chapter to
supply any formal proofs, you must not get the idea that there is any-
thing unworthy or improper about the intuitive approach. In daily life
our thinking very often is intuitive. In fact, some of the terms — and
even concepts — used in this book have been taken from everyday life,
and both author and reader would be hard put to agree on a precise
definition of many of them. Mathematicians have a high regard for the
intuitive approach. The early development of calculus was, in fact,
largely based on highly developed intuition. It required many more
years of deep investigation and precise thinking about many of the
things they had taken for granted before mathematicians were able to
supply an analytic proof for some of the useful but fuzzy aspects of
calculus.

Now, why are we going to discuss sequences and series? Because
working with series involves finding the sum of sequences of numbers,
and some of these series go out to infinity. Have you ever tried adding
up something that extended to infinity? No? Then you may not yet
appreciate the fact that this can be a very difficult task at times. And
there are some series whose sum cannot be found except by the
methods of calculus. We are not (rest assured) going to get into calculus
in this chapter or in this book. But we are going to see if we can dis-
cover a little about how limits are involved in the study of sequences,
progressions, and series.

If you have studied about sequences and progressions before, this
will be a review for you. However, we may get into some aspects of
the subject you didn’t consider when you were introduced to it in inter-
mediate or advanced algebra. On the other hand, if you haven’t had
occasion to learn anything about these topics before, this will be a
small preparation for a deeper look into the subject of series when you
begin the study of calculus. It will also, as we suggested earlier, help to
expand your concept of limits. So let’s proceed.

It often is desirable to order (arrange) a group of objects in such a
way that there is a first object, a second object, and so on. When the
property of order is imposed on the elements of a set (group) of
objects, the result is a sequence. For example, if we arrange the
positive integers in their natural order they form a sequence.

lis 25 359500

Other examples are:
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1%,2%, 3%, 4%, ... the squares of the positive integers
1,3,5,7,... the odd positive integers
1,2,8,5,7,... the prime integers

1234 ot

2’345 """ "n+ 177"

The terms of a sequence usually are separated by commas, as you see
above.

See if you can write the first four terms of the set of the even positive

integers.

8. If our set of numbers is such that it goes on indefinitely, it gives rise to
an infinite sequence. We can define this as follows:

A set of numbers arranged in order, so that there is a first number
and every number is followed by another (its successor), is called
an infinite sequence.

The word infinite in this definition means that the sequence in question
has no last term; the terms continue on and on in unbroken sequence.
Take for example the fraction ﬁ . Dividing the numerator by the
denominator to obtain the decimal fraction we get - = 0.454545 . . .
In this case the digits in the decimal constitute a sequence which, since
the decimal is recurring (repeating), could carry on as far as we wish.
Hence it has no last term. Therefore we would have to consider it an
infinite sequence.

Similarly, the ratio 7 (from geometry and trigonometry) represents
an infinite but non-repeating sequence since the digits continue
indefinitely, each digit having a successor. Thus, 7 = 3.1415926 . . .
The value of 7 has been computed (with the aid of an electronic com-
puter) to more than 100,000 decimal places (that is, with more than
100,000 digits after the decimal point), and this could be continued
indefinitely.

As you might suspect, a sequence that has a first and a last term and
in which each term except the last has a successor is called a finite
sequence. We are not going to be too concerned with finite sequences.
When the word sequence alone is used it will refer to an infinite
sequence.

Before we go on, let’s see if you have caught the main concept of an
infinite sequence. Complete the following.
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An infinite sequence is

a set of numbers arranged in order, so that there is a first one and every
number is followed by another, its successor.

A progression is a special kind of sequence. That is, it is a sequence of
numbers formed according to some law. We are going to consider two
types of progressions: arithmetic progressions and geometric progres-

sions.

An arithmetic progression is a sequence of numbers each of which
differs from the one that precedes it by a constant amount, called the
common difference.

For example, if the first term is 2 and the common difference is 5,
then the first eight terms of an arithmetic progression are 2, 7, 12, 17,
22, 27, 32, and 37. In this case since the common difference was
positive the terms appear in increasing order. However, in an arithmetic
progression such as 16, 14, 12, 10, . . . the terms appear in decreasing
order, and it is apparent that the common difference is —2.

State the common difference in the following progressions.
(@) 1,4,7,10,13,.:: - -

(b) 27,23,19,15,..: - _
(c) 8%,10,114,18,...

(@) 3; (b) -4; (c) 13

Most problems in arithmetic progressions deal with three or more of the
following five quantities: the first term, the last term, the number of
terms, the common difference, and the sum of all the terms. In order
to derive formulas that will enable us to find any of these five quantities
if we know the value of three of the others, we will let the following
letters represent the five quantities.

a = the first term of the progression
[ = the last term

d = the common difference

n = the number of terms

s = the sum of all the terms
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Using the above notation, the first four terms of an arithmetic progres-
sionare a, a + d, a + 2d, a + 3d. Notice that d appears with the
implied coefficient 1 (one) in the second term and that this coefficient
increases by 1 as we move from one term to the next. Therefore, the
coefficient of d is one less than the number of that term in the
progression. Thus, the sixth term is ¢ + 5d, the ninth is @ + 8d, and
finally the last, or nth term, is a + (n — 1)d. So we now have as our
formula for the last term

l=a+ (n—- 1)d (1)
Let’s see how we can use this formula.

Example 1: If the first three terms of an arithmetic progression are 2,
6, and 10, find the eighth term.

Solution: Since the first and second terms, as well as the second and
third, differ by 4, it is apparent that d = 4. Furthermore, a = 2 and
n = 8. Therefore, if we substitute these values in (1) we get

=2+ (8-1)4
=2+ 28
=30

Example 2: If the first term of an arithmetic progression is —3 and the
eighth term is 11, find d and write the eight terms of the progression.
Solution: In this problem, a = -3, n = 8, and [ = 11. If these values
are substituted in (1) we get

11=-3+ (8- 1)d

11=-3+ 7d
-T7d = -14
d=2

Therefore, since @ = —3, the first eight terms of the desired progression
are—-3,-1,1, 3,5,7,9, 11.

Now try these.

(a) If the first three terms of an arithmetic progression are 3, 8, and
13, find the sixth term.

(b) If the last term of an arithmetic progression is 16, the common
difference is 2, and there are six terms in the progression, find the
first term and write the six terms of the progression.

(a) I=3+ (6-1)5,0orl=28.
(b) 16 =a + (6 — 1)2, or a = 6, hence the terms of the series are
6,8,10,12, 14, 16.
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Now suppose we wish to find a formula that will give us the sum, s, of
the n terms of an arithmetic progression in which the first term is a and
the common difference is d. As we found in frame 10, the terms in the
progression are @, a + d, a + 2d, and so on until we reach the last
term, which from (1)is I = a + (n — 1)d. Thus we can write

s=a+ (@a+d)+(@a+2d)+ ...+ [a+ (n-1)d] (2)

And since there are n terms (2) and each term contains a, we can
rearrange the terms and write s as

s=na+ [d+ 2d+ ...+ (n-1)d] (3)

Now, if we reverse the order of the terms in the progression by writing
[ as the first term, then the second term is I — d, the third | - 2d, and
so on, to the nth term which, from (1),is I + (n — 1)(-d). So we can
write the sum as

s=l+(I-d)+(-2d)+ ...+ [l + (n - 1)(-d)]
Next, combining the I’s and d’s we get
s=nl-[d+ 2d+ ...+ (n-1)d] (4)

And finally, if we add the corresponding members of (3) and (4) and
combine like terms we get

2s = na + ni
na + 1)

or, dividing both sides by 2,

I

(@ + 1) (5)

g=0
2

Formulas (1) and (5) make it possible for us to find values for all
five of the elements whenever any three of them are known.

Example: Find the sum of all the numbers between 1 and 100 that are
divisible by 3.

Solution: These numbers form an arithmetic progression with the first
terma = 3, d = 3, and | = 99. Using these values in (1) we get

99 =3+ (n-1)3, or
=3+ 3n-3

3n

n = 33.

We can now obtain the sum from formula (5).

§=5+ 0

- §2§(3 + 99)

3351
= 1,683.
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Try this problem. If a = 4, d = 5, and | = 49, find n and s.

from (1): 49=4 + (n - 1)5, or n = 10.
from (5): s = l29(4 + 49), or s = 265.

The terms between the first and last terms of an arithmetic progression
are called arithmetic means. If the progression contains only three
terms, the middle term is called the arithmetic mean of the first and
last term. We can obtain the arithmetic means between two numbers
by using (1) to find d, and the means can then be computed. If the
progression consists of the three terms a, m, and [, then by formula (1)

l=a+ (3-1)d =a + 2d, hence

_l-a

d= 5 , and
l—a=a+l
2 2

Therefore, the arithmetic mean of two numbers is equal to one-half of
their sum.

m=a +

Example: Insert the five arithmetic means between 6 and —10.
Solution: Since we want to find the five means between 6 and -10 we
will have seven terms in all. Hence n = 7, @ = 6, and [ = —-10. There-
fore, from (1) we have

-10=6+ (7-1)d,or

6d = —-16, and
= L6 o 8
[ >
. . 10 2 6 14 22 30
Thus, the progression is 6, 5-, 5, -5, ——5, —=, 5.

What are the five arithmetic means between 3 and 15?

a=3,1=15,n =T (the first and last terms plus the five means in
between them). Therefore, from (1),15 =3 + (7 - 1)d, or

6d = 12, and d = 2. Hence the progression is 3, 5, 7,9, 11, 13, 15 and
5,7,9,11, 13 are the five arithmetic means between 3 and 15.
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13. The second type of progression we are going to consider is the geometric
progression. A geometric progression is a sequence of numbers so
related that each term after the first can be obtained from the preceding
term by multiplying it by a fixed constant called the common ratio. A
few such progressions are:

—4.,-2, —1,7%,%‘, -y common ratio%
3,-8,3,—3; 3, s« common ratio -1
2,6,18, 54,162, ... common ratio 3

In order to obtain formulas for geometric progressions we again will
use letter symbols as follows.

a = the first term

[ = the last term

= the common ratio
the number of terms
= the sum of the terms

r
n
S

As you probably noticed, these are the same letters we used for the
arithmetic progressions except for r, the common ratio, in place of d,
the common difference.

Using the above notation, the first six terms of a geometric progres-
sion in which the first term is a and the common ratio is r are

a ar ar® ar® ar® ar®

Notice that the exponent of r in the second term is 1 and that this
exponent increases by 1 as we proceed from each term to the next.
Therefore, the exponent of r in any term is 1 less than the number of
that term in the progression. Thus the nth term is ar” ~'. This gives us
the formula

[ =ar™! (6)
Let’s look at an example of how we can apply this formula.

Example: Find the seventh term of the geometric progression 36, -12,
4,...

Solution: The common ratio, r, is obtained by taking any two consecu-
tive terms of the progression — for example, 36 and —12 — and dividing
the second by the first. Thus,-12 + 36 = —%. In this progression each
term after the first is obtained by multiplying the preceding term by
—%. We also know, from the information given, that @ = 36, n = 7,
and the seventh term is, of course, represented by the letter I. Substi-
tuting these values in formula (6) gives us




372

GEOMETRY AND TRIGONOMETRY FOR CALCULUS

14.

I=ar"' =36(-3)""

Try one of these and see for yourself how the formula works. Find the
fifth term of the geometric progression 4, 8, 16, ...

I=ar" ", and r = 2 (since §, for example, is 2), a = 4, and n = 5.

Therefore, I = 4(2)°™' = 4(2)* = 4(16) = 64, the fifth term of the geo-
metric progression.

If we add the terms of a geometric progression, represented by a, ar,
ar?,...,ar"?, ar"', we get
s=a+ar+ar?+ ...+ ar"?+ a"? (7)

However, by use of an algebraic device we can obtain a more compact
formula for s. First, we multiply each member of (7) by r and get

rs=ar+ar®+ar®+ ...+ ar! + g (8)

Now notice that if we subtract the corresponding members of (7) and
(8) and combine like terms we get

s—-rs=a-ar",ors(l-r)=a- ar"
Solving this equation for s we get

_a—ar”

§ = 1-7r ° (9)
where r # 1. Now if we multiply each member of formula (6) by r we
get rl = ar", and if we replace ar” by rlin (9), we get

_a—rl
gl B, (10)
where r # 1.
Now let’s find out how this formula for the sum of the terms of a
geometric progression works.

Example 1: Find the sum of the first six terms of the progression 2, —86,
18; 54
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Solution: In this progression a = 2, r = -3, and n = 6. Therefore, if
we substitute these values in (9) we get

_ B =238
— 1= (=3)
2 - 2(729)
T 1+ 3
= -364

Example 2: The first term of a geometric progression is 3; the fourth
term is 24. Find the tenth term and the sum of the first 10 terms.
Solution: In order to find either the tenth term or the sum we must
have the value of r. We can obtain this value by considering the pro-
gression as made up of the first four terms defined above. Then we
have a = 3, n = 4, and [ = 24. Substituting these values in (6) gives us
94 = 3r* ', orr® =8, and r = 2.

Now, by using (6) again with ¢ = 3, r = 2, and n = 10, we get

I 3(210—1)
3(512)
=1,5636

Therefore, the tenth term is 1,536.
To obtain s we will use (9), with a = 3, r = 2, and n = 10. This
gives us

]

3 - 3(2)'°
f=2
3 - 3(1,024)

s =

Try this problem. Find the sum of the geometric progression in which
a=32,r=-11-,andn=6.

a—ar" _32-32¢;)% _32-32(;) _32-3
1-% 1-3 1-3"°

2

hence s = 63.

The terms between the first and last terms of a geometric progression
are called geometric means. If the progression contains only three
terms then the middle term is called the geometric mean of the other
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two. In order to obtain the geometric means between a and ! we use
formula (6) to find the value of r, and the means can then be computed.
If there are only three terms in the progression, use (6), which would
become [ = ar?.
Solving [ = ar? for r we get
1

roEiE =
a
Therefore the second, or the geometric mean between a and [, is (from
frame 13) ar, or

[ fa®l _
ai\/z——+ an—i\/ﬂ

Putting this into words we would say that the geometric mean between
two quantities is either the positive or the negative square root of their
product.

Example: Find the five geometric means between 3 and 192.

Solution: A geometric progression starting with 3, ending with 192,
and containing five intermediate terms has seven terms. Hence we know
that n = 7,a = 3, and / = 192. And so, from (6)

192 = 3(r’ ")
3
= 64, and
r=+J64 = +2

Therefore, the two sets of geometric means of five terms each between
3 and 192 are 6, 12, 24, 48, 96, and -6, 12, —24, 48, -96.

Now you try this one. Insert the two geometric means between 5
and 40,

a = 5, 1 =40, and n = 4. Therefore, from (6), 40 = 5(r*7!), or r® = 8,
and r = 2. Thus the second term, ar, would be 5-2, or 10, and the
second term would be ar? = 5-2? = 20. The four terms of the progres-
sion, then, are 5, 10, 20, 40.

Back at the beginning of this section (in frame 7, to be exact) we said
that our main reason for studying a little about sequences, progressions,
and series was to see how the idea of limits applied. From what we have
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covered thus far about progressions you should be able to appreciate
the significance of what we are going to discuss next, namely, infinite
geometric progressions.

Our task will be to find the limit of the sum of a geometric progres-
sion where n (the number of terms) increases indefinitely and where
the absolute value of r (the common ratio) is less than one. Using
symbols we can express this value of r as Irl < 1. Or, putting the whole
idea into symbols (using the symbol e, introduced in Chapter 6, frame
7, which means ““infinity” or “without limit™),

lim s(n) =s

n — oo

by which we mean that, by taking n sufficiently large (that is, using as
many terms as we please), the value of s(n) (the sum of n terms) will
differ from s (the sum of an infinite number of terms) by an amount
that is less than any positive number we wish to select in advance.
Although this approach is new to you — and may not make much sense
to you at this point — bear with us for a bit and the reason for it should
begin to clarify itself in your mind.

To work out the formula we will need to find the sum of an infinite
geometric progression. Let’s go back for a moment to equation (9),
which allows us to find the sum of a finite geometric progression. If we
use s(n) to represent the sum of the first n terms we can write, from (9)

a— ar”
) =T

or, factoring the right hand side,

s(n) = 72— (1 - "),

But since |rl < 1, then |r| > |r?] > ... > [r"|. That is, since the value
of ris less than one, it will be greater than the value of any higher power
of r, because as you raise a fraction to a higher power its value decreases.
And it can be proved (though we’re going to spare you the proof) that
r” can be made arbitrarily small by taking n sufficiently large. There-
fore we can write

lim s(n) =

oo

a
L=y

n

since r" - 0 and thus 1 — r" = 1, and we follow the usual procedure
by writing

a
1-r

5= for|ri <1 (11)

Let’s look at an example to help clarify the concept.
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Example 1: Find the sum of the geometric progression 1, %, % R
(the dots indicate that there is no end to the progression).
Solution: In this progression, a = 1 and r = %, hence from (11)

?

This can also be seen geometrically from the figure below.

T 8 S §3 8485
I A I
o‘ 1 1 T1g

Y

On a coordinate system we simply add the amounts of the terms. The
first term takes us from the origin to the point 1. The sum of the two
terms is liz; the sum of the first three is 1%, and so on. It becomes
evident that the amount which is added each time is half the remaining
distance to 2. Hence by adding an infinite number of these we approach
two as a limit (sum).

Does this remind you of the race between Achilles and the tortoise?
Let’s apply what we have learned to see if we can get a firm answer to
that paradox.

You remember that the tortoise had a head start of 100 yards and
that Achilles could run ten times as fast as the tortoise. Zeno’s argu-
ment was that Achilles never would catch up with the tortoise because
no matter how much ground he covered in any one unit of time, the
tortoise would always be 15 of that distance ahead of him. In other
words, Zeno was implying that an infinite set of distances could never
add up to a finite total distance. Let’s see if that’s true.

8¢ 8.8

H—>
O| S O ...yardsrun
— =

100+

Using formula (11) we can see that @ = 100 yards (their distance apart

initially) and r = ﬁ (the ratio of their speeds), hence

00 < 100 - 1000 - 111011 yaras

10 10

Thus our formula tells us that the sum of the incremental distances
run (that is, the total distance run) before Achilles overtakes the tor-
toise is 111.111 . . . yards, that is, a definite limit. Looking at the
diagram above we can see that the amount added each time is 75 the
distance between them previously. Thus, at point s, they were 100
yards apart, at s, ten yards apart, at s; one yard apart, at s, ﬁ ofa
yard apart, and at s; they were virtually together. If Achilles could run
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10 yards per second (surely no trick for a god), then he would have
overtaken the tortoise sometime between the eleventh and twelfth
seconds of the race.

A nonterminating, repeating decimal fraction is an illustration of an
infinite geometric progression with -1 < r < 1. For example,

.232323 ... =.23 + .0023 + .000023 + ...

The sequence of terms on the right is a geometric progression with
a=.23and r =155 -

By the use of (11) we can express any repeating decimal fraction as
a common fraction by the method illustrated in the next example.

Example 2: Show that .333 ... =.

Solution: The decimal fraction .333 ... can be expressed as the pro-
gression .3 + .03 + .003 + ... in which a = .3 and r = .1. Hence, by
(11), the sum s is

_ 3 _.3 _
§ 9

1=

3.1
9 3

Find the sum of the infinite geometric progressions with elements listed
in each of the following problems.

(a) a=38,r=3

(b) a

i
“rlh
-
Il
W=

~—
(¢]
S
a
I
N
~
Il
=

Since the purpose of our investigation into the notion of numerical
sequences and progressions is not intended to make you an expert on this
subject but, rather, simply to furnish another illustration of the application
of limits in mathematics, we will rest our efforts here. Thus, we will forego
such matters as harmonic progressions, convergence or divergence of series,
and so forth.

Incidentally, the terms “progression” and ‘‘series’” basically are inter-
changeable. We have talked primarily about arithmetic and geometric
progressions, but we could have used the word series just as properly. The
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only reason for bringing in the term “series” at all, really, is because it is used
most commonly in calculus, where you will study different kinds of infinite
series. Now, however, we are going to take our third (and last) journey of
exploration into the land of limits.

THE PROBLEM OF TANGENTS

17. In Chapter 8, frame 13, we considered briefly the concept of the tan-
gent to a curve at a point as the limiting position of a secant rotating
about that point.

This is a dynamic concept because the secant constantly is changing
direction as it approaches the tangent, with one of its end points moving
along the curve. It therefore represents rather nicely a host of other
dynamic situations which the older mathematics (i.e., before calculus)
found it impossible to cope with in any precise way.

One of these other dynamic problems — and one with which Newton
and his colleagues were very much concerned since it related to the
phenomenon of gravity — was that of finding the instantaneous velocity
of a free-falling object. In case this sounds like too simple a problem,
bear in mind that an object such as a ball, thrown up into the air, is
constantly changing its speed. Why? Because when it is moving up-
ward the pull of gravity constantly is slowing it down (we say it is
decelerating), and when it changes direction and starts to fall toward
the earth, gravity is speeding it up. It’s easy to find its average velocity
over very short periods of time, but until the advent of calculus there
was no known method of calculating the instantaneous velocity of the
ball at any given moment in time.

In looking into how the concept of a limit helped solve many
dynamic problems, we could work with the equation
h = 128t — 16t*, which represents the change of height with time of
the ball thrown into the air (disregarding the resistance of the air).

Here we would be concerned with the two variables h and ¢, where h
is expressed as a function of ¢, the independent variable. But because
this equation defines a parabola and the equation for the “unit” para-
bola is simpler and will produce the same result, we will use the simpler
equation instead.

The equation for a parabola is, as you may recall, x? = 4py,
where the curve is symmetrical about the Y-axis. And we will make it
even more simple by letting 4p = 1. Thus we get for our equation,

y = x?.
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Using the values for x shown in the table at the y | x
right, find the corresponding values for y and plot the 0
resulting curve on the coordinate system provided
below, then check your results with those shown 1
below.

2
bz
A 3
9 b
8 -
- y=a
6 —
5 —
4 —
3 —
2 —
1 -
| 1 ko
0 1 2 3
e v | =
9 0|0
8 1(1
A 4| 2
8= 9|3
5 —
4 —
3 -
2 | —
1 —
l | | > X
0] 1 2 3

Note from your curve that, just as the velocity of the ball thrown into
the air is constantly changing, the direction of the curve also is con-
stantly changing, reflecting the rate at which one variable is changing
with respect to the other.

So if we can find some way to determine the instantaneous rate of
change of direction at any point on the curve, we should be able to use
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the same general approach to find the instantaneous rate of change in
the velocity of the ball. Why? Because although the variables are differ-
ent in each case and the physical situations they symbolize are different,
mathematically the two equations involved are essentially the same!
That is, they represent the same type of curve.

But how do we find the direction of the curve? The answer to this
is that the direction of a curve at any point is, as you may recall, simply
the slope of the curve at that point. Therefore, what we really are
seeking is the slope, or angle of inclination, between the (positive
direction of the) X-axis and a line tangent to the curve at the given
point.

In the sketch below, identify the line T and give the ratio that repre-
sents the slope of T.
P = point on curve
T = B

= Slope of T

1]

T = tangent to the curve at point P; 2 = slope of tangent line T
b

What we have found thus far is Y

that it is convenient to represent A

the slope of the curve at the

point P by means of a line, T,

tangent to the curve at that point.
Now to help us in our analysis

let’s add another, random point

on the curve at some indetermi-

nate distance from P. This point

we will designate as Q. Con-

necting this point to P by a

straight line gives us the secant

line, S. Notice this in the figure 0]

at the right.

How do you think we should designate the coordinates of the point, P,

bearing in mind that P is any point onthecurve?
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It probably would be best to designate the coordinates of P as (x,v) in
order to illustrate the general nature of this point.

We also need to indicate the position of the point @ with relation to P.
And since @ is a bit further from the X-axis and the Y-axis than P, we
will designate the horizontal distance of @ from P as Ax (delta x, that

is, a little bit of x), and the vertical distance as Ay (delta y, a little bit

of y). With this information added, our graph now looks like this.

Coordinates of P: (x,y)
Coordinates of @: (x + Ax),(y + Ay)

See if you can write the equation for the slope of the secant line S,
keeping in mind that it simply will be the ratio of the vertical distance
to the horizontal distance between the points P and @.

Slopeof S =_
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21.

A
Slope of S = ";“V

ax

O

It may appear as though we had only succeeded in accumulating an odd
assortment of letters. However, don’t despair. They all are necessary
and will be of great help shortly. You will notice also that we have
shaded in the triangle of which the secant line S is the hypotenuse. This
was done to help focus your attention on it.

Now, remembering that the equation for our curve is y = x?, substitute
the coordinates of the point @ for x and vy in this equation and see
what kind of an expression you get.

You should get (y + Ay) = (x + Ax)*. The equation of the curve is

y = x?, and the coordinates of the point are: x-coordinate = x + Ax,
y-coordinate = y + Ay. Substituting these coordinates in the equation
y =x? givesus (y + Ay) = (x + Ax)?.

22. Now try the next step, namely, expanding the binomial (x + Ax)?* and
write your answer in the space.

(x+Ax)x+¥AX)= oo S -

2
(x + Ax)? or (x + Ax)(x + Ax)=x* + 2x-Ax + Ax (the little
bar, or vinculum, over the Ax means that the exponent, 2, applies to
the entire expression, not just to the x).

23. What we are seeking by this algebraic procedure is a relationship between
x and y. Specifically, what we would like to find is the ratio of Ay to
Ax (that is, the slope of the secant line S) based on what we know
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24.

25.

about the equation for the curve. Once we find this, you will then
learn how we can use it.
So, from the last two frames we now have this information:

y =% (12)
and y+ Ay=x%+ 2x-Ax + Ax?2. (13)

Since, from (12), we know the value of ¥ in terms of x, we can substi-
tute x? for y in the equation (13) and get: (you do it)

x2 + Ay=x*+ 2x+Ax + Ax?

Now look at the answer just above and notice that we can subtract x>
from both members of the equation. Doing so gives us

Ay = 2x +Ax + Ax?, and dividing both sides by Ax gives us the new
equation

This looks a little simpler, doesn’t it?

But what does it represent? See if you can complete the following
sentence.

The quantity 2x + Ax represents = =~

the slope of the secant line S.

Let’s state it again.

Ay

i 2x + Ax = slope of the secant line S.

Look at it once more in the following figure. What the secant line S
really represents, in effect, is the average slope of the tangent lines to
the curve between the two points P and @, much as the average velocity
of the falling ball, taken between any two instants of time, would
represent the average velocity of the ball. But just as we are seeking
instantaneous velocity in the case of the falling ball, here we are seeking
the exact slope of the curve at a specific point — not the average slope.
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Y
S
B e S S AQ (x + Ax,

y + Ay)

A A
8Y = 2x + Ax
x

Very well then. Since what we really want is the slope of the curve
y = x? at the precise point P, let’s imagine the point & to move slowly
along the curve towards P. What we now get is a series of secants
(shown as S,, S,, S;, and S; in the figure below).

Y

'+ Ay
i " Slope of S:
BY = 9x + Ax
Ax
vk
= X
(0]

At the same time — since the secants are associated with (define,
actually) the position of the point @ — the distances Ay and A x grow
shorter and shorter, and our shaded triangle diminishes in size.
Obviously @ is approaching a limit (sound familiar?), namely, the point
P. What limit is the secant S approaching? _

The tangent line T at point P.
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26. Here is our figure again.

¥
A

y+ Ayl

Y=

o}

Do you see that the secant S is approaching the tangent line T as a limit?

By the time the point @ reaches point P, the secant S (one end of

which moves with @) will coincide with the tangent T. Not only

coincide with it; it will become the tangent of the curve at the point P.
It is important that you see these two things very clearly:

(1) Q is approaching the point P as a limit!

(2) The horizontal distance, A x, between @ and P, is approaching
zero as a limit.

How do you think the expression for the slope of the secant, %% =

2x + Ax, will change as A x approaches zero as a limit?

As Ax — 0, then 2x + Ax - 2x.

27. The above answer is correct. But if Ax, approaching zero, comes so
infinitely small that it in effect drops out of the right-hand member of
the equation

lim A_z =2x + Ax,
Ax—~> 0
leaving just 2x, it seems reasonable to ask why it doesn’t also drop out
of the expression Ay on the left-hand side. The answer is: As Ax is

Ax
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approaching zero as a Y
limit, so is Ay. Hence jr
(to oversimplify a

matter that involves + A
the theorems of infini-
tesimals), the ratio

Ly remains intact.
Ax
Remember, Ay s
Ax
interpreted graphically,
is approaching the tan-

gent to the curve at the

point P. Thisisa Y

specific number value! e

So while Ax is approaching (o} ’
Ay

zero, 7= is approaching a real value, namely, the slope of the curve at

the point P. Hence the diminishing value of A x has a different effect
on the two sides of the equation.
To summarize, then:

(1) As @ approaches P as a limit, and

(2) Ax approaches zero as a limit, then

(3) The secant tends to become tangent to, and therefore its slope
becomes the slope of, the curve at the point P.

Y
A

gl S S S

o

Using the arrow (symbol for “approaches™) which we used earlier,
and the abbreviation “lim” for limit (also familiar to you by now), we
can express symbolically what is happening like this:

Iim ﬁ—% -
Ax =0
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Try putting this symbolical expression into words just to make sure you

understand its meaning.

The limit of g—i as Ax approaches zero is equal to 2x.

28. Let’s repeat this entire limit result so we’ll have it in front of us while
we examine it a bit more.

lim %% =2x
Ax = 0
Put into words this result is saying: As Ax approaches zero as a limit,
the limit of the ratio %—% in the expression ﬁ—; = 2x + Ax becomes 2x.

Now, what useful information have we discovered that we didn’t
know before we started all this investigating? It is important that you
be able to answer that question if you are going to get any value out of
what we have covered. So see if you can select the best answer below.

___ (a) The secant becomes the tangent as Ax approaches zero as a
limit.

__ (b) Asthe interval Ax of the independent variable approaches the
limit zero, the ratio %% becomes the instantaneous rate of
change of the function y = x? at the point P.

_ (¢) Inthe expression i—i = 2x + Ax, the term Ax drops out as

A x approaches zero as a limit.

Answers (a) and (c) both are correct statements, but neither is the best
answer nor the most significant thing that occurs. Answer (b) actually
is the best answer.

The really important piece of information is that we have found an
expression for the instantaneous rate of change of a curve — that is, of the
function which the curve represents — at a specific point, or instant!

To understand the real significance of this, realize that if y = x? hap-
pened to represent the relationship between the height and time incre-
ments of the ball thrown into the air, then 2x would represent the
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instantaneous velocity (time rate of change) of the ball at any given
moment!

And this is exactly what we were trying to determine when we started out.

In other words, we essentially have done what we set out to do, namely,
we have discovered a means of calculating instantaneous rate of change, or
growth rate, of a function at a given instant.

CONCLUSION

You must not get the idea that you have studied calculus in this chapter on
limits, although the so-called ‘“delta approach’ which we followed in this
last section is one that frequently is used to introduce beginning calculus
students to the concept of the derivative. All three of the approaches that
we considered in this chapter in our exploration of the subject of limits have
a bearing upon the methods of calculus.

But we leave you here, on the doorstep of calculus, since it is not in the
province of this book to go further. You will find the study of calculus a
fascinating and worthwhile one, which you certainly should pursue if you
plan to continue your academic career in any aspect of science or engineer-
ing. It will give you a marvelously useful tool. And, as we stated at the
outset, because the subject of growth rate, or instantaneous rate of change,
appears in so many fields of endeavor today, the need for a knowledge of
calculus is no longer confined (as it once was) to the fields of science and
engineering. Marketing, statistics, survey techniques, psychology, economics,
and many other vocational and professional fields use calculus as a tool.

You will find an excellent introduction to calculus in the Wiley Self-
Teaching Guide Quick Calculus, by Daniel Kleppner and Norman Ramsey.

Now it is time for a final Self-Test to help you see if you have caught the
highlights of this chapter.

SELF-TEST

1. You have been asked to fill a 100-gallon tank with water. Using sym-
bols (letters, arrows, parentheses, etc.), express the fact that as the
gquantity of water in the tank (@,,) approaches 100 gallons, the
difference between that amount and the space remaining (S,) approaches

zeroasalmit, .

(frames 3, 4)

2. A functionisasetof ___

o (frame 5)
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10.

11.

12.

In the expression y = x?, which is the independent variable?
(frame 5)

Put into words what lim f(x) =L means.
x—>a

~ (frame 6)

Write the first four terms of the set of alternate (that is, every other one)

odd positive integers. . -

(framé 777)
A set of numbers that goes on indefinitely iscalledan |

(frame 8)
See if you can give an example of an infinite sequence.

. e e s e (frame 8)

A progression isa specialkindof .,

(frame 9)
Write an example of an arithmetic progression. - N

(frame 9)
What is the common difference in this arithmetic progression? -

(frame 9)

If the first three terms of an arithmetic progression are 2, 5, and 8, find

the sixthterm. . (frame 10)

Find the sum of the arithmetic progression where a = 3, [ = 15, and

n="7.___ ) I R

(frame 11)
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13. Insert the five arithmetic means between 29 and 5. I
(frame 12)
14. Find the fourth term of the geometric progression 2, 5, %, %, -
(frame 13)
15. Find the sum of the geometric progression in which a = 2, r = -2, and
[ =128,
(frame 14)
16. Insert the three geometric means betweenland 81.
(frame 15)
17. Find the sum of the infinite geometric progression having the elements
a=5r=—%._ e
(frame 16)
18. See if you can put the following symbolical expression into words.
lim ﬁ—i = 2x _ _
Ax—>0
' (frame 27)
Answers to Self-Test
1. @,—100,8,——0
2. ordered pairs such that no two ordered pairs have the same first element
3. x
4. The function f(x) approaches L as a limiting value as x approaches a as
a limit.
5. 1,5,9,13
6. infinite sequence
7. §; m 55+ all the even numbers; all positive numbers; etc.
8. sequence
9. 2,5, 8,11,...orany sequence of numbers in which each number differs

from the one that precedes it by a constant amount (the common
difference)




LIMITS 391

10.
11.
12.
13.
14.
15.
16.
17.
18.

3 (in the example above)

17

63

26,21,17,13,9

I =ar"! =2@3) = 2822 ) =222
86

3,9, 27, -38,9,-27

4
The limit of the ratio Ay to Ax approaches 2x, as A x approaches zero
as a limit.
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Letters

CITINDE W

SYMBOLS AND ABBREVIATIONS

angle

angles

arc

circle

circles

is congruent to
degree

is parallel to
parallelogram
is perpendicular to
perpendiculars
is similar to
square
therefore
triangle
triangles
absolute value
is equal to

Names

Alpha
Beta
Gamma
Delta
Epsilon
Zeta
Eta
Theta

DI erm P2 ™R

-
=
=
=l
<
+
&
rt.
st.
sin
COs
tan
cse
sec
cot
GREEK ALPHABET
Letters Names
I t Iota
K « Kappa
A A Lambda
M u Mu
N v Nu
= £ Xi
0 0 Omicron
I1 T Pi

equals approximately

is measured by
is not equal to
is greater than

is greater than or equal to

is less than

is less than or equal to

plus
minus
plus or minus
right
straight
sine
cosine
tangent
cosecant
secant
cotangent

Letters

RDE X e ST
e ecaago

Names

Rho
Sigma
Tau
Upsilon
Phi

Chi

Psi
Omega

392
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SOME IMPORTANT FORMULAS

Plane Geometry

Notation

a

A
b

a0

B~ B -

§
S

side of a triangle

leg of a right triangle
area

side of a triangle

leg of a right triangle
base

side of a triangle
hypotenuse
circumference
diameter

diagonal

altitude

length of an arc
number of arc degrees
perimeter

radius

apothem of a polygon
side of a polygon

sum of angles

General Triangle

A

=% bh

Right Triangle

A

=%ab

c? =a* + b?

Isosceles Right Triangle

¢ =av?2
Equilateral Triangle
h = -12- av'3

Trigonometry and Analytic Geometry

Notation

a

A

side of a triangle opposite L A
leg of a right triangle

angle of a triangle

acute angle of a right triangle
area

side of a triangle opposite . B
leg of a right triangle

angle of a triangle

side of a triangle opposite L C
hypotenuse

Parallelogram

A = bh
Square

A =52

d =352
Rhombus

a=+dd
Trapezoid

A=3hb+b)

Regular Polygon

p =ns

A =i2pr
Polygon

S = (n- 2)180°
Circle

C=nd=2nr

A=1Cr=nr*=5nd?
Arc of Circle
s lbe
[ = 360(2:11")

Sector of Circle

4 =41l =gesinr?)

C angle of a triangle
center of a circle
d distance

circle
m slope of a line
coordinates of point P,
coordinates of point P,

coordinates of center of a
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Acute Angle in a Right Triangle

sinA =2 cscA=E
c a
cosA=Q secA=E
c b
tanA=g cot/-1=f2
b a

Obtuse Angle
sin x = sin(180° — x)
cos x = —cos(180° — x)
tan x = —tan(180° — x)

Law of Sines
a b @

sinA sinB sinC

Law of Cosines
a* = b* + ¢ — 2bccos A
b =a® + ¢* - 2ac cos B
¢ =a®> + b* - 2ab cos C

Distance P, P,
d=\/(xz %)+ (v, -3 )

Midpoint of P, P,
X +x; Y1t ¥,
2 ? 2

Parallel Lines
m; = m;,

Perpendicular Lines

Point-Slope Equation of a Line
¥ =y =mlx— Xp)

Slope-Intercept Equation of a Line
y=mx + ¢

Two-Point Equation of a Line
Y~V oY1 — Y
X =X X1 — X2

Intercept Equation of a Line

X Y _
a + b 1

General Equation of a Straight Line
Ax + Bx + C=0

Two Intersecting Lines
m, —m,

an b= T m,

General Equation of a Circle
(x =B + (y - k)* = r?

Equation of Circle Whose Center is
at Origin
x2 + y* =p?

Equation of a Parabola

y* =dpx

Equation of an Ellipse

xl

y: _
?-l-F—l

Equation of an Hyperbola
2 2

X
@ L
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TABLE OF TRIGONOMETRIC FUNCTIONS

0° 1°
| sin | tan | cot [ cos ’ I sin | tam | cot ‘ cos ]

0 | 00000 .00000 | o 1.0000 | 60 0].01745 |.01746 [57.290 |.99985 | 60
| 029 029 |3437.7 000 | 59 | 774 | 775 156,351 984 | 59
2 058 058 (1718.9 000 | 58 2 803 | 804 |55.442 984 | 58
3 087 087 '1145.9 000 | 57 3 832 | 833 54.561 983 | 57
4 e = 116 |859.44 000 | 56 4 862 862 ‘53.709 983 | 56
6 [.00{45 00145 '687.55 [1.0000 | 566 6 [.01891 [.01891 52.882 |.99982 | 66
6 175 175 |572.96 000 | 54 6 920 | 920 52.08! 982 | 54
7 204 | 204 1491.11 000 | 53 7 949 | 949 51,303 981 | 53
8 233, 233 |429.72 000 | 52 81.01978 |.01978 50.549 980 | 52
9 262 262 '38l.97 000 | 51 9 1.02007 MUZOU? 49.816 980 | 51

00291 | 00291 34377 |1.0000 | 50 10 |.02036 |.02036 49.104 | 99979 | 60

320 320 1312.52 .99999 | 49 11 065 | 066 48.412 979 | 49
349 349 286.48 999 | 48 12 094 095 47.740 978 | 48
378 378 (264.44 999 | 47 13 123 124 47.085 977 | 47

153 146.449 977 | 46
02182 45.829 |.99976 | 46
211 ,45.226 976 | 44
240 44.639 975 | 43

407 407 245.55 999 | 46 14 152

00436 |.00436 1229.18 | 99999 | 45 16 |.02181
465‘ 405 (214 86 999 | 44 16 211

495 495 |202.22 999 | 43 17 240

524 524 ||90.98 999 | 42 18 269 269 144.066 974 | 42
553 553 |I80.93 998 | 41 19 298 298 ‘43.508 974 | 41
.00582 |.00582 [171.89 |.99998 | 40 20 |.02327 | 02328 42.964 |.99973 | 40
611 | 611 [163.70 | 998 | 39 21 356 357 142.435 | 972 39

640 640 (156.26 | 998 | 38 22 385 386 41.916 | 972 38
669 | 669 [149.47 998 | 37 23 414 415 41.411 971 | 37
698 698 143.24 998 | 36 24 443 | 444 40.917 970 | 36

100727 |.00727 [137.51 | 99997 | 36 26 |.02472 | 02473 '40.436 |.99969 | 35
756 756 |132.22 997 | 34 26 501 502 [39.965 969 | 34
785 785 1127.32 997 | 33 27 530 | 531 39.506 968 | 33
814 815 (122.77 997 | 32 28 560 | 560 39.057 967 | 32
844 844 [118.54 996 | 31 29 589 | 589 38.618 966 | 31

00873 |.00873 [114.59 |.99996 | 30 30 |.02618 [.02619 38.188 |.99966 | 30
902 902 |110.89 996 | 29 31 647 648 37.709 965 | 29
931 931 |107.43 996 | 28 32 676 | 677 37.358 964 | 28
960 960 (104.17 995 | 27 33 705 | 706 36.956 963 | 27

00989 |.00989 (101,11 995 | 26 34 734 | 735 36.563 963 | 26

.01018 |.01018 [98.218 |.99995 | 26 36 |.02763 |.02764 136.!?8 .99962 | 26
047 047 195.489 995 | 24 36 792 793 |35.801 961 | 24
076 076 (92.908 994 | 23 37 821 | 822 35.431 960 | 23

105 105 |90.463 994 | 22 38 850 851 ‘35.070 | 959] 22

134 135 i88.144 994 | 21 39 879 | 88l ‘34.715 959 | 2i

01164 [.01164 (85.940 [.99993 | 20 40 |.02908 .02910 34 368 [.99958 | 20
193 193 |83.844 9931 19 41 938 939 34,027 957 | 19
222 222 181,847 993 | 18 42 967 | 968 33.694 956 | 18
251 | 251 [79.943 992 | 17 43 1.02996 |.02997 33.366 955 | 17
280 280 78.126 992] 16 44 1.03025 |.03026 33.045 954 | 16

01309 |.01309 {76.390 |.99991 | 15 45 |.03054 (.03055 '32.730 |.99953 | 15
338 338 [74.729 991 | 14 46 083 084 32.421 952 ] 14
367 367 |73.139 9911 13 47 112 |, 114 32.118 9521 13
396 396 71.615 990 | 12 48 141 143 131.821 951 | 12
415 425 70.153 990 | 11 49 170 172 |31.528 ‘ 950 | 11

01454 |.0]453 |68.750 |.99989 | 10 60 |.03199 |.03201 |31.242 .99949 | 10
483 484 67.402 989 51 228 230 {30.960 948
513 513 |66.105 989 52 257 259 |30.683 947
542 542 |64.858 988 53 286 288 30.412 946
571 571 |63.657 988 54 316 317 (30.145 945

9
8
7
6
01600 | 01600 |62.499 | 99987 | & | | 66 |.03343 | 03346 |29 882 | 99944
4
3
2
1
0

629 629 61.383 987 56 374 ‘ 376 |29.624 943
658 658 60.306 986 57 403 405 i29. 371 942
687 687 59266 986 58 432 ‘ 434 (29,122 941
716 716 '58.26l 985 59 461 | 463 |28.877 940

01745 |.01746 57 290 199985 60 | 03490 |.03492 [28.636 |.99939

O = NWEO N~ O

-

cus|col|mn|sml’ cos|cotltnn4|in

89° 88°
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2° 3°
| sin | tam | ecot cos sin tan | cot cos
0 | 03490 |.03492 [28.636 |.99939 | 60 0 1.05234 (.05241 [19.081 [.99863 | 60
1 519 521 .399 938 | 59 1 263 270 [18.976 861 | 59
2 548 550 128.166 937 | 58 2 292 299 871 860 | 58
3 577 579 }27.937 936 | 57 3 321 328 768 858 | 57
4 606 | 609 [ 712 935 | 56 4 350 357 | .666 857 | 56
6 |.03635 |.03638 '27.490 |.99934 | 66 5 |.05379 |.05387 |18.564 |.99855 | 66
6 664 | 667 L271 933 | 54 6 408 416 464 854 | 54
7 693 696 127.057 932 | 53 7 437 445 .366 852 | 53
8 723 725 26.845 931 | 52 8 466 474 268 851 | 52
9 752 754 | 637 930 | 51 9 495 503 AT 849 | 51
10 |.03781 |.03783 [26.432 |.99929 | 60 10 [.05524 |.05533 [18.075 |.99847 | 60
11 810 812 ; .230 927 | 49 11 553 562 |17.980 846 | 49
12 839 842 126.031 926 | 48 12 582 591 . 886 844 | 48
13 868 871 125.835 925 | 47 13 611 620 793 | 842 47
14 897 900 | - 642 924 | 46 14 640 649 .702 841 | 46
16 [.03926 [.03929 125.452 |.99923 | 46 16 |.05669 |.05678 |17.611 |.99839 | 45
16 955 958 264 922 | 44 16 698 708 521 838 | 44
17 |.03984 |.03987 25.080 921 | 43 17 727 737 431 836 | 43
18 1.04013 | . 04016 24.898 919 | 42 18 755 766 .343 834 | 42
19 042 046 719 918 | 41 19 785 795 .256 833 | 41
20 |.04071 | 04075 '24 542 | 99917 | 40 | |20 |.05814 [ 05824 [17.169 |.99831 | 40
2 100|108 | 368 | 916 |39 | 21| 844 | 854 [17.084 | 829 30
/5] 129 133 | 196 915 | 38 22 873 883 [16.999 827 | 38
23 159 162 124.026 913 | 37 23 902 912 915 826 | 37
24 188 191 [23.859 912 | 36 24 931 941 832, | 824 | 36
26 |.04217 | 04220 23. 695 1.99911 | 36 26 |.05960 |.05970 [16.750 |.99822 | 36
26 246 250 .532 910 | 34 26 1.05989 |.05999 . 668 821 | 34
27 275 279 372 909 | 33 27 |.06018 |.06029 587 819 | 33
28 304 308 | .214 907 | 32 28 047 058 | .507 817 | 32
29 333 337 |23.058 906 | 31 29 076 087 | .428 815 31
30 |.04362 |.04366 [22.904 |.99905 | 30 30 [.06105 [.06116 [16.350 |[.99813 | 30
31 391 395 752 904 | 29 31 134 145 272 812 | 29.
32 420 424 .6U2 902 | 28 32 163 175 195 810 | 28
33 449 454 454 901 | 27 33 192 204 e 808 | 27
34 478 483 .308 900 | 26 34 221 233 |16.043 | 806 | 26
36 |.04507 |.04512 |22.164 |.99898 | 25 36 |.06250 |.06262 |15.969 |.99804 | 25
36 536 541 |22.022 897 | 24 36 279 291 .895 803 | 24
37 565 570 (21.881 896 | 23 37 308 321 .821 801 | 23
38 594 599 | .743 894 | 22 38 337 350 | .748 799 | 22
39 623 628 | .606 893 | 21 39 366 379 | .676 797 | 21
40 |.04653 |.04658 [21.470 |.99892 | 20 40 |.06395 |.06408 |15.605 [.99795 | 20
4] 682 687 | .337 890 | 19 41 424 438 | .534 793 | 19
42 711 716 .205 889 | 18 42 453 467 464 792 | 18
43 740 745 |21.075 888 | 17 43 482 496 394 790 | 17
44 769 774 (20.946 886 | 16 44 511 525 325 788 | 16
45 |.04798 | 04803 |20 819 |.99885 | 15 | |45 | 06540 [.06554 |15.257 | 99786 | 15
a6 | 827 | 833| 693 | 883 [14| |46| 69| 84| 189 | 7841 14
47 856 862 | .569 882 | 13 47 598 613 | .122 782 | 13
48 885 891 . 446 881 | 12 48 627 642 |15.056 780 | 12
49 914 920 | .325 879 | 11 49 656 671 i 14.990 778 | 11
50 | 04943 | 04949 |20.206 |.99878 | 10 50 |.06685 |.06700 |14.924 |.99776 | 10
51 | 04972 | 04978 20.087 876 9 51 714 730 .860 774 9
52 |.05001 |.05007 (19.970 875 8 52 743 759 795 772 8
53 030 037 .855 873 7 53 773 788 732 770 7
54 059 066 .740 872 6 54 802 817 669 768 6
55 | 05088 | 05095 |19.627 |.99870 | & | |55 |.06831 |.06847 |14.606 |.99766 |
56 117 124 516 869 4 56 860 876 544 764 4
57 146 153 405 867 3 57 889 905 482 762 3
58 175 182 | .296 866 | 2 58 918 934 | 421 760 | 2
59 205 212 188 864 1 59 947 963 361 758 1
60 |.05234 |.05241 [19.081 |.99863 0 60 |.06976 |.06993 [14.301 |.99756 0
cos | cot | tan sin ' cos cot | tan | sin |’
87 86°




APPENDIX 397

4° 5°
| sin | tan | cot 1 cos | " ‘ I sin ‘ tan | cot ‘ cos
0 | 06976 |.06993 14.301 |.99756 | 60 0 |.08716 |.08749 |11.430 |.99619 | 60
1 | 07005 [.07022 | .241 754 | 59 1 745 778 | .392 0 617 |59
2| o034 | o050 .182| 752 58 2| 774| 807 | .354| el4 |58
3 063 | 080 .124 750 | 57 3 803 | 837 316 61257
4 092 i 10| .065 748 | 56 4 831 | 866 | .279 | 609 |56
6 | 07121 1 07139 14.008 |.99746 | 66 5 |.08860 i.0889§ 11.242 '.99607 | 65
6 150 168 13.95] 744 | 54 6 889 | 925 | .205; 604 | 54
7 179 197 | .894 742 | 53 7 918 | 954 | 168 | 602 |53
8 208 227 l 838 740 | 52 8 947 | 08983 | 132 599 | 32
9 237 256 | 782 738 | 51 9|.08976 109013 | 095 | 596 51
10 |.07266 07285 13.727 |.99736 | 60 10 |.09005 .09042 11.059 |.99594 | 6O
1 295 314 | 672 734 | 49 11 034 071 11.024 | 591 | 49
12 324 344 | 617 731 | 48 12 063 101 10.988 | 588 | 48
13 353 373 | .563 729 | 47 13 092 130 | .953, 386 | 47
14 382 402 ‘5'0| 727 | 46 14 121 159 | .918 | 583 | 46
16 |.07411 | 07431 13.457 |, 99725 | 46 16 |.09150 | 09189 '10.883 | 99580 | 45
16 440 | 46l | 404 723 | 44 16 179 218 | .848 | 578 | 44

17 469 490 | 352 721 | 43 17 208 247 | 814 575 | 43
18 498 519 | .300 719 | 42 18 237 277 .780 | 572 | 42
19 527 548 | .248 | 716 | 41 19 266 306 | .746 i 570 | 41
20 |.07556 [.07578 |13.197 |.95714 | 40 20 |.09295 |.09335 10.712 '.99567 | 40
21 585 607 | .146 | 712 39 21 324 365 | .678 564 | 39
22 614 636 | .096 710 | 38 22 353 394 | 645 562 | 38
23 643 | 665 |13.046 708 | 37 23 382 423 | 612 559 | 37
24 672 693 |12.996 705 | 36 24 411 453 | .579 556 | 36
26 |.07701 | 07724 12,947 |.99703 | 36 26 | 09440 |.09482 110.546 |.99553 | 36
26 730 753 | .898 701 | 34 26 469 511 | .514 551 | 34
27 759 782 | 850 699 | 33 27 498 541 | .481 548 | 33
28 788 812 | .801 696 | 32 28 527 570 | .449 545 | 32
29 817 841 | .754 694 | 31 29 556 600 | .417 542 | 31
30 | 07846 |.07870 [12.706 [.99692 | 30 30 [.09585 |.09629 10.385 |.99540 | 30
31 875 899 | 659 | 6%9)] 29 3] 614 658 | .354 537 | 29
32 904 929 | .6l2 687 | 28 32 642 688 | .322 534 | 28
33 933 958 | .566 685 | 27 33 671 717 | .291 531 | 27
14 962 |.07987 | .520 683 | 26 34 700 746 | .260 528 | 26
36 |.07991 |.08017 |12.474 | 99680 | 26 35 |.09729 |.09776 [10.229 '.99526 | 26
36 |.08020 046 | 429 678 | 24 36 758 | 805 | .199 | 523 | 24
37 049 075 | .384 676 | 23 37 787 | 834 | 168 | 520 | 23
38 078 104 | 339 673 | 22 38 816 | 864 | .138 | 517 |22
39 107 134 | .295 671 ] 21 39 845 893 | .108 | 514 | 21

40 |.08136 |.08163 [12.251 |.99668 | 20 40 | 09874 | 09923 [10.078 |.99511 | 20

41 165 192 .207 666 | 19 4] 903 952 | 048 508 | 19
42 194 221 163 664 | 18 42 932 1.09981 (10.019 506 | 18
43 223 | 251 120 661 | 17 43 961 . 10011 |9.9893 503 | 17

44 252 280 | .077 659 | 16 441.09990 040 |.9601 500 | 16
46 |.08281 |.08309 |12.035 | 99657 | 16 46 |.10019 '. 10069 9.9310 . 99497 | 16
46 310 339 11.992 654 | 14 46 048 099 | .9021 494 | 14
47 339 368 | .950 652 | 13 47 077 l 128 | .8734 491 | 13
48 368 397 | .909 649 | 12 48 106 158 | .8448 488 | 12
49 397 427 | .867 647 | 11 49 135 j 187 | .8164 485 | 11
50 | 08426 | 08456 '11 826 [.99644 | 10 50 |. 10164 10216 9.7882 |.99482 | 10
51 455 485 | .785 642 51 192 | 246 | .7601 479
52 484 514 | 745 639 52 220 | 275 | .7322 476
53 513 | 544 | 705 637 53 250 305 | .7044 473
54 542 | 573 | 664 635 54 273 | 334 | 6768 470
66 |.08571 |.08602 |11.625 | 99632 10308 |. 19363 |9.6493 | 99467
56 600 632 .585 | 630 56 337 393 | 6220 464
57 629 661 | .546 | 627 57 366 | 422 | 5949 461
58 [ 658 | 690 | 507 58| 395 | 452 | .5679 | 458
59 687 | 720 | 468 622 59 424 481 | 5411 455
60 | 08716 | 08749 11 430 99619 60 | 10433 110510 9.5144 ' 99452

cos | cot | tan | sin | - cos | cot | tam | sin
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398 GEOMETRY AND TRIGONOMETRY FOR CALCULUS

6° 7°
* | sin | tan | cot cos | sin | tan cot con
0[.10453 |.10510 [9.5144 |.99452 | 60 0].12187 [.12278 |8.1443 |.99255 | 60
| 482 540 | 4878 | 449 | 59 1 216 308 | .1248 251 59
2 511 569 | .4614 ‘ 446 | 58 2 245 338 | .1054 2481 58
3 540 599 | .4352 443 | 57 3 274 367 | .0860 244 | 57
4 569 628 | .4090 | 440 | 56 4 302 397 | .0667 240 | 56
5 1.10597 |.10657 9.3831 |.99437 | 65 6 |.12331 |.12426 (8.0476 |.99237 | 66
] 626 687 | .3572 ‘ 434 | 54 6 360 456 | .0285 233 | 54
7 655 716 | L3315 | 43153 7 389 485 '8.0095 230 | 53
8 684 746 | 3060 428 | 52 8 418 515 7.9906 226 | 52
9 713 775 | .2806 424 | 51 9 447 544 | .9718 222 |
10 [.10742 |.10805 |9.2553 |.99421 | 6O 10 |.12476 |.12574 7.9530 |.99219 | 50
11 771 834 | .2302 418 | 49 11 504 603 | 9344 | 215 49
12 800 863 | .2052 415 | 48 174 533 633 9158 | 211 | 48
13 829 893 | ,1803 412 | 47 13 562 662 | .8973 208 | 47
14 858 922 i L1555 409 | 46 14 591 692 .8789 | 204 | 46
16 |. 10887 |.10952 (9.1309 |.99406 | 45 16 1.12620 |.12722 |7 8606 |.99200 | 45
16 916 |.10981 | 1065 | 402 | 44 16 649 751 | 8424 197 | 44
17 945 |.11011 | 0821 | 399 ] 43 17 678 781 | .8243 193 | 43
181.10973 | 040 | .0579 396 | 42 18 706 810 | .8062 189 | 42
191.11002 | 070 | .0338 ‘ 393 | 41 19 735 840 | .7882 186 | 41
20 . 11031 [.11099 [9.0098 |.99390 | 40 20 |.12764 |.12869 [7.7704 1.99182 | 40
21 060 128 [8.9860 386 | 39 21 793 899 | .7525 178 | 39
22 089 | 158 ! .9623 383 | 38 22 822 929 | 7348 1751 38
23 118 | 187 | .9387 380 | 37 23 851 958 | 7171 | 171 | 37
24 147 " 217 | 9152 i 377 | 36 24 880 |.12988 ‘ .6996 167 | 36
26 |. 11176 |.11246 (8.8919 | 99374 | 35 25 |.12908 |.13017 |7.6821 |.99163 | 36
26 205 | 276 | .B686 370 | 34 26 937 047 | 6647 160 | 34
27 234 305 | L8455 367 | 33 27 966 076 | .6473 156 | 33
28 263 335 | .8225 364 | 32 28 1.12995 106 | 6301 152 | 32
29 291 364 | .7996 ' 360 | 31 29 |.13024 136 | .6129 148 | 31
30 |.11320 |.11394 (8.7769 |,99357 30 30 |.13053 [.13165 ’7‘5958 99144 | 30
31| 349 w23 | 7saz | 354 |29 | [ 3| os1 ) 195 | 5787 | 141 | 29
32 378 452 | 7317 351 | 28 32 110 224 | 5618 | 137 28
33 407 482 | 7093 347 | 27 33 139 254 | 5449 133 27
34 436 11| 6870 ‘ 344 | 26 34 168 | 284 } .5281 129 26
35 | . 11465 [. 11541 8.6648 | .9934] | 25 36 |.13197 |.13313 [7.5113 |.99125 | 25
36 494 570 | .6427 | 337 |24 36 226 343 | 4947 122 | 24
37 323 600 | .6208 334123 37 254 372 | .4781 1181 23
38 552 629 | .5989 331 | 22 38 283 402 | .4615 114 ] 22
39 580 659 ‘ 5772 0 327 | 21 39 312 432 | L4451 1 110 21
40 |.11609 |. 11688 8.5555 |.99324 | 20 40 |.133471 |. 13461 |7.4287 ’,99[06 20
4] 638 718 | 5340 320 | 19 41 370 491 | 4124 102119
42 667 | 747 | 5126 317 | 18 42 399 521 | .3962 098 | 18
43 696 777 | .4913 314 | 17 43 427 550 | .3800 0941 17
44 725 806 = .4701 | 310 | 16 44 456 580 | .3639 | 091 | 16
46 | . 11754 |.11836 8.4490 |.99307 | 16 46 |. 13485 |.13609 |7.3479 |.99087 | 16
46 783 865 | .4280 303 | 14 46 514 639 | 3319 ‘ 083 | 14
47 812 | 895 ‘ .4071 300 | 13 47 543 669 | .3160 0791 13
48 840 924 | .3863 297 | 12 48 572 698 | .3002 | 075 12
49 869 954 | 3656 293 | 11 49 600 728 | (2844 | 071 ] 11
5O [.11898 |.11983 |8.3450 |[.99290 | 10 B0 [.13629 |.13758 |7.2687 [.99067 10
51 927 |1.12013 | .3245 286 | 9 51 658 787 | 2531 0631 9
52 956 042 | .3041 283 | 8 52 687 817 | .2375 059 8
53 1.11985 072 | .2838 279 | 7 53 716 846 | .2220 055 7
54 1.12014 101 1 .2636 276 | 6 54 744 876 | .2066 051 6
66 |.12043 |.12131 8.2434 |.99272 | & B5 |.13773 |.13906 |7.1912 (.99047 | &
561 071 | 160 | 2234 | 269 | 4| | 56| 802 | 935 1759 | 043 | 4
57 100 190 | .2035 265 3 5 831 965 | . 1607 039 3
58 129 219 1837 2621 2 58 860 |.13995 | .1455 035 2
59 158 249 | 1640 258 I 59 889 |.14024 | .1304 | 031 1
60 |.12187 |.12278 |8.1443 | 99255 | 0 60 |.13917 |.14054 |7.1154 [.99027 | 0
cos | cot | tan | sin G cos | cot | tan | sin ’
83° 82°




APPENDIX 399
su 90
’ sin [ tan i cot | cos | Y sin tan | cot | cos |
0. 13917 |.14054 [7.1154 |.99027 | 60 0|.15643 |.15838 |6.3138 |.98769 | 60
1 946 084 | .1004 023 | 59 | 672 868 | .3019 764 | 59
21.13975 113 | .0855 019 | 58 2 701 898 | .2901 760 | 58
3 |.14004 143 | .0706 015 | 57 3 730 928 | .2783 755 | 57
4 033 173 | .0558 011 | 56 4 758 958 | .2666 751 ] 56
6 |.14061 |.14202 |7.0410 |.99006 | 65 5 |.15787 |.15988 |6.2549 |.98746 | 66
6 090 232 | .0264 |.99002 | 54 6 816 |.16017 ‘ 2432 741 | 54
7 119 262 17.0117 7.98998 | 53 7 845 047 | .2316 737 | 53
8 148 291 6.9972 994 | 52 8 873 077 | .2200 732 | 52
9 177 321 | .9827 | 990 | 51 9 902 107 | .2085 728 | 51
10 |. 14205 | . 14351 |6.9682 | 98986 | 60 10 |.15931 |.16137 [6.1970 |[.98723 | 6O
11 234 381 | .9538 982 | 49 11 959 167 | .1856 718 | 49
12 263 410 | .9395 978 | 48 12 ].15988 196 | .1742 714 | 48
13 292 440 | .9252 973 | 47 131.16017 226 | (1628 709 | 47
14 320 470 | 9110 969 | 46 14 046 256 | 1515 | 704 | 46
16 |.14349 [.14499 6.8969 |.98965 | 45 16 |.16074 |.16286 |6.1402 |.98700 | 46
16 378 529 | 8828 961 | 44 16 103 316 | .1290 695 | 44
17 407 559 | .8687 957 | 43 17 132 346 | (1178 690 | 43
18 436 588 | .8548 953 | 42 18 160 376 | . 1066 686 | 42
19 464 618 | 8408 948 | 41 19 189 405 | .0955 681 | 41
20 |.14493 | 14648 |6.8269 |.98944 | 40 20 |.16218 |.16435 |6.0844 |.98676 | 40
21 522 678 | .8131 940 | 39 21 246 465 | .0734 671 | 39
22 551 707 | .7994 936 | 38 22 275 495 | 0624 667 | 38
23 580 737 | .7856 931 | 37 23 304 | 525 | .0514 662 | 37
24 608 767 | .7720 927 | 36 24 333 555 | .0405 657 | 36
26 |.14637 |.14796 |6.7584 |.98923 | 35 26 |. 16361 |.16585 |6.0296 |.98652 | 36
26 666 826 | .7448 | 919 | 34 26 390 615 | .0188 648 | 34
27 695 856 | .7313 914 | 33 27 419 645 6.0080 643 | 33
28 723 886 | .7179 910 | 32 28 447 674 5.9972 638 | 32
29 752 915 |